
�1

Bacterial Quorum Sensing as a 
Sequential Decision Making System

Dept. of Electrical Engineering 
University of Southern California

mvasconc@usc.edu
Marcos Vasconcelos

Odilon Camara     Urbashi Mitra     James Boedicker

www-bcf.usc.edu/~mvasconc

Asilomar Conference on Signals, Systems, and Computers 
October 28th-31st, 2018 - Pacific Grove, CA

mailto:mvasconc@usc.edu
http://www-bcf.usc.edu/~mvasconc


Quorum sensing

�2

Mechanism used by bacteria to coordinate  

density dependent collective behavior

collective 
behaviors

bioluminescence

antibiotic production

conjugation

virulence factorsbiofilm formation

[1] http://sites.tufts.edu/quorumsensing/quorumsensing101
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Enables bacteria to act as multicellular organisms! 

collective 
behaviors

bioluminescence

antibiotic production

conjugation

virulence factorsbiofilm formation

[2] Waters and Bassler (2005)



Goal

Develop a model for Quorum Sensing

Sequential decision making based on optimal control

Optimality of QS systems



How does it work?
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Fig. 1. Basic quorum sensing system of a bacterium cell. The cell releases
auto-inducers at a rate � and receive them at a rate �X , where X is the
unknown density of the bacterial colony. Once enough auto-inducers are
received, the cell expresses the gene to the corresponding exofactor.

unactivated cell activated cell

cell density/signal concentration

Fig. 2. The activation of cells depends on the concentration of auto-inducers
in the environment, which is proportional to the density of cells.

to coordinate behavior. Game theoretic models have also been
used to model quorum sensing and study social interactions
among different colonies [11]. More recently, Michelusi and
Mitra have studied quorum sensing from an estimation theo-
retic point of view [12], [13]. Among the many mathematical
models available in the literature, our work is closest to the
model of Heilmann et al. [14]. However, our work focuses on
a static optimization problem under uncertainty, rather than the
deterministic dynamic model in [14]. This uncertainty in the
population concentration of bacteria has also been explored in
a recent paper by Noel et al. [15], but for a different model
than the one considered here.

Networked decision systems consist of multiple agents, who
make local measurements, communicate over a shared network
and make decisions with the goal of achieving a common or
individual objectives [16]. We argue that this framework is
appropriate for modeling quorum sensing systems similar to
the the approach taken by Einolghozati et al. in [17], where
the goal is to coordinate a global behavior based on local
measurements and under uncertainty on the density population.
We do not emphasize the role of the shared communication
network in this paper because our problem formulation ad-
dresses quorum sensing among a single bacterial colony. In
practice, hundreds of colonies coexist in the same environment
and it is known that molecular signals emitted by different
colonies may interfere with each other either by causing signal
destruction or cross-talk [18]. However, in order to study more
general quorum sensing systems in this framework, we need
to understand the simpler case with a single colony.

II. THE MODEL

In this section we describe the Bayesian decision-making
framework used in this paper. We assume that there is a certain
number of cells per unit of volume in the colony and that each
of these cells act as a decision maker.

A. State-of-the-world

From the perspective of an individual cell, the most fun-
damental unknown quantity in a quorum sensing system is
the concentration of cells in the colony, also known as the
population density. The concentration is defined as the number
of cells per unit volume occupied by the bacterial colony
and corresponds to the state-of-the-world in the Bayesian
decision problem. The population density is represented by
a nonnegative random variable X , with a known continuous
probability density function fX supported on [0,1), i.e.,

X ⇠ fX(x). (1)

In this paper we will assume that the population density is
Gamma distributed with parameters k, ✓ > 0, i.e.,

fX(x) =
x�1 · exp

�
�x

✓

�

✓ · �(k)
, x � 0. (2)

For this distribution, E[X] = ✓ and V[X] = ✓2.
Remark 1: Our choice of modeling the concentration of

bacteria as a Gamma random variable comes from the fact that
this distribution subsumes many other classes of distributions
on the non-negative real line as particular cases, e.g. expo-
nential and chi-squared. Furthermore, it allows for tractable
analysis when paired with the Poisson observation model
that we will introduce next. Finally, this prior distribution
has been previously used for Bayesian estimation of bacterial
concentration in a substance from microbial count data in [19].

B. Measurements

The concentration is unknown to each cell and is not

directly observed by any of the cells in the colony. In quorum
sensing, a cell probes the concentration of bacteria in the
surrounding environment by indirectly measuring the concen-
tration of auto-inducer molecules. Each cell in the colony
secretes auto-inducers in the environment at a basal rate � > 0.
The global concentration of auto-inducers is proportional to
the number of cells in the colony. Auto-inducers are discrete
entities, which are produced by proteins named synthases.
During the signaling process, the auto-inducers in the environ-
ment bind to proteins called receptors to form complexes. We
model that the number of auto-inducers received and bound to
receptors is distributed according to a Poisson probability mass
function, whose arrival rate is proportional to the concentration
of cells in the colony X .

Let the observation of the i-th cell in the colony be
represented by Yi. Therefore, given X = x, we have

Yi ⇠ P(�x), i 2 {1, 2, · · · , bx · volc}, (3)

where vol is the volume occupied by the colony. Therefore,

P(Yi = k | X = x) =
(�x)k

k!
e��x, k = 0, 1, 2, · · · (4)

�6Vibrio Fischeri luminescing[3] Nealson et al. (1970)



Application

Release enzymes responsible for metabolizing food

Enzymes act as public-goods

Food is available for the entire colony
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Logistic Growth Model

Intrinsic  
growth rate

Carrying 
capacity

x[n+ 1] = x[n] + � · x[n] ·
✓
1� x[n]



◆
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Fig. 1. Basic quorum sensing system of a bacterium cell. The cell releases
auto-inducers at a rate � and receive them at a rate �X , where X is the
unknown density of the bacterial colony. Once enough auto-inducers are
received, the cell expresses the gene to the corresponding exofactor.

Fig. 2. The activation of cells depends on the concentration of auto-inducers
in the environment, which is proportional to the density of cells.

to coordinate behavior. Game theoretic models have also been
used to model quorum sensing and study social interactions
among different colonies [11]. More recently, Michelusi and
Mitra have studied quorum sensing from an estimation theo-
retic point of view [12], [13]. Among the many mathematical
models available in the literature, our work is closest to the
model of Heilmann et al. [14]. However, our work focuses on
a static optimization problem under uncertainty, rather than the
deterministic dynamic model in [14]. This uncertainty in the
population concentration of bacteria has also been explored in
a recent paper by Noel et al. [15], but for a different model
than the one considered here.

Networked decision systems consist of multiple agents, who
make local measurements, communicate over a shared network
and make decisions with the goal of achieving a common or
individual objectives [16]. We argue that this framework is
appropriate for modeling quorum sensing systems similar to
the the approach taken by Einolghozati et al. in [17], where
the goal is to coordinate a global behavior based on local
measurements and under uncertainty on the density population.
We do not emphasize the role of the shared communication
network in this paper because our problem formulation ad-
dresses quorum sensing among a single bacterial colony. In
practice, hundreds of colonies coexist in the same environment
and it is known that molecular signals emitted by different
colonies may interfere with each other either by causing signal
destruction or cross-talk [18]. However, in order to study more
general quorum sensing systems in this framework, we need
to understand the simpler case with a single colony.

II. THE MODEL

In this section we describe the Bayesian decision-making
framework used in this paper. We assume that there is a certain
number of cells per unit of volume in the colony and that each
of these cells act as a decision maker.

A. State-of-the-world

From the perspective of an individual cell, the most fun-
damental unknown quantity in a quorum sensing system is
the concentration of cells in the colony, also known as the
population density. The concentration is defined as the number
of cells per unit volume occupied by the bacterial colony
and corresponds to the state-of-the-world in the Bayesian
decision problem. The population density is represented by
a nonnegative random variable X , with a known continuous
probability density function fX supported on [0,1), i.e.,

X ⇠ fX(x). (1)

In this paper we will assume that the population density is
Gamma distributed with parameters k, ✓ > 0, i.e.,

fX(x) =
x�1 · exp

�
�x

✓

�

✓ · �(k)
, x � 0. (2)

For this distribution, E[X] = ✓ and V[X] = ✓2.
Remark 1: Our choice of modeling the concentration of

bacteria as a Gamma random variable comes from the fact that
this distribution subsumes many other classes of distributions
on the non-negative real line as particular cases, e.g. expo-
nential and chi-squared. Furthermore, it allows for tractable
analysis when paired with the Poisson observation model
that we will introduce next. Finally, this prior distribution
has been previously used for Bayesian estimation of bacterial
concentration in a substance from microbial count data in [19].

B. Measurements

The concentration is unknown to each cell and is not

directly observed by any of the cells in the colony. In quorum
sensing, a cell probes the concentration of bacteria in the
surrounding environment by indirectly measuring the concen-
tration of auto-inducer molecules. Each cell in the colony
secretes auto-inducers in the environment at a basal rate � > 0.
The global concentration of auto-inducers is proportional to
the number of cells in the colony. Auto-inducers are discrete
entities, which are produced by proteins named synthases.
During the signaling process, the auto-inducers in the environ-
ment bind to proteins called receptors to form complexes. We
model that the number of auto-inducers received and bound to
receptors is distributed according to a Poisson probability mass
function, whose arrival rate is proportional to the concentration
of cells in the colony X .

Let the observation of the i-th cell in the colony be
represented by Yi. Therefore, given X = x, we have

Yi ⇠ P(�x), i 2 {1, 2, · · · , bx · volc}, (3)

where vol is the volume occupied by the colony. Therefore,

P(Yi = k | X = x) =
(�x)k

k!
e��x, k = 0, 1, 2, · · · (4)
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<latexit sha1_base64="d2yM7pXz4CyY3FsfLbT9vAKfl/s=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKYLwFvHiM4JpAsoTZyWwyZB7rzKwQlvyEFw8qXv0eb/6Nk2QPmljQUFR1090Vp5wZ6/vfXmltfWNzq7xd2dnd2z+oHh49GJVpQkOiuNKdGBvKmaShZZbTTqopFjGn7Xh8M/PbT1QbpuS9naQ0EngoWcIItk7q9AwbCtw3/WrNr/tzoFUSFKQGBVr96ldvoEgmqLSEY2O6gZ/aKMfaMsLptNLLDE0xGeMh7ToqsaAmyuf3TtGZUwYoUdqVtGiu/p7IsTBmImLXKbAdmWVvJv7ndTObNKKcyTSzVJLFoiTjyCo0ex4NmKbE8okjmGjmbkVkhDUm1kVUcSEEyy+vkvCifl337y5rzUaRRhlO4BTOIYAraMIttCAEAhye4RXevEfvxXv3PhatJa+YOYY/8D5/AJIRj9I=</latexit><latexit sha1_base64="d2yM7pXz4CyY3FsfLbT9vAKfl/s=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKYLwFvHiM4JpAsoTZyWwyZB7rzKwQlvyEFw8qXv0eb/6Nk2QPmljQUFR1090Vp5wZ6/vfXmltfWNzq7xd2dnd2z+oHh49GJVpQkOiuNKdGBvKmaShZZbTTqopFjGn7Xh8M/PbT1QbpuS9naQ0EngoWcIItk7q9AwbCtw3/WrNr/tzoFUSFKQGBVr96ldvoEgmqLSEY2O6gZ/aKMfaMsLptNLLDE0xGeMh7ToqsaAmyuf3TtGZUwYoUdqVtGiu/p7IsTBmImLXKbAdmWVvJv7ndTObNKKcyTSzVJLFoiTjyCo0ex4NmKbE8okjmGjmbkVkhDUm1kVUcSEEyy+vkvCifl337y5rzUaRRhlO4BTOIYAraMIttCAEAhye4RXevEfvxXv3PhatJa+YOYY/8D5/AJIRj9I=</latexit><latexit sha1_base64="d2yM7pXz4CyY3FsfLbT9vAKfl/s=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKYLwFvHiM4JpAsoTZyWwyZB7rzKwQlvyEFw8qXv0eb/6Nk2QPmljQUFR1090Vp5wZ6/vfXmltfWNzq7xd2dnd2z+oHh49GJVpQkOiuNKdGBvKmaShZZbTTqopFjGn7Xh8M/PbT1QbpuS9naQ0EngoWcIItk7q9AwbCtw3/WrNr/tzoFUSFKQGBVr96ldvoEgmqLSEY2O6gZ/aKMfaMsLptNLLDE0xGeMh7ToqsaAmyuf3TtGZUwYoUdqVtGiu/p7IsTBmImLXKbAdmWVvJv7ndTObNKKcyTSzVJLFoiTjyCo0ex4NmKbE8okjmGjmbkVkhDUm1kVUcSEEyy+vkvCifl337y5rzUaRRhlO4BTOIYAraMIttCAEAhye4RXevEfvxXv3PhatJa+YOYY/8D5/AJIRj9I=</latexit>

