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Quorum sensing

Mechanism used by bacteria to coordinate

density dependent collective behavior
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[1] http://sites.tufts.edu/quorumsensing/quorumsensing101



Quorum sensing

Enables bacteria to act as multicellular organisms!
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[2] Waters and Bassler (2005)



Goal

Develop a model for Quorum Sensing

Sequential decision making based on optimal control
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Optimality of QS systems
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ow does it work?
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Quorum sensing

unactivated cell activated cell

[3] Nealson et al. (1970) Vibrio Fischeri luminescing



Application

Release enzymes responsible for metabolizing food

Enzymes act as public-goods

Food is available for the entire colony



Logistic Growth Model

z[n+ 1] = z[n] + X - z[n] - (1 x[n])
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Intrinsic
growth rate
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Carrying
capacity
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Signaling

QS regulated
genes

[receptorj —>

s[n] = osx[n] wLoG 0. — 1

received /

signal



Control signal

uln| € {0,1}

Active cells produce enzymes

Inactive cells DO NOT produce enzymes

Control policy
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Enzymes

public

e\n| = oex|n|un| / o

Increase the amount of food available for the colony

\

Increase the Carrying Capacity of the system

k= ko + Ak(e)

\ pUbllc

benefit

11



Public benefit

Ak(e)

1. The benefit is an increasing function of public-goods

2. The benefit saturates at some finite value bmaX

3. The benefit is zero when there is no public-good present

[4] Heilmann et al (Frontiers in Microbiology 2015)
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Simplified public benefit function

6 ‘ ‘ bmax

Threshold 7T



Activation cost

Enzymes are costly to make!

Energy spent on making enzymes —> Less energy for reproduction

Slow down the intrinsic growth-rate
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Intrinsic growth-rate vs carrying capacity

What is the best growth curve?
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Intrinsic growth-rate vs carrying capacity
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maximize instantaneous population I [n]

[5] Pai et al. (PNAS 2012)
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Objective function
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V(U) = Z 8™ (1 — auln])z[n]

e R R R R R

15 Q
Intertemporal Energetic
trade-off cost

Low ﬁ we prioritize the present

High 3 we prioritize the future
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Optimal control problem

maximize

F(xu)—x+(p—0u)x(1 - >q

li()—l— /11—/{0 u>7'/0'€)
R ./Jj - ijj S—
Intrinsic Carry|ng

grOWth rate capacity
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Results

The optimal control is a threshold policy
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U (x) =1(x > x™)
"0 / \x .
Optimal threshold is Optimal threshold is
computed in closed form computed numerically
. CRoR1 T
‘ —max{(m — Ko)p + cKo ae}
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Value function iteration

+
Real analysis

Sketch of proof

ue{0,1}

a=1(

\4

V(r) =z + [ max {V(F(x,u))}

ue{0,1}

Lemma

V(x) is monotone increasing

|

V() = max {(1 — au)T + ﬁV(]:(:z:,u))}

.

|

—

U (x)=1 <— F(x,1)> F(x,0)

~

|
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X

X

F(x*,1) = F(z*,0)

unique nonzero solution

x|

Sketch of proof

CRoR1 T }
,
(k1 — Ko)p + cko " O
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Optimal solution is independent of the discount factor



Inst. loss in rate and gain in capacity
N
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The role of the discount factor
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| a =0 V(Z/{):Zﬂ”az[n]

S —————— R — —————

Given the population today,
maximize the population tomorrow

| = p— culn]
: = Ko T+ (/‘31 — /‘f())l(@[n] > 7') Myopic policy is optimal
= e E—
a>0 VU) =) B"(1-auln])zn
N —— 12’.301 S E—

Invest some of your population today to maximize future populations
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V(F(z*,0)) = V(F(z*,1)) —

The general case

STEP 1

£ max {V(n) (]:(3370))7)}(”) (F(z,1)) -

STEP 2

@
B

Need to be done numerically

L

¢ V() ==z + 5maX{V(]:(iU»O))>V(]:(% 1) -

X

-
b

')
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Optimal threshold vs discount factor
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Conclusion

First principles approach to QS using optimal control

Simple notions and tools from Economics

Public-goods, public-benefit, local cost, investment, etc...

Main result 1. Closed formwhen o = ()

Optimality of threshold policy 2. Numericalwhen « > (0
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Future work

sl = (1= 7)sln — 1

Signal & enzyme

dynamics en = (]_ — ”ye)e:'n/ — ].

Instantaneous cost

Aln] = p — culn]

:(1 1 O'SU[TL])

loculn]

delayed benefit li[n 4 1: = kg + (Iﬁ:l L lio)l(e[n] > 7_)
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Future work

sln] = (1 —vs)s[n — 1] + z[n] (1 + osu[n])

Signal & enzyme
dynamics

eln| = (1 —~e)eln — 1] + x|n|o.uln]

Aln] = p — culn]

Instantaneous c_ost
delayed benefit li[n 4 1: = Ko + (lil L lio)l(e[n] > 7_)

R B —— S —— _ e —— S —— S

Validate results using experimental data ’(

To be continued...
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Appendix



Trivial policies

Moff (ZIZ)
1/°n" (CIZ)

|
-

[N} I:‘l'---------------------- LD LR PP DL

high initial pop., off policy
high initial pop., on policy
low initial pop., off policy
low initial pop., on policy

20 25

30
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Trivial policies

0.01 | 0.5 0.1108 0.0356
5 0.5 | 13.5889 12.0276

0.01 | 0.9 | 37.0031 21.9538
5 0.9 | 92.2152 107.7870

There should be a transition from OFF to ON
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