�sx[n]
<latexit sha1_base64="QkId6Um7kzjHBivPrZGm/1OTEuc=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsN4KXjxWMLaQhLLZbtqlu5uwuxFL6N/w4kHFq7/Gm//GbZuDtj4YeLw3w8y8OONMG9f9dipr6xubW9Xt2s7u3v5B/fDoQae5ItQnKU9VL8aaciapb5jhtJcpikXMaTce38z87iNVmqXy3kwyGgk8lCxhBBsrhaFmQ4H7+imQUb/ecJvuHGiVeCVpQIlOv/4VDlKSCyoN4VjrwHMzExVYGUY4ndbCXNMMkzEe0sBSiQXVUTG/eYrOrDJASapsSYPm6u+JAgutJyK2nQKbkV72ZuJ/XpCbpBUVTGa5oZIsFiU5RyZFswDQgClKDJ9Ygoli9lZERlhhYmxMNRuCt/zyKvEvmtdN9+6y0W6VaVThBE7hHDy4gjbcQgd8IJDBM7zCm5M7L86787ForTjlzDH8gfP5A6dwkZg=</latexit><latexit sha1_base64="QkId6Um7kzjHBivPrZGm/1OTEuc=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsN4KXjxWMLaQhLLZbtqlu5uwuxFL6N/w4kHFq7/Gm//GbZuDtj4YeLw3w8y8OONMG9f9dipr6xubW9Xt2s7u3v5B/fDoQae5ItQnKU9VL8aaciapb5jhtJcpikXMaTce38z87iNVmqXy3kwyGgk8lCxhBBsrhaFmQ4H7+imQUb/ecJvuHGiVeCVpQIlOv/4VDlKSCyoN4VjrwHMzExVYGUY4ndbCXNMMkzEe0sBSiQXVUTG/eYrOrDJASapsSYPm6u+JAgutJyK2nQKbkV72ZuJ/XpCbpBUVTGa5oZIsFiU5RyZFswDQgClKDJ9Ygoli9lZERlhhYmxMNRuCt/zyKvEvmtdN9+6y0W6VaVThBE7hHDy4gjbcQgd8IJDBM7zCm5M7L86787ForTjlzDH8gfP5A6dwkZg=</latexit><latexit sha1_base64="QkId6Um7kzjHBivPrZGm/1OTEuc=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsN4KXjxWMLaQhLLZbtqlu5uwuxFL6N/w4kHFq7/Gm//GbZuDtj4YeLw3w8y8OONMG9f9dipr6xubW9Xt2s7u3v5B/fDoQae5ItQnKU9VL8aaciapb5jhtJcpikXMaTce38z87iNVmqXy3kwyGgk8lCxhBBsrhaFmQ4H7+imQUb/ecJvuHGiVeCVpQIlOv/4VDlKSCyoN4VjrwHMzExVYGUY4ndbCXNMMkzEe0sBSiQXVUTG/eYrOrDJASapsSYPm6u+JAgutJyK2nQKbkV72ZuJ/XpCbpBUVTGa5oZIsFiU5RyZFswDQgClKDJ9Ygoli9lZERlhhYmxMNRuCt/zyKvEvmtdN9+6y0W6VaVThBE7hHDy4gjbcQgd8IJDBM7zCm5M7L86787ForTjlzDH8gfP5A6dwkZg=</latexit>

s[n] = �sx[n]
<latexit sha1_base64="uzwyVB4vl+mDjpM9xbyhiwF73tM=">AAAB+3icbVBNS8NAEJ34WetXtEcvi0XwVBIRrAeh4MVjBWMLbQib7aZdutmE3Y0YQv0rXjyoePWPePPfuG1z0NYHA2/fm2FnXphyprTjfFsrq2vrG5uVrer2zu7evn1weK+STBLqkYQnshtiRTkT1NNMc9pNJcVxyGknHF9P/c4DlYol4k7nKfVjPBQsYgRrIwV2TfWEj65QX7FhjAP1aJ6BXXcazgxombglqUOJdmB/9QcJyWIqNOFYqZ7rpNovsNSMcDqp9jNFU0zGeEh7hgocU+UXs+Un6MQoAxQl0pTQaKb+nihwrFQeh6YzxnqkFr2p+J/Xy3TU9Asm0kxTQeYfRRlHOkHTJNCASUo0zw3BRDKzKyIjLDHRJq+qCcFdPHmZeGeNy4Zze15vNcs0KnAEx3AKLlxAC26gDR4QyOEZXuHNerJerHfrY966YpUzNfgD6/MHatWUJQ==</latexit><latexit sha1_base64="uzwyVB4vl+mDjpM9xbyhiwF73tM=">AAAB+3icbVBNS8NAEJ34WetXtEcvi0XwVBIRrAeh4MVjBWMLbQib7aZdutmE3Y0YQv0rXjyoePWPePPfuG1z0NYHA2/fm2FnXphyprTjfFsrq2vrG5uVrer2zu7evn1weK+STBLqkYQnshtiRTkT1NNMc9pNJcVxyGknHF9P/c4DlYol4k7nKfVjPBQsYgRrIwV2TfWEj65QX7FhjAP1aJ6BXXcazgxombglqUOJdmB/9QcJyWIqNOFYqZ7rpNovsNSMcDqp9jNFU0zGeEh7hgocU+UXs+Un6MQoAxQl0pTQaKb+nihwrFQeh6YzxnqkFr2p+J/Xy3TU9Asm0kxTQeYfRRlHOkHTJNCASUo0zw3BRDKzKyIjLDHRJq+qCcFdPHmZeGeNy4Zze15vNcs0KnAEx3AKLlxAC26gDR4QyOEZXuHNerJerHfrY966YpUzNfgD6/MHatWUJQ==</latexit><latexit sha1_base64="uzwyVB4vl+mDjpM9xbyhiwF73tM=">AAAB+3icbVBNS8NAEJ34WetXtEcvi0XwVBIRrAeh4MVjBWMLbQib7aZdutmE3Y0YQv0rXjyoePWPePPfuG1z0NYHA2/fm2FnXphyprTjfFsrq2vrG5uVrer2zu7evn1weK+STBLqkYQnshtiRTkT1NNMc9pNJcVxyGknHF9P/c4DlYol4k7nKfVjPBQsYgRrIwV2TfWEj65QX7FhjAP1aJ6BXXcazgxombglqUOJdmB/9QcJyWIqNOFYqZ7rpNovsNSMcDqp9jNFU0zGeEh7hgocU+UXs+Un6MQoAxQl0pTQaKb+nihwrFQeh6YzxnqkFr2p+J/Xy3TU9Asm0kxTQeYfRRlHOkHTJNCASUo0zw3BRDKzKyIjLDHRJq+qCcFdPHmZeGeNy4Zze15vNcs0KnAEx3AKLlxAC26gDR4QyOEZXuHNerJerHfrY966YpUzNfgD6/MHatWUJQ==</latexit>

received 
signal

WLOG �s = 1
<latexit sha1_base64="XXTA9L0opO13IMM7Me0dUik8lYc=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoB6EoBePEVwTTJYwO5lNhsxjmZkVwpK/8OJBxauf482/cZLsQaMFDUVVN91dccqZsb7/5ZWWlldW18rrlY3Nre2d6u7evVGZJjQkiivdjrGhnEkaWmY5baeaYhFz2opH11O/9Ui1YUre2XFKI4EHkiWMYOukh65hA4F75jLoVWt+3Z8B/SVBQWpQoNmrfnb7imSCSks4NqYT+KmNcqwtI5xOKt3M0BSTER7QjqMSC2qifHbxBB05pY8SpV1Ji2bqz4kcC2PGInadAtuhWfSm4n9eJ7PJeZQzmWaWSjJflGQcWYWm76M+05RYPnYEE83crYgMscbEupAqLoRg8eW/JDypX9T929Na46pIowwHcAjHEMAZNOAGmhACAQlP8AKvnvGevTfvfd5a8oqZffgF7+MbjAuQXg==</latexit><latexit sha1_base64="XXTA9L0opO13IMM7Me0dUik8lYc=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoB6EoBePEVwTTJYwO5lNhsxjmZkVwpK/8OJBxauf482/cZLsQaMFDUVVN91dccqZsb7/5ZWWlldW18rrlY3Nre2d6u7evVGZJjQkiivdjrGhnEkaWmY5baeaYhFz2opH11O/9Ui1YUre2XFKI4EHkiWMYOukh65hA4F75jLoVWt+3Z8B/SVBQWpQoNmrfnb7imSCSks4NqYT+KmNcqwtI5xOKt3M0BSTER7QjqMSC2qifHbxBB05pY8SpV1Ji2bqz4kcC2PGInadAtuhWfSm4n9eJ7PJeZQzmWaWSjJflGQcWYWm76M+05RYPnYEE83crYgMscbEupAqLoRg8eW/JDypX9T929Na46pIowwHcAjHEMAZNOAGmhACAQlP8AKvnvGevTfvfd5a8oqZffgF7+MbjAuQXg==</latexit><latexit sha1_base64="XXTA9L0opO13IMM7Me0dUik8lYc=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoB6EoBePEVwTTJYwO5lNhsxjmZkVwpK/8OJBxauf482/cZLsQaMFDUVVN91dccqZsb7/5ZWWlldW18rrlY3Nre2d6u7evVGZJjQkiivdjrGhnEkaWmY5baeaYhFz2opH11O/9Ui1YUre2XFKI4EHkiWMYOukh65hA4F75jLoVWt+3Z8B/SVBQWpQoNmrfnb7imSCSks4NqYT+KmNcqwtI5xOKt3M0BSTER7QjqMSC2qifHbxBB05pY8SpV1Ji2bqz4kcC2PGInadAtuhWfSm4n9eJ7PJeZQzmWaWSjJflGQcWYWm76M+05RYPnYEE83crYgMscbEupAqLoRg8eW/JDypX9T929Na46pIowwHcAjHEMAZNOAGmhACAQlP8AKvnvGevTfvfd5a8oqZffgF7+MbjAuQXg==</latexit>

�9



Control signal

u[n] 2 {0, 1}
<latexit sha1_base64="1k0va2gwJaVwlgEHNqzL0kLAIcc=">AAAB+HicbVBNS8NAEJ3Ur1q/oh69LBbBg5RECtZbwYvHCsYWklA22027dLMJu5tCCf0nXjyoePWnePPfuG1z0NYHA4/3ZpiZF2WcKe0431ZlY3Nre6e6W9vbPzg8so9PnlSaS0I9kvJU9iKsKGeCepppTnuZpDiJOO1G47u5351QqVgqHvU0o2GCh4LFjGBtpL5t574IUcAECgrnyg1mfbvuNJwF0DpxS1KHEp2+/RUMUpInVGjCsVK+62Q6LLDUjHA6qwW5ohkmYzykvqECJ1SFxeLyGbowygDFqTQlNFqovycKnCg1TSLTmWA9UqveXPzP83Mdt8KCiSzXVJDlojjnSKdoHgMaMEmJ5lNDMJHM3IrICEtMtAmrZkJwV19eJ95147bhPDTr7VaZRhXO4BwuwYUbaMM9dMADAhN4hld4swrrxXq3PpatFaucOYU/sD5/AGf/kl8=</latexit><latexit sha1_base64="1k0va2gwJaVwlgEHNqzL0kLAIcc=">AAAB+HicbVBNS8NAEJ3Ur1q/oh69LBbBg5RECtZbwYvHCsYWklA22027dLMJu5tCCf0nXjyoePWnePPfuG1z0NYHA4/3ZpiZF2WcKe0431ZlY3Nre6e6W9vbPzg8so9PnlSaS0I9kvJU9iKsKGeCepppTnuZpDiJOO1G47u5351QqVgqHvU0o2GCh4LFjGBtpL5t574IUcAECgrnyg1mfbvuNJwF0DpxS1KHEp2+/RUMUpInVGjCsVK+62Q6LLDUjHA6qwW5ohkmYzykvqECJ1SFxeLyGbowygDFqTQlNFqovycKnCg1TSLTmWA9UqveXPzP83Mdt8KCiSzXVJDlojjnSKdoHgMaMEmJ5lNDMJHM3IrICEtMtAmrZkJwV19eJ95147bhPDTr7VaZRhXO4BwuwYUbaMM9dMADAhN4hld4swrrxXq3PpatFaucOYU/sD5/AGf/kl8=</latexit><latexit sha1_base64="1k0va2gwJaVwlgEHNqzL0kLAIcc=">AAAB+HicbVBNS8NAEJ3Ur1q/oh69LBbBg5RECtZbwYvHCsYWklA22027dLMJu5tCCf0nXjyoePWnePPfuG1z0NYHA4/3ZpiZF2WcKe0431ZlY3Nre6e6W9vbPzg8so9PnlSaS0I9kvJU9iKsKGeCepppTnuZpDiJOO1G47u5351QqVgqHvU0o2GCh4LFjGBtpL5t574IUcAECgrnyg1mfbvuNJwF0DpxS1KHEp2+/RUMUpInVGjCsVK+62Q6LLDUjHA6qwW5ohkmYzykvqECJ1SFxeLyGbowygDFqTQlNFqovycKnCg1TSLTmWA9UqveXPzP83Mdt8KCiSzXVJDlojjnSKdoHgMaMEmJ5lNDMJHM3IrICEtMtAmrZkJwV19eJ95147bhPDTr7VaZRhXO4BwuwYUbaMM9dMADAhN4hld4swrrxXq3PpatFaucOYU/sD5/AGf/kl8=</latexit>

Inactive Active

Inactive cells DO NOT produce enzymes

Active cells produce enzymes

Control policy
�10

u[n] = U
�
x[n]

�
<latexit sha1_base64="n4KK0qqd7/Q6KfdZWCmOuPzQeSc=">AAACB3icbZDNSsNAFIVv6l+tf1GXLhwsQt2UVAR1IRTduKxgbCEJZTKdtkMnkzAzEUvo0o2v4saFiltfwZ1v46TtQlsPDHycey9z7wkTzpR2nG+rsLC4tLxSXC2trW9sbtnbO3cqTiWhLol5LFshVpQzQV3NNKetRFIchZw2w8FVXm/eU6lYLG71MKFBhHuCdRnB2lhtez/1RHDhR1j3CeaZO/JD1qs8GBPldNS2y07VGQvNQ20KZZiq0ba//E5M0ogKTThWyqs5iQ4yLDUjnI5KfqpogskA96hnUOCIqiAbHzJCh8bpoG4szRMajd3fExmOlBpGoenMN1aztdz8r+alunsWZEwkqaaCTD7qphzpGOWpoA6TlGg+NICJZGZXRPpYYqJNdiUTQm325Hlwj6vnVefmpFy/nKZRhD04gArU4BTqcA0NcIHAIzzDK7xZT9aL9W59TFoL1nRmF/7I+vwBjq+ZOg==</latexit><latexit sha1_base64="n4KK0qqd7/Q6KfdZWCmOuPzQeSc=">AAACB3icbZDNSsNAFIVv6l+tf1GXLhwsQt2UVAR1IRTduKxgbCEJZTKdtkMnkzAzEUvo0o2v4saFiltfwZ1v46TtQlsPDHycey9z7wkTzpR2nG+rsLC4tLxSXC2trW9sbtnbO3cqTiWhLol5LFshVpQzQV3NNKetRFIchZw2w8FVXm/eU6lYLG71MKFBhHuCdRnB2lhtez/1RHDhR1j3CeaZO/JD1qs8GBPldNS2y07VGQvNQ20KZZiq0ba//E5M0ogKTThWyqs5iQ4yLDUjnI5KfqpogskA96hnUOCIqiAbHzJCh8bpoG4szRMajd3fExmOlBpGoenMN1aztdz8r+alunsWZEwkqaaCTD7qphzpGOWpoA6TlGg+NICJZGZXRPpYYqJNdiUTQm325Hlwj6vnVefmpFy/nKZRhD04gArU4BTqcA0NcIHAIzzDK7xZT9aL9W59TFoL1nRmF/7I+vwBjq+ZOg==</latexit><latexit sha1_base64="n4KK0qqd7/Q6KfdZWCmOuPzQeSc=">AAACB3icbZDNSsNAFIVv6l+tf1GXLhwsQt2UVAR1IRTduKxgbCEJZTKdtkMnkzAzEUvo0o2v4saFiltfwZ1v46TtQlsPDHycey9z7wkTzpR2nG+rsLC4tLxSXC2trW9sbtnbO3cqTiWhLol5LFshVpQzQV3NNKetRFIchZw2w8FVXm/eU6lYLG71MKFBhHuCdRnB2lhtez/1RHDhR1j3CeaZO/JD1qs8GBPldNS2y07VGQvNQ20KZZiq0ba//E5M0ogKTThWyqs5iQ4yLDUjnI5KfqpogskA96hnUOCIqiAbHzJCh8bpoG4szRMajd3fExmOlBpGoenMN1aztdz8r+alunsWZEwkqaaCTD7qphzpGOWpoA6TlGg+NICJZGZXRPpYYqJNdiUTQm325Hlwj6vnVefmpFy/nKZRhD04gArU4BTqcA0NcIHAIzzDK7xZT9aL9W59TFoL1nRmF/7I+vwBjq+ZOg==</latexit>



Enzymes

e[n] = �ex[n]u[n]
<latexit sha1_base64="y4n8t6zEa1iaAJxEMoCdy9RHlIg=">AAACAnicbVBNS8NAEN34WetX1JteFoviqaQiWA9CwYvHCsYW0hA220m7dLMJuxuxhIIX/4oXDype/RXe/Ddu2xy09cHA470ZZuaFKWdKO863tbC4tLyyWlorr29sbm3bO7t3KskkBZcmPJHtkCjgTICrmebQTiWQOOTQCgdXY791D1KxRNzqYQp+THqCRYwSbaTA3gdP+PgYX+KOYr2YBIAfjJKZCuyKU3UmwPOkVpAKKtAM7K9ON6FZDEJTTpTyak6q/ZxIzSiHUbmTKUgJHZAeeIYKEoPy88kPI3xklC6OEmlKaDxRf0/kJFZqGIemMya6r2a9sfif52U6qvs5E2mmQdDpoijjWCd4HAjuMglU86EhhEpmbsW0TySh2sRWNiHUZl+eJ+5p9aLq3JxVGvUijRI6QIfoBNXQOWqga9RELqLoET2jV/RmPVkv1rv1MW1dsIqZPfQH1ucPeAaWUA==</latexit><latexit sha1_base64="y4n8t6zEa1iaAJxEMoCdy9RHlIg=">AAACAnicbVBNS8NAEN34WetX1JteFoviqaQiWA9CwYvHCsYW0hA220m7dLMJuxuxhIIX/4oXDype/RXe/Ddu2xy09cHA470ZZuaFKWdKO863tbC4tLyyWlorr29sbm3bO7t3KskkBZcmPJHtkCjgTICrmebQTiWQOOTQCgdXY791D1KxRNzqYQp+THqCRYwSbaTA3gdP+PgYX+KOYr2YBIAfjJKZCuyKU3UmwPOkVpAKKtAM7K9ON6FZDEJTTpTyak6q/ZxIzSiHUbmTKUgJHZAeeIYKEoPy88kPI3xklC6OEmlKaDxRf0/kJFZqGIemMya6r2a9sfif52U6qvs5E2mmQdDpoijjWCd4HAjuMglU86EhhEpmbsW0TySh2sRWNiHUZl+eJ+5p9aLq3JxVGvUijRI6QIfoBNXQOWqga9RELqLoET2jV/RmPVkv1rv1MW1dsIqZPfQH1ucPeAaWUA==</latexit><latexit sha1_base64="y4n8t6zEa1iaAJxEMoCdy9RHlIg=">AAACAnicbVBNS8NAEN34WetX1JteFoviqaQiWA9CwYvHCsYW0hA220m7dLMJuxuxhIIX/4oXDype/RXe/Ddu2xy09cHA470ZZuaFKWdKO863tbC4tLyyWlorr29sbm3bO7t3KskkBZcmPJHtkCjgTICrmebQTiWQOOTQCgdXY791D1KxRNzqYQp+THqCRYwSbaTA3gdP+PgYX+KOYr2YBIAfjJKZCuyKU3UmwPOkVpAKKtAM7K9ON6FZDEJTTpTyak6q/ZxIzSiHUbmTKUgJHZAeeIYKEoPy88kPI3xklC6OEmlKaDxRf0/kJFZqGIemMya6r2a9sfif52U6qvs5E2mmQdDpoijjWCd4HAjuMglU86EhhEpmbsW0TySh2sRWNiHUZl+eJ+5p9aLq3JxVGvUijRI6QIfoBNXQOWqga9RELqLoET2jV/RmPVkv1rv1MW1dsIqZPfQH1ucPeAaWUA==</latexit>

Increase the amount of food available for the colony

Increase the Carrying Capacity of the system

 = 0 +�(e)
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1. The benefit is an increasing function of public-goods 

2. The benefit saturates at some finite value 

3. The benefit is zero when there is no public-good present

[4] Heilmann et al (Frontiers in Microbiology 2015)
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II. THE MODEL

We start with the discrete-time Logistic Population Growth
(LPG) model. Let x[n] denote the population at time n, such
that x[n] 2 R�0 for all n 2 {0, 1, · · · }. We assume that
samples are taken every hour. So one can think of n as
the number of hours passed since an experiment has started.
According to the LPG dynamics, the population of the colony
evolves according to:

x[n+ 1] = x[n] + �[n] · x[n]
✓
1� x[n]

[n]

◆
. (1)

The dynamical system in Eq. (1) is characterized by two
parameters � and , which correspond to the growth-rate and
the carrying capacity, respectively.

Quorum sensing is typically described by a pair of differ-
ence equations that describe the dynamics of the signal s[n]
and the enzymes e[n]. The following equation describes the
evolution of the concentration of auto-inducer molecules:

s[n] = (1� �s)s[n� 1] + x[n]
�
1 + �su[n]

�
. (2)

Notice that at every sample time n, the population injects
x[n] units of auto-inducer molecules in the environment (here
we will only consider normalized quantities). Auto-inducer
molecules degrade at a rate �s units per time step. One
interesting feature of QS mechanisms is that once activated,
the cells produce auto-inducers at a higher rate. This is
captured by the constant �s, also referred to as the positive
feedback rate. The second difference equation used to describe
a QS mechanism is:

e[n] = (1� �e)e[n� 1] + x[n]�eu[n] (3)

In that equation, �e is the degradation rate of the enzymes
produced by the cells. It is assumed that enzymes are produced
at a rate �e units per time step only when the cells are active.

The activation control signal is computed according to a
policy U , which is a function of the observable signal s[n],
i.e.,

u[n] = U
�
s[n]

�
. (4)

Typically, the control signal u[n] is a number between 0 and
1 that represents the fraction of active cells in the colony.
However, under the assumption of homogeneous cells making
noiseless measurements of the concentration of auto-inducer
molecules s[n], the colony is either entirely active, or inactive,
i.e.,

u[n] 2 {0, 1}. (5)

In our model, we will assume the presence of a social
planner, who controls the growth of the colony such as to
optimize a performance of the system. The goal of the social
planner is to maximize a discounted objective function of the
form:

V(U) def=
1X

n=0

�n
�
1� ↵u[n]

�
x[n]. (6)

A. Public-goods and local activation cost

We adopt a production of public-goods interpretation to QS,
e.g. [11]. The public-goods are the enzymes that are being
released in the environment and are used, for instance, to
metabolize food. The enzymes act as public-goods because
once they are released in the environment, their byproduct will
be enjoyed by the entire colony. The production of enzymes
is costly and is reflected in the growth rate of our LPG model,
i.e., when the colony is active, it grows at a slower rate (�
decreases). Therefore, let the controlled growth rate be defined
as follows:

�[n]
def
= ⇢� cu[n], (7)

where ⇢ 2 [0, 1] is the (normalized) autonomous growth rate
and c is a real number between 0 and ⇢. The reason why
this is a realistic assumption is that the cells must spend a
considerable amount of energy to produce the enzymes and
thus less energy is available for cell division.

B. Public benefit

The consequence of having a higher concentration of public-
goods is that there will be more food available in the environ-
ment. In that case, the overall condition of the colony will be
improved by increasing the carrying capacity of the system.
Herein, the public benefit is the net gain in carrying capacity.
The carrying capacity is the maximum number of cells that
the environment is able to support for an extended period of
time. Typically, the public benefit function in these types of
problems are characterized by a few postulates [11]:

1) The benefit is an increasing function of the concentration
of public-good.

2) The benefit does not increase indefinitely as the con-
centration of public-good increases; it saturates at some
finite value.

3) The benefit is zero when there is no public-good present.
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Fig. 1. Benefit as a function of the concentration of public-goods for a fixed
value of ⌧ = 5 and several values of the exponent h.
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<latexit sha1_base64="mqaAuMBtw++5HLvd6ZuJe9xp8TI=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hV0RjLeAF48RXBNIljA7mU2GzGOdmRXDkp/w4kHFq9/jzb9xkuxBEwsaiqpuurvilDNjff/bW1ldW9/YLG2Vt3d29/YrB4f3RmWa0JAornQ7xoZyJmlomeW0nWqKRcxpKx5dT/3WI9WGKXlnxymNBB5IljCCrZPacS/vCvw06VWqfs2fAS2ToCBVKNDsVb66fUUyQaUlHBvTCfzURjnWlhFOJ+VuZmiKyQgPaMdRiQU1UT67d4JOndJHidKupEUz9fdEjoUxYxG7ToHt0Cx6U/E/r5PZpB7lTKaZpZLMFyUZR1ah6fOozzQllo8dwUQzdysiQ6wxsS6isgshWHx5mYTntauaf3tRbdSLNEpwDCdwBgFcQgNuoAkhEODwDK/w5j14L9679zFvXfGKmSP4A+/zB7xej+4=</latexit><latexit sha1_base64="mqaAuMBtw++5HLvd6ZuJe9xp8TI=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hV0RjLeAF48RXBNIljA7mU2GzGOdmRXDkp/w4kHFq9/jzb9xkuxBEwsaiqpuurvilDNjff/bW1ldW9/YLG2Vt3d29/YrB4f3RmWa0JAornQ7xoZyJmlomeW0nWqKRcxpKx5dT/3WI9WGKXlnxymNBB5IljCCrZPacS/vCvw06VWqfs2fAS2ToCBVKNDsVb66fUUyQaUlHBvTCfzURjnWlhFOJ+VuZmiKyQgPaMdRiQU1UT67d4JOndJHidKupEUz9fdEjoUxYxG7ToHt0Cx6U/E/r5PZpB7lTKaZpZLMFyUZR1ah6fOozzQllo8dwUQzdysiQ6wxsS6isgshWHx5mYTntauaf3tRbdSLNEpwDCdwBgFcQgNuoAkhEODwDK/w5j14L9679zFvXfGKmSP4A+/zB7xej+4=</latexit><latexit sha1_base64="mqaAuMBtw++5HLvd6ZuJe9xp8TI=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hV0RjLeAF48RXBNIljA7mU2GzGOdmRXDkp/w4kHFq9/jzb9xkuxBEwsaiqpuurvilDNjff/bW1ldW9/YLG2Vt3d29/YrB4f3RmWa0JAornQ7xoZyJmlomeW0nWqKRcxpKx5dT/3WI9WGKXlnxymNBB5IljCCrZPacS/vCvw06VWqfs2fAS2ToCBVKNDsVb66fUUyQaUlHBvTCfzURjnWlhFOJ+VuZmiKyQgPaMdRiQU1UT67d4JOndJHidKupEUz9fdEjoUxYxG7ToHt0Cx6U/E/r5PZpB7lTKaZpZLMFyUZR1ah6fOozzQllo8dwUQzdysiQ6wxsS6isgshWHx5mYTntauaf3tRbdSLNEpwDCdwBgFcQgNuoAkhEODwDK/w5j14L9679zFvXfGKmSP4A+/zB7xej+4=</latexit>

�(e) = bmax ·
(e/⌧)h

1 + (e/⌧)h
<latexit sha1_base64="31VOhLZljJtv2SrMkPN7/thOtY4=">AAACJ3icbVDLSgNBEJz1bXxFPXoZDEJEiLsiGA+ioAePCkaFbAy9k14zZPbBTK8YlnyOF3/Fi4iKHv0TJzEHXwUNNVXdTHcFqZKGXPfdGRkdG5+YnJouzMzOzS8UF5fOTZJpgTWRqERfBmBQyRhrJEnhZaoRokDhRdA57PsXN6iNTOIz6qbYiOA6lqEUQFZqFvf9I1QE3O9AmkIZ1/keD5q5H8FtzxethPxQg8jLuOkTZOtX7V7ubXx7NYslt+IOwP8Sb0hKbIiTZvHJbyUiizAmocCYuuem1MhBkxQKewU/M5iC6MA11i2NIULTyAeH9viaVVo8TLStmPhA/T6RQ2RMNwpsZwTUNr+9vvifV88orDZyGacZYSy+PgozxSnh/dR4S2oUpLqWgNDS7spFG2wyZLMt2BC83yf/JbWtym7FPd0uHVSHaUyxFbbKysxjO+yAHbMTVmOC3bEH9sxenHvn0Xl13r5aR5zhzDL7AefjE3ojpTM=</latexit><latexit sha1_base64="31VOhLZljJtv2SrMkPN7/thOtY4=">AAACJ3icbVDLSgNBEJz1bXxFPXoZDEJEiLsiGA+ioAePCkaFbAy9k14zZPbBTK8YlnyOF3/Fi4iKHv0TJzEHXwUNNVXdTHcFqZKGXPfdGRkdG5+YnJouzMzOzS8UF5fOTZJpgTWRqERfBmBQyRhrJEnhZaoRokDhRdA57PsXN6iNTOIz6qbYiOA6lqEUQFZqFvf9I1QE3O9AmkIZ1/keD5q5H8FtzxethPxQg8jLuOkTZOtX7V7ubXx7NYslt+IOwP8Sb0hKbIiTZvHJbyUiizAmocCYuuem1MhBkxQKewU/M5iC6MA11i2NIULTyAeH9viaVVo8TLStmPhA/T6RQ2RMNwpsZwTUNr+9vvifV88orDZyGacZYSy+PgozxSnh/dR4S2oUpLqWgNDS7spFG2wyZLMt2BC83yf/JbWtym7FPd0uHVSHaUyxFbbKysxjO+yAHbMTVmOC3bEH9sxenHvn0Xl13r5aR5zhzDL7AefjE3ojpTM=</latexit><latexit sha1_base64="31VOhLZljJtv2SrMkPN7/thOtY4=">AAACJ3icbVDLSgNBEJz1bXxFPXoZDEJEiLsiGA+ioAePCkaFbAy9k14zZPbBTK8YlnyOF3/Fi4iKHv0TJzEHXwUNNVXdTHcFqZKGXPfdGRkdG5+YnJouzMzOzS8UF5fOTZJpgTWRqERfBmBQyRhrJEnhZaoRokDhRdA57PsXN6iNTOIz6qbYiOA6lqEUQFZqFvf9I1QE3O9AmkIZ1/keD5q5H8FtzxethPxQg8jLuOkTZOtX7V7ubXx7NYslt+IOwP8Sb0hKbIiTZvHJbyUiizAmocCYuuem1MhBkxQKewU/M5iC6MA11i2NIULTyAeH9viaVVo8TLStmPhA/T6RQ2RMNwpsZwTUNr+9vvifV88orDZyGacZYSy+PgozxSnh/dR4S2oUpLqWgNDS7spFG2wyZLMt2BC83yf/JbWtym7FPd0uHVSHaUyxFbbKysxjO+yAHbMTVmOC3bEH9sxenHvn0Xl13r5aR5zhzDL7AefjE3ojpTM=</latexit>
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Simplified public benefit function

�(e) = bmax · 1(e � ⌧)
<latexit sha1_base64="THPmAxOLZBz92XXq2ESxxmxEyro=">AAACH3icbZA9SwNBEIb3/DZ+RS1tFoMQm3AngloIohaWCsYEciHMbeaSJXsf7s6J4chPsfGv2FioiJ3/xk1MocYXFh7emWFn3iBV0pDrfjpT0zOzc/MLi4Wl5ZXVteL6xo1JMi2wKhKV6HoABpWMsUqSFNZTjRAFCmtB72xYr92hNjKJr6mfYjOCTixDKYCs1Soe+OeoCLjfgzSFMu7yYx60cj+C+4Ev2glxi9QNwtwblNHv4C33CbLdVrHkVtyR+CR4YyixsS5bxQ+/nYgswpiEAmManptSMwdNUigcFPzMYAqiBx1sWIwhQtPMRwcO+I512jxMtH0x8ZH7cyKHyJh+FNjO4bbmb21o/ldrZBQeNnMZpxlhLL4/CjPFKeHDtHhbahSk+hZAaGl35aILGgTZTAs2BO/vyZNQ3ascVdyr/dLJ6TiNBbbFtlmZeeyAnbALdsmqTLAH9sRe2Kvz6Dw7b877d+uUM57ZZL/kfH4BjDOiMw==</latexit><latexit sha1_base64="THPmAxOLZBz92XXq2ESxxmxEyro=">AAACH3icbZA9SwNBEIb3/DZ+RS1tFoMQm3AngloIohaWCsYEciHMbeaSJXsf7s6J4chPsfGv2FioiJ3/xk1MocYXFh7emWFn3iBV0pDrfjpT0zOzc/MLi4Wl5ZXVteL6xo1JMi2wKhKV6HoABpWMsUqSFNZTjRAFCmtB72xYr92hNjKJr6mfYjOCTixDKYCs1Soe+OeoCLjfgzSFMu7yYx60cj+C+4Ev2glxi9QNwtwblNHv4C33CbLdVrHkVtyR+CR4YyixsS5bxQ+/nYgswpiEAmManptSMwdNUigcFPzMYAqiBx1sWIwhQtPMRwcO+I512jxMtH0x8ZH7cyKHyJh+FNjO4bbmb21o/ldrZBQeNnMZpxlhLL4/CjPFKeHDtHhbahSk+hZAaGl35aILGgTZTAs2BO/vyZNQ3ascVdyr/dLJ6TiNBbbFtlmZeeyAnbALdsmqTLAH9sRe2Kvz6Dw7b877d+uUM57ZZL/kfH4BjDOiMw==</latexit><latexit sha1_base64="THPmAxOLZBz92XXq2ESxxmxEyro=">AAACH3icbZA9SwNBEIb3/DZ+RS1tFoMQm3AngloIohaWCsYEciHMbeaSJXsf7s6J4chPsfGv2FioiJ3/xk1MocYXFh7emWFn3iBV0pDrfjpT0zOzc/MLi4Wl5ZXVteL6xo1JMi2wKhKV6HoABpWMsUqSFNZTjRAFCmtB72xYr92hNjKJr6mfYjOCTixDKYCs1Soe+OeoCLjfgzSFMu7yYx60cj+C+4Ev2glxi9QNwtwblNHv4C33CbLdVrHkVtyR+CR4YyixsS5bxQ+/nYgswpiEAmManptSMwdNUigcFPzMYAqiBx1sWIwhQtPMRwcO+I512jxMtH0x8ZH7cyKHyJh+FNjO4bbmb21o/ldrZBQeNnMZpxlhLL4/CjPFKeHDtHhbahSk+hZAaGl35aILGgTZTAs2BO/vyZNQ3ascVdyr/dLJ6TiNBbbFtlmZeeyAnbALdsmqTLAH9sRe2Kvz6Dw7b877d+uUM57ZZL/kfH4BjDOiMw==</latexit>

bmax
<latexit sha1_base64="swhH4w/gRxmRoTf02dpmNhoJi2c=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hV0R1FvQi8cIrgkkS5idzCZD5rHOzIphyU948aDi1e/x5t84SfagiQUNRVU33V1xypmxvv/tLS2vrK6tlzbKm1vbO7uVvf17ozJNaEgUV7oVY0M5kzS0zHLaSjXFIua0GQ+vJ37zkWrDlLyzo5RGAvclSxjB1kmtuJt3BH4adytVv+ZPgRZJUJAqFGh0K1+dniKZoNISjo1pB35qoxxrywin43InMzTFZIj7tO2oxIKaKJ/eO0bHTumhRGlX0qKp+nsix8KYkYhdp8B2YOa9ifif185schHlTKaZpZLMFiUZR1ahyfOoxzQllo8cwUQzdysiA6wxsS6isgshmH95kYSntcuaf3tWrV8VaZTgEI7gBAI4hzrcQANCIMDhGV7hzXvwXrx372PWuuQVMwfwB97nD79gj/g=</latexit><latexit sha1_base64="swhH4w/gRxmRoTf02dpmNhoJi2c=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hV0R1FvQi8cIrgkkS5idzCZD5rHOzIphyU948aDi1e/x5t84SfagiQUNRVU33V1xypmxvv/tLS2vrK6tlzbKm1vbO7uVvf17ozJNaEgUV7oVY0M5kzS0zHLaSjXFIua0GQ+vJ37zkWrDlLyzo5RGAvclSxjB1kmtuJt3BH4adytVv+ZPgRZJUJAqFGh0K1+dniKZoNISjo1pB35qoxxrywin43InMzTFZIj7tO2oxIKaKJ/eO0bHTumhRGlX0qKp+nsix8KYkYhdp8B2YOa9ifif185schHlTKaZpZLMFiUZR1ahyfOoxzQllo8cwUQzdysiA6wxsS6isgshmH95kYSntcuaf3tWrV8VaZTgEI7gBAI4hzrcQANCIMDhGV7hzXvwXrx372PWuuQVMwfwB97nD79gj/g=</latexit><latexit sha1_base64="swhH4w/gRxmRoTf02dpmNhoJi2c=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hV0R1FvQi8cIrgkkS5idzCZD5rHOzIphyU948aDi1e/x5t84SfagiQUNRVU33V1xypmxvv/tLS2vrK6tlzbKm1vbO7uVvf17ozJNaEgUV7oVY0M5kzS0zHLaSjXFIua0GQ+vJ37zkWrDlLyzo5RGAvclSxjB1kmtuJt3BH4adytVv+ZPgRZJUJAqFGh0K1+dniKZoNISjo1pB35qoxxrywin43InMzTFZIj7tO2oxIKaKJ/eO0bHTumhRGlX0qKp+nsix8KYkYhdp8B2YOa9ifif185schHlTKaZpZLMFiUZR1ahyfOoxzQllo8cwUQzdysiA6wxsS6isgshmH95kYSntcuaf3tWrV8VaZTgEI7gBAI4hzrcQANCIMDhGV7hzXvwXrx372PWuuQVMwfwB97nD79gj/g=</latexit>

⌧
<latexit sha1_base64="jl2TQqe5wVFVleVplBGzK9k/+NI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4rGFtoQ9lsN+3SzSbsToQS+he8eFDx6i/y5r9x0+ag1QcDj/dmmJkXplIYdN0vp7Kyura+Ud2sbW3v7O7V9w8eTJJpxn2WyER3Q2q4FIr7KFDybqo5jUPJO+HkpvA7j1wbkah7nKY8iOlIiUgwioXUR5oN6g236c5B/hKvJA0o0R7UP/vDhGUxV8gkNabnuSkGOdUomOSzWj8zPKVsQke8Z6miMTdBPr91Rk6sMiRRom0pJHP150ROY2OmcWg7Y4pjs+wV4n9eL8PoMsiFSjPkii0WRZkkmJDicTIUmjOUU0so08LeStiYasrQxlOzIXjLL/8l/lnzqunenTda12UaVTiCYzgFDy6gBbfQBh8YjOEJXuDViZ1n5815X7RWnHLmEH7B+fgGjgGOGw==</latexit><latexit sha1_base64="jl2TQqe5wVFVleVplBGzK9k/+NI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4rGFtoQ9lsN+3SzSbsToQS+he8eFDx6i/y5r9x0+ag1QcDj/dmmJkXplIYdN0vp7Kyura+Ud2sbW3v7O7V9w8eTJJpxn2WyER3Q2q4FIr7KFDybqo5jUPJO+HkpvA7j1wbkah7nKY8iOlIiUgwioXUR5oN6g236c5B/hKvJA0o0R7UP/vDhGUxV8gkNabnuSkGOdUomOSzWj8zPKVsQke8Z6miMTdBPr91Rk6sMiRRom0pJHP150ROY2OmcWg7Y4pjs+wV4n9eL8PoMsiFSjPkii0WRZkkmJDicTIUmjOUU0so08LeStiYasrQxlOzIXjLL/8l/lnzqunenTda12UaVTiCYzgFDy6gBbfQBh8YjOEJXuDViZ1n5815X7RWnHLmEH7B+fgGjgGOGw==</latexit><latexit sha1_base64="jl2TQqe5wVFVleVplBGzK9k/+NI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4rGFtoQ9lsN+3SzSbsToQS+he8eFDx6i/y5r9x0+ag1QcDj/dmmJkXplIYdN0vp7Kyura+Ud2sbW3v7O7V9w8eTJJpxn2WyER3Q2q4FIr7KFDybqo5jUPJO+HkpvA7j1wbkah7nKY8iOlIiUgwioXUR5oN6g236c5B/hKvJA0o0R7UP/vDhGUxV8gkNabnuSkGOdUomOSzWj8zPKVsQke8Z6miMTdBPr91Rk6sMiRRom0pJHP150ROY2OmcWg7Y4pjs+wV4n9eL8PoMsiFSjPkii0WRZkkmJDicTIUmjOUU0so08LeStiYasrQxlOzIXjLL/8l/lnzqunenTda12UaVTiCYzgFDy6gBbfQBh8YjOEJXuDViZ1n5815X7RWnHLmEH7B+fgGjgGOGw==</latexit>Threshold �13



Enzymes are costly to make!

Activation cost

Slow down the intrinsic growth-rate

Energy spent on making enzymes Less energy for reproduction)
<latexit sha1_base64="JKszPo8ZF4KUfk2W9SF7o8AOTTs=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQiqLeClx6rGC20oWy2m3bpZjfsTpQS+jO8eFDx6r/x5r9x2+agrQ8GHu/NMDMvSgU36HnfTmlldW19o7xZ2dre2d2r7h/cG5VpygKqhNLtiBgmuGQBchSsnWpGkkiwh2h0PfUfHpk2XMk7HKcsTMhA8phTglbqdG/5YIhEa/XUq9a8ujeDu0z8gtSgQKtX/er2Fc0SJpEKYkzH91IMc6KRU8EmlW5mWEroiAxYx1JJEmbCfHbyxD2xSt+NlbYl0Z2pvydykhgzTiLbmRAcmkVvKv7ndTKML8OcyzRDJul8UZwJF5U7/d/tc80oirElhGpub3XpkGhC0aZUsSH4iy8vk+CsflX3bs5rjWaRRhmO4BhOwYcLaEATWhAABQXP8ApvDjovzrvzMW8tOcXMIfyB8/kD/NeRRg==</latexit><latexit sha1_base64="JKszPo8ZF4KUfk2W9SF7o8AOTTs=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQiqLeClx6rGC20oWy2m3bpZjfsTpQS+jO8eFDx6r/x5r9x2+agrQ8GHu/NMDMvSgU36HnfTmlldW19o7xZ2dre2d2r7h/cG5VpygKqhNLtiBgmuGQBchSsnWpGkkiwh2h0PfUfHpk2XMk7HKcsTMhA8phTglbqdG/5YIhEa/XUq9a8ujeDu0z8gtSgQKtX/er2Fc0SJpEKYkzH91IMc6KRU8EmlW5mWEroiAxYx1JJEmbCfHbyxD2xSt+NlbYl0Z2pvydykhgzTiLbmRAcmkVvKv7ndTKML8OcyzRDJul8UZwJF5U7/d/tc80oirElhGpub3XpkGhC0aZUsSH4iy8vk+CsflX3bs5rjWaRRhmO4BhOwYcLaEATWhAABQXP8ApvDjovzrvzMW8tOcXMIfyB8/kD/NeRRg==</latexit><latexit sha1_base64="JKszPo8ZF4KUfk2W9SF7o8AOTTs=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQiqLeClx6rGC20oWy2m3bpZjfsTpQS+jO8eFDx6r/x5r9x2+agrQ8GHu/NMDMvSgU36HnfTmlldW19o7xZ2dre2d2r7h/cG5VpygKqhNLtiBgmuGQBchSsnWpGkkiwh2h0PfUfHpk2XMk7HKcsTMhA8phTglbqdG/5YIhEa/XUq9a8ujeDu0z8gtSgQKtX/er2Fc0SJpEKYkzH91IMc6KRU8EmlW5mWEroiAxYx1JJEmbCfHbyxD2xSt+NlbYl0Z2pvydykhgzTiLbmRAcmkVvKv7ndTKML8OcyzRDJul8UZwJF5U7/d/tc80oirElhGpub3XpkGhC0aZUsSH4iy8vk+CsflX3bs5rjWaRRhmO4BhOwYcLaEATWhAABQXP8ApvDjovzrvzMW8tOcXMIfyB8/kD/NeRRg==</latexit><latexit sha1_base64="C39OhB+IczRcjLNINXH29e9lt8M=">AAAB2HicbZDNSgMxFIXv1L86Vq1rN8EiuCpTN+pOcOOygmML7VAymTttaCYzJHeEMvQFXLhRfDB3vo3pz0KtBwIf5yTk3hMXSloKgi+vtrW9s7tX3/cPGv7h0XGz8WTz0ggMRa5y04+5RSU1hiRJYb8wyLNYYS+e3i3y3jMaK3P9SLMCo4yPtUyl4OSs7qjZCtrBUmwTOmtowVqj5ucwyUWZoSahuLWDTlBQVHFDUiic+8PSYsHFlI9x4FDzDG1ULcecs3PnJCzNjTua2NL9+aLimbWzLHY3M04T+zdbmP9lg5LS66iSuigJtVh9lJaKUc4WO7NEGhSkZg64MNLNysSEGy7INeO7Djp/N96E8LJ90w4eAqjDKZzBBXTgCm7hHroQgoAEXuDNm3iv3vuqqpq37uwEfsn7+Aap5IoM</latexit><latexit sha1_base64="Cf0HhTaCjgJ3cw+GfpfKlcVDH6w=">AAAB5nicbZDNSgMxFIXv+Ftr1erWTbAIrsqMG3UnuHFZxbGF6VAyaaYNzSRDckcpQx/DjQsVH8mdb2P6s9DWA4GPcxJy70lyKSz6/re3tr6xubVd2anu1vb2D+qHtUerC8N4yLTUppNQy6VQPESBkndyw2mWSN5ORjfTvP3EjRVaPeA453FGB0qkglF0VtS9F4MhUmP0c6/e8Jv+TGQVggU0YKFWr/7V7WtWZFwhk9TaKPBzjEtqUDDJJ9VuYXlO2YgOeORQ0YzbuJyNPCGnzumTVBt3FJKZ+/tFSTNrx1nibmYUh3Y5m5r/ZVGB6WVcCpUXyBWbf5QWkqAm0/1JXxjOUI4dUGaEm5WwITWUoWup6koIlldehfC8edX073yowDGcwBkEcAHXcAstCIGBhhd4g3cPvVfvY97Wmreo7Qj+yPv8AblLj+Q=</latexit><latexit sha1_base64="Cf0HhTaCjgJ3cw+GfpfKlcVDH6w=">AAAB5nicbZDNSgMxFIXv+Ftr1erWTbAIrsqMG3UnuHFZxbGF6VAyaaYNzSRDckcpQx/DjQsVH8mdb2P6s9DWA4GPcxJy70lyKSz6/re3tr6xubVd2anu1vb2D+qHtUerC8N4yLTUppNQy6VQPESBkndyw2mWSN5ORjfTvP3EjRVaPeA453FGB0qkglF0VtS9F4MhUmP0c6/e8Jv+TGQVggU0YKFWr/7V7WtWZFwhk9TaKPBzjEtqUDDJJ9VuYXlO2YgOeORQ0YzbuJyNPCGnzumTVBt3FJKZ+/tFSTNrx1nibmYUh3Y5m5r/ZVGB6WVcCpUXyBWbf5QWkqAm0/1JXxjOUI4dUGaEm5WwITWUoWup6koIlldehfC8edX073yowDGcwBkEcAHXcAstCIGBhhd4g3cPvVfvY97Wmreo7Qj+yPv8AblLj+Q=</latexit><latexit sha1_base64="zNDee5RdYOXLf/OzTm9Db2SL3vI=">AAAB8XicbVBNT8JAEJ3iF+IX6tFLIzHxRFov6o3EC0c0VkigIdtlCxu2u83uVEMafoYXD2q8+m+8+W9coAcFXzLJy3szmZkXpYIb9Lxvp7S2vrG5Vd6u7Ozu7R9UD48ejMo0ZQFVQulORAwTXLIAOQrWSTUjSSRYOxrfzPz2I9OGK3mPk5SFCRlKHnNK0Erd3h0fjpBorZ761ZpX9+ZwV4lfkBoUaPWrX72BolnCJFJBjOn6XophTjRyKti00ssMSwkdkyHrWipJwkyYz0+eumdWGbix0rYkunP190ROEmMmSWQ7E4Ijs+zNxP+8bobxVZhzmWbIJF0sijPhonJn/7sDrhlFMbGEUM3trS4dEU0o2pQqNgR/+eVVElzUr+verVdrNIs0ynACp3AOPlxCA5rQggAoKHiGV3hz0Hlx3p2PRWvJKWaO4Q+czx/7l5FC</latexit><latexit sha1_base64="JKszPo8ZF4KUfk2W9SF7o8AOTTs=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQiqLeClx6rGC20oWy2m3bpZjfsTpQS+jO8eFDx6r/x5r9x2+agrQ8GHu/NMDMvSgU36HnfTmlldW19o7xZ2dre2d2r7h/cG5VpygKqhNLtiBgmuGQBchSsnWpGkkiwh2h0PfUfHpk2XMk7HKcsTMhA8phTglbqdG/5YIhEa/XUq9a8ujeDu0z8gtSgQKtX/er2Fc0SJpEKYkzH91IMc6KRU8EmlW5mWEroiAxYx1JJEmbCfHbyxD2xSt+NlbYl0Z2pvydykhgzTiLbmRAcmkVvKv7ndTKML8OcyzRDJul8UZwJF5U7/d/tc80oirElhGpub3XpkGhC0aZUsSH4iy8vk+CsflX3bs5rjWaRRhmO4BhOwYcLaEATWhAABQXP8ApvDjovzrvzMW8tOcXMIfyB8/kD/NeRRg==</latexit><latexit sha1_base64="JKszPo8ZF4KUfk2W9SF7o8AOTTs=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQiqLeClx6rGC20oWy2m3bpZjfsTpQS+jO8eFDx6r/x5r9x2+agrQ8GHu/NMDMvSgU36HnfTmlldW19o7xZ2dre2d2r7h/cG5VpygKqhNLtiBgmuGQBchSsnWpGkkiwh2h0PfUfHpk2XMk7HKcsTMhA8phTglbqdG/5YIhEa/XUq9a8ujeDu0z8gtSgQKtX/er2Fc0SJpEKYkzH91IMc6KRU8EmlW5mWEroiAxYx1JJEmbCfHbyxD2xSt+NlbYl0Z2pvydykhgzTiLbmRAcmkVvKv7ndTKML8OcyzRDJul8UZwJF5U7/d/tc80oirElhGpub3XpkGhC0aZUsSH4iy8vk+CsflX3bs5rjWaRRhmO4BhOwYcLaEATWhAABQXP8ApvDjovzrvzMW8tOcXMIfyB8/kD/NeRRg==</latexit><latexit sha1_base64="JKszPo8ZF4KUfk2W9SF7o8AOTTs=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQiqLeClx6rGC20oWy2m3bpZjfsTpQS+jO8eFDx6r/x5r9x2+agrQ8GHu/NMDMvSgU36HnfTmlldW19o7xZ2dre2d2r7h/cG5VpygKqhNLtiBgmuGQBchSsnWpGkkiwh2h0PfUfHpk2XMk7HKcsTMhA8phTglbqdG/5YIhEa/XUq9a8ujeDu0z8gtSgQKtX/er2Fc0SJpEKYkzH91IMc6KRU8EmlW5mWEroiAxYx1JJEmbCfHbyxD2xSt+NlbYl0Z2pvydykhgzTiLbmRAcmkVvKv7ndTKML8OcyzRDJul8UZwJF5U7/d/tc80oirElhGpub3XpkGhC0aZUsSH4iy8vk+CsflX3bs5rjWaRRhmO4BhOwYcLaEATWhAABQXP8ApvDjovzrvzMW8tOcXMIfyB8/kD/NeRRg==</latexit><latexit sha1_base64="JKszPo8ZF4KUfk2W9SF7o8AOTTs=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQiqLeClx6rGC20oWy2m3bpZjfsTpQS+jO8eFDx6r/x5r9x2+agrQ8GHu/NMDMvSgU36HnfTmlldW19o7xZ2dre2d2r7h/cG5VpygKqhNLtiBgmuGQBchSsnWpGkkiwh2h0PfUfHpk2XMk7HKcsTMhA8phTglbqdG/5YIhEa/XUq9a8ujeDu0z8gtSgQKtX/er2Fc0SJpEKYkzH91IMc6KRU8EmlW5mWEroiAxYx1JJEmbCfHbyxD2xSt+NlbYl0Z2pvydykhgzTiLbmRAcmkVvKv7ndTKML8OcyzRDJul8UZwJF5U7/d/tc80oirElhGpub3XpkGhC0aZUsSH4iy8vk+CsflX3bs5rjWaRRhmO4BhOwYcLaEATWhAABQXP8ApvDjovzrvzMW8tOcXMIfyB8/kD/NeRRg==</latexit><latexit sha1_base64="JKszPo8ZF4KUfk2W9SF7o8AOTTs=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQiqLeClx6rGC20oWy2m3bpZjfsTpQS+jO8eFDx6r/x5r9x2+agrQ8GHu/NMDMvSgU36HnfTmlldW19o7xZ2dre2d2r7h/cG5VpygKqhNLtiBgmuGQBchSsnWpGkkiwh2h0PfUfHpk2XMk7HKcsTMhA8phTglbqdG/5YIhEa/XUq9a8ujeDu0z8gtSgQKtX/er2Fc0SJpEKYkzH91IMc6KRU8EmlW5mWEroiAxYx1JJEmbCfHbyxD2xSt+NlbYl0Z2pvydykhgzTiLbmRAcmkVvKv7ndTKML8OcyzRDJul8UZwJF5U7/d/tc80oirElhGpub3XpkGhC0aZUsSH4iy8vk+CsflX3bs5rjWaRRhmO4BhOwYcLaEATWhAABQXP8ApvDjovzrvzMW8tOcXMIfyB8/kD/NeRRg==</latexit>

� = ⇢� cu[n]
<latexit sha1_base64="yuf09JBRlQWJ6GyV6H2WcGAyUDc=">AAAB/3icbVBNS8NAFHzxs9avqAcPXhaL4MWSiqAehKIXjxWMLSShbDabdulmE3Y3Qgm9+Fe8eFDx6t/w5r9x2+agrQMLw8w83r4JM86Udpxva2FxaXlltbJWXd/Y3Nq2d3YfVJpLQl2S8lR2QqwoZ4K6mmlOO5mkOAk5bYeDm7HffqRSsVTc62FGgwT3BIsZwdpIXXvf5yYcYXSFfNlP0QkiKPdE0LVrTt2ZAM2TRklqUKLVtb/8KCV5QoUmHCvlNZxMBwWWmhFOR1U/VzTDZIB71DNU4ISqoJgcMEJHRolQnErzhEYT9fdEgROlhklokgnWfTXrjcX/PC/X8UVQMJHlmgoyXRTnHOkUjdtAEZOUaD40BBPJzF8R6WOJiTadVU0JjdmT54l7Wr+sO3dnteZ12UYFDuAQjqEB59CEW2iBCwRG8Ayv8GY9WS/Wu/UxjS5Y5cwe/IH1+QPOypTO</latexit><latexit sha1_base64="yuf09JBRlQWJ6GyV6H2WcGAyUDc=">AAAB/3icbVBNS8NAFHzxs9avqAcPXhaL4MWSiqAehKIXjxWMLSShbDabdulmE3Y3Qgm9+Fe8eFDx6t/w5r9x2+agrQMLw8w83r4JM86Udpxva2FxaXlltbJWXd/Y3Nq2d3YfVJpLQl2S8lR2QqwoZ4K6mmlOO5mkOAk5bYeDm7HffqRSsVTc62FGgwT3BIsZwdpIXXvf5yYcYXSFfNlP0QkiKPdE0LVrTt2ZAM2TRklqUKLVtb/8KCV5QoUmHCvlNZxMBwWWmhFOR1U/VzTDZIB71DNU4ISqoJgcMEJHRolQnErzhEYT9fdEgROlhklokgnWfTXrjcX/PC/X8UVQMJHlmgoyXRTnHOkUjdtAEZOUaD40BBPJzF8R6WOJiTadVU0JjdmT54l7Wr+sO3dnteZ12UYFDuAQjqEB59CEW2iBCwRG8Ayv8GY9WS/Wu/UxjS5Y5cwe/IH1+QPOypTO</latexit><latexit sha1_base64="yuf09JBRlQWJ6GyV6H2WcGAyUDc=">AAAB/3icbVBNS8NAFHzxs9avqAcPXhaL4MWSiqAehKIXjxWMLSShbDabdulmE3Y3Qgm9+Fe8eFDx6t/w5r9x2+agrQMLw8w83r4JM86Udpxva2FxaXlltbJWXd/Y3Nq2d3YfVJpLQl2S8lR2QqwoZ4K6mmlOO5mkOAk5bYeDm7HffqRSsVTc62FGgwT3BIsZwdpIXXvf5yYcYXSFfNlP0QkiKPdE0LVrTt2ZAM2TRklqUKLVtb/8KCV5QoUmHCvlNZxMBwWWmhFOR1U/VzTDZIB71DNU4ISqoJgcMEJHRolQnErzhEYT9fdEgROlhklokgnWfTXrjcX/PC/X8UVQMJHlmgoyXRTnHOkUjdtAEZOUaD40BBPJzF8R6WOJiTadVU0JjdmT54l7Wr+sO3dnteZ12UYFDuAQjqEB59CEW2iBCwRG8Ayv8GY9WS/Wu/UxjS5Y5cwe/IH1+QPOypTO</latexit>
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<latexit sha1_base64="4pQE5o9BF/KDPSrble4a9UHlfmw=">AAAB53icbVBNS8NAEJ34WetX1aOXxSJ4KokI1lvBi8cWjC20oWy2k3btZhN2N0IJ/QVePKh49S9589+4bXPQ1gcDj/dmmJkXpoJr47rfztr6xubWdmmnvLu3f3BYOTp+0EmmGPosEYnqhFSj4BJ9w43ATqqQxqHAdji+nfntJ1SaJ/LeTFIMYjqUPOKMGiu1ZL9SdWvuHGSVeAWpQoFmv/LVGyQsi1EaJqjWXc9NTZBTZTgTOC33Mo0pZWM6xK6lksaog3x+6JScW2VAokTZkobM1d8TOY21nsSh7YypGellbyb+53UzE9WDnMs0MyjZYlGUCWISMvuaDLhCZsTEEsoUt7cSNqKKMmOzKdsQvOWXV4l/Wbupua2raqNepFGCUziDC/DgGhpwB03wgQHCM7zCm/PovDjvzseidc0pZk7gD5zPH0ItjLs=</latexit><latexit sha1_base64="4pQE5o9BF/KDPSrble4a9UHlfmw=">AAAB53icbVBNS8NAEJ34WetX1aOXxSJ4KokI1lvBi8cWjC20oWy2k3btZhN2N0IJ/QVePKh49S9589+4bXPQ1gcDj/dmmJkXpoJr47rfztr6xubWdmmnvLu3f3BYOTp+0EmmGPosEYnqhFSj4BJ9w43ATqqQxqHAdji+nfntJ1SaJ/LeTFIMYjqUPOKMGiu1ZL9SdWvuHGSVeAWpQoFmv/LVGyQsi1EaJqjWXc9NTZBTZTgTOC33Mo0pZWM6xK6lksaog3x+6JScW2VAokTZkobM1d8TOY21nsSh7YypGellbyb+53UzE9WDnMs0MyjZYlGUCWISMvuaDLhCZsTEEsoUt7cSNqKKMmOzKdsQvOWXV4l/Wbupua2raqNepFGCUziDC/DgGhpwB03wgQHCM7zCm/PovDjvzseidc0pZk7gD5zPH0ItjLs=</latexit><latexit sha1_base64="4pQE5o9BF/KDPSrble4a9UHlfmw=">AAAB53icbVBNS8NAEJ34WetX1aOXxSJ4KokI1lvBi8cWjC20oWy2k3btZhN2N0IJ/QVePKh49S9589+4bXPQ1gcDj/dmmJkXpoJr47rfztr6xubWdmmnvLu3f3BYOTp+0EmmGPosEYnqhFSj4BJ9w43ATqqQxqHAdji+nfntJ1SaJ/LeTFIMYjqUPOKMGiu1ZL9SdWvuHGSVeAWpQoFmv/LVGyQsi1EaJqjWXc9NTZBTZTgTOC33Mo0pZWM6xK6lksaog3x+6JScW2VAokTZkobM1d8TOY21nsSh7YypGellbyb+53UzE9WDnMs0MyjZYlGUCWISMvuaDLhCZsTEEsoUt7cSNqKKMmOzKdsQvOWXV4l/Wbupua2raqNepFGCUziDC/DgGhpwB03wgQHCM7zCm/PovDjvzseidc0pZk7gD5zPH0ItjLs=</latexit>

x[n]
<latexit sha1_base64="1T3+CLG1HltCC3wERRBoDRlrug8=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsN4KXjxWMLaQhrLZbtqlu5uwuxFL6F/w4kHFq7/Im//GTZuDtj4YeLw3w8y8KOVMG9f9dipr6xubW9Xt2s7u3v5B/fDoQSeZItQnCU9UL8Kaciapb5jhtJcqikXEaTea3BR+95EqzRJ5b6YpDQUeSRYzgk0hPQUyHNQbbtOdA60SryQNKNEZ1L/6w4RkgkpDONY68NzUhDlWhhFOZ7V+pmmKyQSPaGCpxILqMJ/fOkNnVhmiOFG2pEFz9fdEjoXWUxHZToHNWC97hfifF2QmboU5k2lmqCSLRXHGkUlQ8TgaMkWJ4VNLMFHM3orIGCtMjI2nZkPwll9eJf5F87rp3l022q0yjSqcwCmcgwdX0IZb6IAPBMbwDK/w5gjnxXl3PhatFaecOYY/cD5/AH8Wjgk=</latexit><latexit sha1_base64="1T3+CLG1HltCC3wERRBoDRlrug8=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsN4KXjxWMLaQhrLZbtqlu5uwuxFL6F/w4kHFq7/Im//GTZuDtj4YeLw3w8y8KOVMG9f9dipr6xubW9Xt2s7u3v5B/fDoQSeZItQnCU9UL8Kaciapb5jhtJcqikXEaTea3BR+95EqzRJ5b6YpDQUeSRYzgk0hPQUyHNQbbtOdA60SryQNKNEZ1L/6w4RkgkpDONY68NzUhDlWhhFOZ7V+pmmKyQSPaGCpxILqMJ/fOkNnVhmiOFG2pEFz9fdEjoXWUxHZToHNWC97hfifF2QmboU5k2lmqCSLRXHGkUlQ8TgaMkWJ4VNLMFHM3orIGCtMjI2nZkPwll9eJf5F87rp3l022q0yjSqcwCmcgwdX0IZb6IAPBMbwDK/w5gjnxXl3PhatFaecOYY/cD5/AH8Wjgk=</latexit><latexit sha1_base64="1T3+CLG1HltCC3wERRBoDRlrug8=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsN4KXjxWMLaQhrLZbtqlu5uwuxFL6F/w4kHFq7/Im//GTZuDtj4YeLw3w8y8KOVMG9f9dipr6xubW9Xt2s7u3v5B/fDoQSeZItQnCU9UL8Kaciapb5jhtJcqikXEaTea3BR+95EqzRJ5b6YpDQUeSRYzgk0hPQUyHNQbbtOdA60SryQNKNEZ1L/6w4RkgkpDONY68NzUhDlWhhFOZ7V+pmmKyQSPaGCpxILqMJ/fOkNnVhmiOFG2pEFz9fdEjoXWUxHZToHNWC97hfifF2QmboU5k2lmqCSLRXHGkUlQ8TgaMkWJ4VNLMFHM3orIGCtMjI2nZkPwll9eJf5F87rp3l022q0yjSqcwCmcgwdX0IZb6IAPBMbwDK/w5gjnxXl3PhatFaecOYY/cD5/AH8Wjgk=</latexit>

� = 0.5
 = 15

<latexit sha1_base64="B2ezzhnszIDGYKPmMVls3JOouFE="></latexit><latexit sha1_base64="B2ezzhnszIDGYKPmMVls3JOouFE="></latexit><latexit sha1_base64="B2ezzhnszIDGYKPmMVls3JOouFE="></latexit>

� = 1
 = 10

<latexit sha1_base64="bKcUY+l9hXqLSKadvCp99rKgsPY="></latexit><latexit sha1_base64="bKcUY+l9hXqLSKadvCp99rKgsPY="></latexit><latexit sha1_base64="bKcUY+l9hXqLSKadvCp99rKgsPY="></latexit>

What is the best growth curve?

Intrinsic growth-rate vs carrying capacity
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<latexit sha1_base64="4pQE5o9BF/KDPSrble4a9UHlfmw=">AAAB53icbVBNS8NAEJ34WetX1aOXxSJ4KokI1lvBi8cWjC20oWy2k3btZhN2N0IJ/QVePKh49S9589+4bXPQ1gcDj/dmmJkXpoJr47rfztr6xubWdmmnvLu3f3BYOTp+0EmmGPosEYnqhFSj4BJ9w43ATqqQxqHAdji+nfntJ1SaJ/LeTFIMYjqUPOKMGiu1ZL9SdWvuHGSVeAWpQoFmv/LVGyQsi1EaJqjWXc9NTZBTZTgTOC33Mo0pZWM6xK6lksaog3x+6JScW2VAokTZkobM1d8TOY21nsSh7YypGellbyb+53UzE9WDnMs0MyjZYlGUCWISMvuaDLhCZsTEEsoUt7cSNqKKMmOzKdsQvOWXV4l/Wbupua2raqNepFGCUziDC/DgGhpwB03wgQHCM7zCm/PovDjvzseidc0pZk7gD5zPH0ItjLs=</latexit><latexit sha1_base64="4pQE5o9BF/KDPSrble4a9UHlfmw=">AAAB53icbVBNS8NAEJ34WetX1aOXxSJ4KokI1lvBi8cWjC20oWy2k3btZhN2N0IJ/QVePKh49S9589+4bXPQ1gcDj/dmmJkXpoJr47rfztr6xubWdmmnvLu3f3BYOTp+0EmmGPosEYnqhFSj4BJ9w43ATqqQxqHAdji+nfntJ1SaJ/LeTFIMYjqUPOKMGiu1ZL9SdWvuHGSVeAWpQoFmv/LVGyQsi1EaJqjWXc9NTZBTZTgTOC33Mo0pZWM6xK6lksaog3x+6JScW2VAokTZkobM1d8TOY21nsSh7YypGellbyb+53UzE9WDnMs0MyjZYlGUCWISMvuaDLhCZsTEEsoUt7cSNqKKMmOzKdsQvOWXV4l/Wbupua2raqNepFGCUziDC/DgGhpwB03wgQHCM7zCm/PovDjvzseidc0pZk7gD5zPH0ItjLs=</latexit><latexit sha1_base64="4pQE5o9BF/KDPSrble4a9UHlfmw=">AAAB53icbVBNS8NAEJ34WetX1aOXxSJ4KokI1lvBi8cWjC20oWy2k3btZhN2N0IJ/QVePKh49S9589+4bXPQ1gcDj/dmmJkXpoJr47rfztr6xubWdmmnvLu3f3BYOTp+0EmmGPosEYnqhFSj4BJ9w43ATqqQxqHAdji+nfntJ1SaJ/LeTFIMYjqUPOKMGiu1ZL9SdWvuHGSVeAWpQoFmv/LVGyQsi1EaJqjWXc9NTZBTZTgTOC33Mo0pZWM6xK6lksaog3x+6JScW2VAokTZkobM1d8TOY21nsSh7YypGellbyb+53UzE9WDnMs0MyjZYlGUCWISMvuaDLhCZsTEEsoUt7cSNqKKMmOzKdsQvOWXV4l/Wbupua2raqNepFGCUziDC/DgGhpwB03wgQHCM7zCm/PovDjvzseidc0pZk7gD5zPH0ItjLs=</latexit>

x[n]
<latexit sha1_base64="1T3+CLG1HltCC3wERRBoDRlrug8=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsN4KXjxWMLaQhrLZbtqlu5uwuxFL6F/w4kHFq7/Im//GTZuDtj4YeLw3w8y8KOVMG9f9dipr6xubW9Xt2s7u3v5B/fDoQSeZItQnCU9UL8Kaciapb5jhtJcqikXEaTea3BR+95EqzRJ5b6YpDQUeSRYzgk0hPQUyHNQbbtOdA60SryQNKNEZ1L/6w4RkgkpDONY68NzUhDlWhhFOZ7V+pmmKyQSPaGCpxILqMJ/fOkNnVhmiOFG2pEFz9fdEjoXWUxHZToHNWC97hfifF2QmboU5k2lmqCSLRXHGkUlQ8TgaMkWJ4VNLMFHM3orIGCtMjI2nZkPwll9eJf5F87rp3l022q0yjSqcwCmcgwdX0IZb6IAPBMbwDK/w5gjnxXl3PhatFaecOYY/cD5/AH8Wjgk=</latexit><latexit sha1_base64="1T3+CLG1HltCC3wERRBoDRlrug8=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsN4KXjxWMLaQhrLZbtqlu5uwuxFL6F/w4kHFq7/Im//GTZuDtj4YeLw3w8y8KOVMG9f9dipr6xubW9Xt2s7u3v5B/fDoQSeZItQnCU9UL8Kaciapb5jhtJcqikXEaTea3BR+95EqzRJ5b6YpDQUeSRYzgk0hPQUyHNQbbtOdA60SryQNKNEZ1L/6w4RkgkpDONY68NzUhDlWhhFOZ7V+pmmKyQSPaGCpxILqMJ/fOkNnVhmiOFG2pEFz9fdEjoXWUxHZToHNWC97hfifF2QmboU5k2lmqCSLRXHGkUlQ8TgaMkWJ4VNLMFHM3orIGCtMjI2nZkPwll9eJf5F87rp3l022q0yjSqcwCmcgwdX0IZb6IAPBMbwDK/w5gjnxXl3PhatFaecOYY/cD5/AH8Wjgk=</latexit><latexit sha1_base64="1T3+CLG1HltCC3wERRBoDRlrug8=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsN4KXjxWMLaQhrLZbtqlu5uwuxFL6F/w4kHFq7/Im//GTZuDtj4YeLw3w8y8KOVMG9f9dipr6xubW9Xt2s7u3v5B/fDoQSeZItQnCU9UL8Kaciapb5jhtJcqikXEaTea3BR+95EqzRJ5b6YpDQUeSRYzgk0hPQUyHNQbbtOdA60SryQNKNEZ1L/6w4RkgkpDONY68NzUhDlWhhFOZ7V+pmmKyQSPaGCpxILqMJ/fOkNnVhmiOFG2pEFz9fdEjoXWUxHZToHNWC97hfifF2QmboU5k2lmqCSLRXHGkUlQ8TgaMkWJ4VNLMFHM3orIGCtMjI2nZkPwll9eJf5F87rp3l022q0yjSqcwCmcgwdX0IZb6IAPBMbwDK/w5gjnxXl3PhatFaecOYY/cD5/AH8Wjgk=</latexit>

� = 0.5
 = 15

<latexit sha1_base64="B2ezzhnszIDGYKPmMVls3JOouFE="></latexit><latexit sha1_base64="B2ezzhnszIDGYKPmMVls3JOouFE="></latexit><latexit sha1_base64="B2ezzhnszIDGYKPmMVls3JOouFE="></latexit>

� = 1
 = 10

<latexit sha1_base64="bKcUY+l9hXqLSKadvCp99rKgsPY="></latexit><latexit sha1_base64="bKcUY+l9hXqLSKadvCp99rKgsPY="></latexit><latexit sha1_base64="bKcUY+l9hXqLSKadvCp99rKgsPY="></latexit>

Intrinsic growth-rate vs carrying capacity

!16

maximize instantaneous population x[n]
<latexit sha1_base64="I6OZnjy6K0/TLPx0BnfHPZ27Z1k=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4rGFtIQ9lsN+3S3U3Y3Ygl9C948aDi1V/kzX/jps1BWx8MPN6bYWZelHKmjet+O5WV1bX1jepmbWt7Z3evvn/woJNMEeqThCeqG2FNOZPUN8xw2k0VxSLitBONbwq/80iVZom8N5OUhgIPJYsZwaaQngIZ9usNt+nOgJaJV5IGlGj361+9QUIyQaUhHGsdeG5qwhwrwwin01ov0zTFZIyHNLBUYkF1mM9unaITqwxQnChb0qCZ+nsix0LriYhsp8BmpBe9QvzPCzITX4Y5k2lmqCTzRXHGkUlQ8TgaMEWJ4RNLMFHM3orICCtMjI2nZkPwFl9eJv5Z86rp3p03WtdlGlU4gmM4BQ8uoAW30AYfCIzgGV7hzRHOi/PufMxbK045cwh/4Hz+AIIYjhM=</latexit><latexit sha1_base64="I6OZnjy6K0/TLPx0BnfHPZ27Z1k=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4rGFtIQ9lsN+3S3U3Y3Ygl9C948aDi1V/kzX/jps1BWx8MPN6bYWZelHKmjet+O5WV1bX1jepmbWt7Z3evvn/woJNMEeqThCeqG2FNOZPUN8xw2k0VxSLitBONbwq/80iVZom8N5OUhgIPJYsZwaaQngIZ9usNt+nOgJaJV5IGlGj361+9QUIyQaUhHGsdeG5qwhwrwwin01ov0zTFZIyHNLBUYkF1mM9unaITqwxQnChb0qCZ+nsix0LriYhsp8BmpBe9QvzPCzITX4Y5k2lmqCTzRXHGkUlQ8TgaMEWJ4RNLMFHM3orICCtMjI2nZkPwFl9eJv5Z86rp3p03WtdlGlU4gmM4BQ8uoAW30AYfCIzgGV7hzRHOi/PufMxbK045cwh/4Hz+AIIYjhM=</latexit><latexit sha1_base64="I6OZnjy6K0/TLPx0BnfHPZ27Z1k=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4rGFtIQ9lsN+3S3U3Y3Ygl9C948aDi1V/kzX/jps1BWx8MPN6bYWZelHKmjet+O5WV1bX1jepmbWt7Z3evvn/woJNMEeqThCeqG2FNOZPUN8xw2k0VxSLitBONbwq/80iVZom8N5OUhgIPJYsZwaaQngIZ9usNt+nOgJaJV5IGlGj361+9QUIyQaUhHGsdeG5qwhwrwwin01ov0zTFZIyHNLBUYkF1mM9unaITqwxQnChb0qCZ+nsix0LriYhsp8BmpBe9QvzPCzITX4Y5k2lmqCTzRXHGkUlQ8TgaMEWJ4RNLMFHM3orICCtMjI2nZkPwFl9eJv5Z86rp3p03WtdlGlU4gmM4BQ8uoAW30AYfCIzgGV7hzRHOi/PufMxbK045cwh/4Hz+AIIYjhM=</latexit>

[5] Pai et al. (PNAS 2012)



Objective function

V(U) =
1X

n=0

�n
�
1� ↵u[n]

�
x[n]

<latexit sha1_base64="5Lww5GsAG0nSRbQj4sTXnKSYxSI="></latexit><latexit sha1_base64="5Lww5GsAG0nSRbQj4sTXnKSYxSI="></latexit><latexit sha1_base64="5Lww5GsAG0nSRbQj4sTXnKSYxSI="></latexit>

Intertemporal 
trade-off

Energetic 
cost

�17

�
<latexit sha1_base64="wZQ2Z6rZD9l9R+f4XieEaljUVR4=">AAAB63icbVBNS8NAEJ3Ur1q/qh69BIvgqaQiqLeiF48VjC20oWy2k3bpZhN2J0IJ/Q1ePKh49Q9589+4bXPQ6oOBx3szzMwLUykMed6XU1pZXVvfKG9WtrZ3dveq+wcPJsk0R58nMtGdkBmUQqFPgiR2Uo0sDiW2w/HNzG8/ojYiUfc0STGI2VCJSHBGVvJ7IRLrV2te3ZvD/UsaBalBgVa/+tkbJDyLURGXzJhuw0spyJkmwSVOK73MYMr4mA2xa6liMZognx87dU+sMnCjRNtS5M7VnxM5i42ZxKHtjBmNzLI3E//zuhlFl0EuVJoRKr5YFGXSpcSdfe4OhEZOcmIJ41rYW10+YppxsvlUbAiN5Zf/Ev+sflX37s5rzesijTIcwTGcQgMuoAm30AIfOAh4ghd4dZTz7Lw574vWklPMHMIvOB/fMGaOdw==</latexit><latexit sha1_base64="wZQ2Z6rZD9l9R+f4XieEaljUVR4=">AAAB63icbVBNS8NAEJ3Ur1q/qh69BIvgqaQiqLeiF48VjC20oWy2k3bpZhN2J0IJ/Q1ePKh49Q9589+4bXPQ6oOBx3szzMwLUykMed6XU1pZXVvfKG9WtrZ3dveq+wcPJsk0R58nMtGdkBmUQqFPgiR2Uo0sDiW2w/HNzG8/ojYiUfc0STGI2VCJSHBGVvJ7IRLrV2te3ZvD/UsaBalBgVa/+tkbJDyLURGXzJhuw0spyJkmwSVOK73MYMr4mA2xa6liMZognx87dU+sMnCjRNtS5M7VnxM5i42ZxKHtjBmNzLI3E//zuhlFl0EuVJoRKr5YFGXSpcSdfe4OhEZOcmIJ41rYW10+YppxsvlUbAiN5Zf/Ev+sflX37s5rzesijTIcwTGcQgMuoAm30AIfOAh4ghd4dZTz7Lw574vWklPMHMIvOB/fMGaOdw==</latexit><latexit sha1_base64="wZQ2Z6rZD9l9R+f4XieEaljUVR4=">AAAB63icbVBNS8NAEJ3Ur1q/qh69BIvgqaQiqLeiF48VjC20oWy2k3bpZhN2J0IJ/Q1ePKh49Q9589+4bXPQ6oOBx3szzMwLUykMed6XU1pZXVvfKG9WtrZ3dveq+wcPJsk0R58nMtGdkBmUQqFPgiR2Uo0sDiW2w/HNzG8/ojYiUfc0STGI2VCJSHBGVvJ7IRLrV2te3ZvD/UsaBalBgVa/+tkbJDyLURGXzJhuw0spyJkmwSVOK73MYMr4mA2xa6liMZognx87dU+sMnCjRNtS5M7VnxM5i42ZxKHtjBmNzLI3E//zuhlFl0EuVJoRKr5YFGXSpcSdfe4OhEZOcmIJ41rYW10+YppxsvlUbAiN5Zf/Ev+sflX37s5rzesijTIcwTGcQgMuoAm30AIfOAh4ghd4dZTz7Lw574vWklPMHMIvOB/fMGaOdw==</latexit>

↵
<latexit sha1_base64="GK3zHEr8sjfzP8R4AYe+UCdZTR8=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3oxWMF0xbaUCbbTbt2swm7G6GE/gcvHlS8+oO8+W/ctjlo64OBx3szzMwLU8G1cd1vZ2V1bX1js7RV3t7Z3duvHBw2dZIpynyaiES1Q9RMcMl8w41g7VQxjEPBWuHoduq3npjSPJEPZpyyIMaB5BGnaKzU7KJIh9irVN2aOwNZJl5BqlCg0at8dfsJzWImDRWodcdzUxPkqAyngk3K3UyzFOkIB6xjqcSY6SCfXTshp1bpkyhRtqQhM/X3RI6x1uM4tJ0xmqFe9Kbif14nM9FVkHOZZoZJOl8UZYKYhExfJ32uGDVibAlSxe2thA5RITU2oLINwVt8eZn457Xrmnt/Ua3fFGmU4BhO4Aw8uIQ63EEDfKDwCM/wCm9O4rw4787HvHXFKWaO4A+czx/3l47r</latexit><latexit sha1_base64="GK3zHEr8sjfzP8R4AYe+UCdZTR8=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3oxWMF0xbaUCbbTbt2swm7G6GE/gcvHlS8+oO8+W/ctjlo64OBx3szzMwLU8G1cd1vZ2V1bX1js7RV3t7Z3duvHBw2dZIpynyaiES1Q9RMcMl8w41g7VQxjEPBWuHoduq3npjSPJEPZpyyIMaB5BGnaKzU7KJIh9irVN2aOwNZJl5BqlCg0at8dfsJzWImDRWodcdzUxPkqAyngk3K3UyzFOkIB6xjqcSY6SCfXTshp1bpkyhRtqQhM/X3RI6x1uM4tJ0xmqFe9Kbif14nM9FVkHOZZoZJOl8UZYKYhExfJ32uGDVibAlSxe2thA5RITU2oLINwVt8eZn457Xrmnt/Ua3fFGmU4BhO4Aw8uIQ63EEDfKDwCM/wCm9O4rw4787HvHXFKWaO4A+czx/3l47r</latexit><latexit sha1_base64="GK3zHEr8sjfzP8R4AYe+UCdZTR8=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3oxWMF0xbaUCbbTbt2swm7G6GE/gcvHlS8+oO8+W/ctjlo64OBx3szzMwLU8G1cd1vZ2V1bX1js7RV3t7Z3duvHBw2dZIpynyaiES1Q9RMcMl8w41g7VQxjEPBWuHoduq3npjSPJEPZpyyIMaB5BGnaKzU7KJIh9irVN2aOwNZJl5BqlCg0at8dfsJzWImDRWodcdzUxPkqAyngk3K3UyzFOkIB6xjqcSY6SCfXTshp1bpkyhRtqQhM/X3RI6x1uM4tJ0xmqFe9Kbif14nM9FVkHOZZoZJOl8UZYKYhExfJ32uGDVibAlSxe2thA5RITU2oLINwVt8eZn457Xrmnt/Ua3fFGmU4BhO4Aw8uIQ63EEDfKDwCM/wCm9O4rw4787HvHXFKWaO4A+czx/3l47r</latexit>

Low �
<latexit sha1_base64="wZQ2Z6rZD9l9R+f4XieEaljUVR4=">AAAB63icbVBNS8NAEJ3Ur1q/qh69BIvgqaQiqLeiF48VjC20oWy2k3bpZhN2J0IJ/Q1ePKh49Q9589+4bXPQ6oOBx3szzMwLUykMed6XU1pZXVvfKG9WtrZ3dveq+wcPJsk0R58nMtGdkBmUQqFPgiR2Uo0sDiW2w/HNzG8/ojYiUfc0STGI2VCJSHBGVvJ7IRLrV2te3ZvD/UsaBalBgVa/+tkbJDyLURGXzJhuw0spyJkmwSVOK73MYMr4mA2xa6liMZognx87dU+sMnCjRNtS5M7VnxM5i42ZxKHtjBmNzLI3E//zuhlFl0EuVJoRKr5YFGXSpcSdfe4OhEZOcmIJ41rYW10+YppxsvlUbAiN5Zf/Ev+sflX37s5rzesijTIcwTGcQgMuoAm30AIfOAh4ghd4dZTz7Lw574vWklPMHMIvOB/fMGaOdw==</latexit><latexit sha1_base64="wZQ2Z6rZD9l9R+f4XieEaljUVR4=">AAAB63icbVBNS8NAEJ3Ur1q/qh69BIvgqaQiqLeiF48VjC20oWy2k3bpZhN2J0IJ/Q1ePKh49Q9589+4bXPQ6oOBx3szzMwLUykMed6XU1pZXVvfKG9WtrZ3dveq+wcPJsk0R58nMtGdkBmUQqFPgiR2Uo0sDiW2w/HNzG8/ojYiUfc0STGI2VCJSHBGVvJ7IRLrV2te3ZvD/UsaBalBgVa/+tkbJDyLURGXzJhuw0spyJkmwSVOK73MYMr4mA2xa6liMZognx87dU+sMnCjRNtS5M7VnxM5i42ZxKHtjBmNzLI3E//zuhlFl0EuVJoRKr5YFGXSpcSdfe4OhEZOcmIJ41rYW10+YppxsvlUbAiN5Zf/Ev+sflX37s5rzesijTIcwTGcQgMuoAm30AIfOAh4ghd4dZTz7Lw574vWklPMHMIvOB/fMGaOdw==</latexit><latexit sha1_base64="wZQ2Z6rZD9l9R+f4XieEaljUVR4=">AAAB63icbVBNS8NAEJ3Ur1q/qh69BIvgqaQiqLeiF48VjC20oWy2k3bpZhN2J0IJ/Q1ePKh49Q9589+4bXPQ6oOBx3szzMwLUykMed6XU1pZXVvfKG9WtrZ3dveq+wcPJsk0R58nMtGdkBmUQqFPgiR2Uo0sDiW2w/HNzG8/ojYiUfc0STGI2VCJSHBGVvJ7IRLrV2te3ZvD/UsaBalBgVa/+tkbJDyLURGXzJhuw0spyJkmwSVOK73MYMr4mA2xa6liMZognx87dU+sMnCjRNtS5M7VnxM5i42ZxKHtjBmNzLI3E//zuhlFl0EuVJoRKr5YFGXSpcSdfe4OhEZOcmIJ41rYW10+YppxsvlUbAiN5Zf/Ev+sflX37s5rzesijTIcwTGcQgMuoAm30AIfOAh4ghd4dZTz7Lw574vWklPMHMIvOB/fMGaOdw==</latexit>

we prioritize the present

High �
<latexit sha1_base64="wZQ2Z6rZD9l9R+f4XieEaljUVR4=">AAAB63icbVBNS8NAEJ3Ur1q/qh69BIvgqaQiqLeiF48VjC20oWy2k3bpZhN2J0IJ/Q1ePKh49Q9589+4bXPQ6oOBx3szzMwLUykMed6XU1pZXVvfKG9WtrZ3dveq+wcPJsk0R58nMtGdkBmUQqFPgiR2Uo0sDiW2w/HNzG8/ojYiUfc0STGI2VCJSHBGVvJ7IRLrV2te3ZvD/UsaBalBgVa/+tkbJDyLURGXzJhuw0spyJkmwSVOK73MYMr4mA2xa6liMZognx87dU+sMnCjRNtS5M7VnxM5i42ZxKHtjBmNzLI3E//zuhlFl0EuVJoRKr5YFGXSpcSdfe4OhEZOcmIJ41rYW10+YppxsvlUbAiN5Zf/Ev+sflX37s5rzesijTIcwTGcQgMuoAm30AIfOAh4ghd4dZTz7Lw574vWklPMHMIvOB/fMGaOdw==</latexit><latexit sha1_base64="wZQ2Z6rZD9l9R+f4XieEaljUVR4=">AAAB63icbVBNS8NAEJ3Ur1q/qh69BIvgqaQiqLeiF48VjC20oWy2k3bpZhN2J0IJ/Q1ePKh49Q9589+4bXPQ6oOBx3szzMwLUykMed6XU1pZXVvfKG9WtrZ3dveq+wcPJsk0R58nMtGdkBmUQqFPgiR2Uo0sDiW2w/HNzG8/ojYiUfc0STGI2VCJSHBGVvJ7IRLrV2te3ZvD/UsaBalBgVa/+tkbJDyLURGXzJhuw0spyJkmwSVOK73MYMr4mA2xa6liMZognx87dU+sMnCjRNtS5M7VnxM5i42ZxKHtjBmNzLI3E//zuhlFl0EuVJoRKr5YFGXSpcSdfe4OhEZOcmIJ41rYW10+YppxsvlUbAiN5Zf/Ev+sflX37s5rzesijTIcwTGcQgMuoAm30AIfOAh4ghd4dZTz7Lw574vWklPMHMIvOB/fMGaOdw==</latexit><latexit sha1_base64="wZQ2Z6rZD9l9R+f4XieEaljUVR4=">AAAB63icbVBNS8NAEJ3Ur1q/qh69BIvgqaQiqLeiF48VjC20oWy2k3bpZhN2J0IJ/Q1ePKh49Q9589+4bXPQ6oOBx3szzMwLUykMed6XU1pZXVvfKG9WtrZ3dveq+wcPJsk0R58nMtGdkBmUQqFPgiR2Uo0sDiW2w/HNzG8/ojYiUfc0STGI2VCJSHBGVvJ7IRLrV2te3ZvD/UsaBalBgVa/+tkbJDyLURGXzJhuw0spyJkmwSVOK73MYMr4mA2xa6liMZognx87dU+sMnCjRNtS5M7VnxM5i42ZxKHtjBmNzLI3E//zuhlFl0EuVJoRKr5YFGXSpcSdfe4OhEZOcmIJ41rYW10+YppxsvlUbAiN5Zf/Ev+sflX37s5rzesijTIcwTGcQgMuoAm30AIfOAh4ghd4dZTz7Lw574vWklPMHMIvOB/fMGaOdw==</latexit>

we prioritize the future



Optimal control problem

V(U) =
1X

n=0

�n
�
1� ↵u[n]

�
x[n]

<latexit sha1_base64="5Lww5GsAG0nSRbQj4sTXnKSYxSI="></latexit><latexit sha1_base64="5Lww5GsAG0nSRbQj4sTXnKSYxSI="></latexit><latexit sha1_base64="5Lww5GsAG0nSRbQj4sTXnKSYxSI="></latexit>

maximize
<latexit sha1_base64="NuRk/Qti9oM7ZPdwuJNMxBVHTMg=">AAAB+XicbVA9T8MwFHwpX6V8pTCyWFRITFWCkICtgoWxSIRWaqPKcZ3Wqp1EtgOU0J/CwgCIlX/Cxr/BaTNAy0mWTnfv6Z0vSDhT2nG+rdLS8srqWnm9srG5tb1jV3dvVZxKQj0S81i2A6woZxH1NNOcthNJsQg4bQWjy9xv3VGpWBzd6HFCfYEHEQsZwdpIPbvaFVgPpcgEfmCCPdJJz645dWcKtEjcgtSgQLNnf3X7MUkFjTThWKmO6yTaz7DUjHA6qXRTRRNMRnhAO4ZGWFDlZ9PoE3RolD4KY2lepNFU/b2RYaHUWARmMg+q5r1c/M/rpDo88zMWJammEZkdClOOdIzyHlCfSUo0HxuCiWQmKyJDLDHRpq2KKcGd//Ii8Y7r53Xn+qTWuCjaKMM+HMARuHAKDbiCJnhA4B6e4RXerCfrxXq3PmajJavY2YM/sD5/AJbDlGk=</latexit><latexit sha1_base64="NuRk/Qti9oM7ZPdwuJNMxBVHTMg=">AAAB+XicbVA9T8MwFHwpX6V8pTCyWFRITFWCkICtgoWxSIRWaqPKcZ3Wqp1EtgOU0J/CwgCIlX/Cxr/BaTNAy0mWTnfv6Z0vSDhT2nG+rdLS8srqWnm9srG5tb1jV3dvVZxKQj0S81i2A6woZxH1NNOcthNJsQg4bQWjy9xv3VGpWBzd6HFCfYEHEQsZwdpIPbvaFVgPpcgEfmCCPdJJz645dWcKtEjcgtSgQLNnf3X7MUkFjTThWKmO6yTaz7DUjHA6qXRTRRNMRnhAO4ZGWFDlZ9PoE3RolD4KY2lepNFU/b2RYaHUWARmMg+q5r1c/M/rpDo88zMWJammEZkdClOOdIzyHlCfSUo0HxuCiWQmKyJDLDHRpq2KKcGd//Ii8Y7r53Xn+qTWuCjaKMM+HMARuHAKDbiCJnhA4B6e4RXerCfrxXq3PmajJavY2YM/sD5/AJbDlGk=</latexit><latexit sha1_base64="NuRk/Qti9oM7ZPdwuJNMxBVHTMg=">AAAB+XicbVA9T8MwFHwpX6V8pTCyWFRITFWCkICtgoWxSIRWaqPKcZ3Wqp1EtgOU0J/CwgCIlX/Cxr/BaTNAy0mWTnfv6Z0vSDhT2nG+rdLS8srqWnm9srG5tb1jV3dvVZxKQj0S81i2A6woZxH1NNOcthNJsQg4bQWjy9xv3VGpWBzd6HFCfYEHEQsZwdpIPbvaFVgPpcgEfmCCPdJJz645dWcKtEjcgtSgQLNnf3X7MUkFjTThWKmO6yTaz7DUjHA6qXRTRRNMRnhAO4ZGWFDlZ9PoE3RolD4KY2lepNFU/b2RYaHUWARmMg+q5r1c/M/rpDo88zMWJammEZkdClOOdIzyHlCfSUo0HxuCiWQmKyJDLDHRpq2KKcGd//Ii8Y7r53Xn+qTWuCjaKMM+HMARuHAKDbiCJnhA4B6e4RXerCfrxXq3PmajJavY2YM/sD5/AJbDlGk=</latexit>

subject to
<latexit sha1_base64="QgxXbkPo5ldApl9lEncipZOlV6U=">AAAB/HicbVDLSsNAFL3xWesrPnZuBovgqiQiqLuiG5cVjC00oUymk3bsTBJmJkINxV9x40LFrR/izr9x0mahrQcGDufcy9xzwpQzpR3n21pYXFpeWa2sVdc3Nre27Z3dO5VkklCPJDyR7RAryllMPc00p+1UUixCTlvh8KrwWw9UKpbEt3qU0kDgfswiRrA2Utfe9wXWAylylYX3lGgf6WTctWtO3ZkAzRO3JDUo0ezaX34vIZmgsSYcK9VxnVQHOZaaEU7HVT9TNMVkiPu0Y2iMBVVBPrl+jI6M0kNRIs2LNZqovzdyLJQaidBMFreqWa8Q//M6mY7Og5zFaaZpTKYfRRk3CVFRBeoxaRLzkSGYSGZuRWSAJSbaFFY1JbizkeeJd1K/qDs3p7XGZdlGBQ7gEI7BhTNowDU0wQMCj/AMr/BmPVkv1rv1MR1dsMqdPfgD6/MHfz+Vcg==</latexit><latexit sha1_base64="QgxXbkPo5ldApl9lEncipZOlV6U=">AAAB/HicbVDLSsNAFL3xWesrPnZuBovgqiQiqLuiG5cVjC00oUymk3bsTBJmJkINxV9x40LFrR/izr9x0mahrQcGDufcy9xzwpQzpR3n21pYXFpeWa2sVdc3Nre27Z3dO5VkklCPJDyR7RAryllMPc00p+1UUixCTlvh8KrwWw9UKpbEt3qU0kDgfswiRrA2Utfe9wXWAylylYX3lGgf6WTctWtO3ZkAzRO3JDUo0ezaX34vIZmgsSYcK9VxnVQHOZaaEU7HVT9TNMVkiPu0Y2iMBVVBPrl+jI6M0kNRIs2LNZqovzdyLJQaidBMFreqWa8Q//M6mY7Og5zFaaZpTKYfRRk3CVFRBeoxaRLzkSGYSGZuRWSAJSbaFFY1JbizkeeJd1K/qDs3p7XGZdlGBQ7gEI7BhTNowDU0wQMCj/AMr/BmPVkv1rv1MR1dsMqdPfgD6/MHfz+Vcg==</latexit><latexit sha1_base64="QgxXbkPo5ldApl9lEncipZOlV6U=">AAAB/HicbVDLSsNAFL3xWesrPnZuBovgqiQiqLuiG5cVjC00oUymk3bsTBJmJkINxV9x40LFrR/izr9x0mahrQcGDufcy9xzwpQzpR3n21pYXFpeWa2sVdc3Nre27Z3dO5VkklCPJDyR7RAryllMPc00p+1UUixCTlvh8KrwWw9UKpbEt3qU0kDgfswiRrA2Utfe9wXWAylylYX3lGgf6WTctWtO3ZkAzRO3JDUo0ezaX34vIZmgsSYcK9VxnVQHOZaaEU7HVT9TNMVkiPu0Y2iMBVVBPrl+jI6M0kNRIs2LNZqovzdyLJQaidBMFreqWa8Q//M6mY7Og5zFaaZpTKYfRRk3CVFRBeoxaRLzkSGYSGZuRWSAJSbaFFY1JbizkeeJd1K/qDs3p7XGZdlGBQ7gEI7BhTNowDU0wQMCj/AMr/BmPVkv1rv1MR1dsMqdPfgD6/MHfz+Vcg==</latexit>
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Results

The optimal control is a threshold policy

U⇤(x) = 1(x � x⇤)
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5

Fig. 3. Illustration of the existence of the unique optimal threshold x⇤ in
Theorem 1.

If x < m, then

G(x) =
✓

c

0

◆
x2. (36)

Since m < 0, we have:

G(m) = cm

✓
m

0

◆
< cm. (37)

If x � m, then

G(x) =
✓
(1 � 0)⇢+ c0

01

◆
x2. (38)

It is straightforward to show that if

c � ⇢(1 � 0)m

0(1 �m)
(39)

then
G(m) � cm. (40)

Therefore,
x⇤ = m. (41)

On the other hand, if

c <
⇢(1 � 0)m

0(1 �m)
(42)

then, the optimal threshold x⇤ is the unique nonzero solution
of the following equation:

cx⇤ =

✓
(1 � 0)⇢+ c0

01

◆
(x⇤)2. (43)

i.e., ✓
c� (1 � 0)⇢+ c0

01
x⇤

◆
x⇤ = 0. (44)

Therefore,
x⇤ =

c01

(1 � 0)⇢+ c0
. (45)

0 3 6 9 12 15
0

20

40

60

80

100

120

140

160

Fig. 4. Value function.

The optimal solution for the case when ↵ = 0 given stated
in Theorem 1 does not depend on the discount factor �. This
is because the cost and benefit are experienced instantaneously
by the cells in the colony, and since the instantaneous reward is
the current population x[n], there is no inter-temporal trade-off
in this instance of the problem. As we will show in Section V,
the dependence on � appears when ↵ > 0. However, in that
case, Eq. (20) must be solved numerically and there are no
analytical results.

There are other more realistic scenarios where such inter-
temporal trade-offs play a major role. Consider another version
of our simplified model, where the decrease in growth rate
is experienced instantaneously, but the benefit is experienced
with a unit delay, i.e.,

�[n] = ⇢� cu[n] (46)

and
[n+ 1] = 0 + (1 � 0)1(e[n] � ⌧). (47)

The delay in Eq. (47) is accounted for the time it takes for the
enzymes to break down the food that will be consumed in the
future by the colony. This interesting case in currently under
investigation.

Notice that due to the structure of the problem, we were
able to solve the optimal control problem without explicitly
finding the value function V , which is illustrated in Fig. 4.

A. Example
In order to illustrate the result in Theorem 1, we considered

the following instance of our model with ↵ = 0, 0 = 10,
1 = 15, m = 5, ⇢ = 1, c = 0.5 and x[0] = 0.01. Computing
the optimal threshold in the statement of Theorem 1, gives:

x⇤ = 7.5.

Sketch of proof

V(x) = max
u2{0,1}

n
(1� ↵u)x+ �V

�
F(x, u)

�o
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Lemma

U⇤(x) = 1 () F(x, 1) � F(x, 0)
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Fig. 3. Illustration of the existence of the unique optimal threshold x⇤ in
Theorem 1.

If x < m, then

G(x) =
✓

c

0

◆
x2. (36)

Since m < 0, we have:

G(m) = cm

✓
m

0

◆
< cm. (37)

If x � m, then

G(x) =
✓
(1 � 0)⇢+ c0

01

◆
x2. (38)

It is straightforward to show that if

c � ⇢(1 � 0)m

0(1 �m)
(39)

then
G(m) � cm. (40)

Therefore,
x⇤ = m. (41)

On the other hand, if

c <
⇢(1 � 0)m

0(1 �m)
(42)

then, the optimal threshold x⇤ is the unique nonzero solution
of the following equation:

cx⇤ =

✓
(1 � 0)⇢+ c0

01

◆
(x⇤)2. (43)

i.e., ✓
c� (1 � 0)⇢+ c0

01
x⇤

◆
x⇤ = 0. (44)

Therefore,
x⇤ =

c01

(1 � 0)⇢+ c0
. (45)

Fig. 4. Value function.

The optimal solution for the case when ↵ = 0 given stated
in Theorem 1 does not depend on the discount factor �. This
is because the cost and benefit are experienced instantaneously
by the cells in the colony, and since the instantaneous reward is
the current population x[n], there is no inter-temporal trade-off
in this instance of the problem. As we will show in Section V,
the dependence on � appears when ↵ > 0. However, in that
case, Eq. (20) must be solved numerically and there are no
analytical results.

There are other more realistic scenarios where such inter-
temporal trade-offs play a major role. Consider another version
of our simplified model, where the decrease in growth rate
is experienced instantaneously, but the benefit is experienced
with a unit delay, i.e.,

�[n] = ⇢� cu[n] (46)

and
[n+ 1] = 0 + (1 � 0)1(e[n] � ⌧). (47)

The delay in Eq. (47) is accounted for the time it takes for the
enzymes to break down the food that will be consumed in the
future by the colony. This interesting case in currently under
investigation.

Notice that due to the structure of the problem, we were
able to solve the optimal control problem without explicitly
finding the value function V , which is illustrated in Fig. 4.

A. Example
In order to illustrate the result in Theorem 1, we considered

the following instance of our model with ↵ = 0, 0 = 10,
1 = 15, m = 5, ⇢ = 1, c = 0.5 and x[0] = 0.01. Computing
the optimal threshold in the statement of Theorem 1, gives:

x⇤ = 7.5.

Sketch of proof

F(x⇤, 1) = F(x⇤, 0)
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unique nonzero solution

x⇤ = max
n c01

(1 � 0)⇢+ c0
,
⌧

�e

o
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Fig. 5. Growth curves obtained for our model in Example 1. In that case,
↵ = 0 and the optimal threshold can be computed using the closed form
expression given by Theorem 1.

TABLE II
VALUE OF THE OBJECTIVE FUNCTION V(0.01) FOR ↵ = 0.

� Vo↵ Von Vqs

0.7 1.4384 0.3076 1.5626

0.8 6.4535 2.0898 7.5829

0.9 37.0031 24.3931 48.4066

The optimal growth equation is given by the following expres-
sion:

x[n+ 1] = x[n] + (⇢� c1
�
x[n] � x⇤�⇥

x[n]

✓
1� x[n]

0 + (1 � 0)1(x[n] � x⇤)

◆
, (48)

Figure 5 shows the optimal growth curve alongside the ones
obtained using the “on” and “off” policies. The corresponding
values of each policy are listed in Table II.

V. THE GENERAL CASE

When ↵ > 0, i.e., there is an explicit cost for activation
in the objective function, a dependency on the discount factor
appears in the optimal thresholds. However, the solution of
Eq. (20) needs to be computed numerically and the optimal
threshold no longer has a closed form expression.

TABLE III
VALUE OF THE OBJECTIVE FUNCTION V(0.01) FOR ↵ = 0.1.

� Vo↵ Von x⇤ Vqs

0.7 1.4384 0.2769 8.6485 1.4871

0.8 6.4535 1.8809 8.3642 7.0527

0.9 37.0031 21.9538 8.1522 44.1733

Fig. 6. Optimal threshold as a function of the discount factor � and the
parameters of the system from Example 2.

Consider Eq. (20) with ↵ > 0:

V(x) = x+ �max
n
V
�
F(x, 0)

�
,V

�
F(x, 1)

�
� ↵

�
x
o
. (49)

After computing the value function V as the unique solution
to Eq. (49), we can compute the optimal threshold by solving
the following equation:

V
�
F(x⇤, 0)

�
= V

�
F(x⇤, 1)

�
� ↵

�
x⇤. (50)

Example 2: Consider the following instance of our model
with ↵ = 0.1, 0 = 10, 1 = 15, m = 5, ⇢ = 1, c =
0.5. Using the numerical procedure outlined above, we can
compute the optimal threshold x⇤ as a function of the discount
factor �. Notice that the optimal activation threshold when
�  0.44 is equal to 0 = 10. This means that for values of
the discount factor below 0.44, the colony will not activate
since 0 is the carrying capacity of the unactivated system.
Table III lists the cost of the “on”, “off” and optimal policy
for different values of �.

VI. CONCLUSIONS

We approach Quorum Sensing from the point of view
of optimal control theory. Our model consists of colony of
bacteria whose population grows according to a modified
logistic dynamics, where the rate of growth and the carrying
capacity are controlled. The goal is to optimize a discounted
objective function of the population of cells in the colony.
We show that, when the state of the system is perfectly
observed, the optimal control strategy has a threshold structure
on the population. Using a monotonicity property of the value
function, we computed the optimal threshold in closed form as
a function of the parameters of the system. Future work will
address systems with partial observations; consider objective
functions with different structures; and validate our results
using experimental data.

Example

Optimal solution is independent of the discount factor !22

x⇤ = max
n c01

(1 � 0)⇢+ c0
,
⌧

�e

o
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The role of the discount factor

Inst. loss in rate and gain in capacity Given the population today,  
maximize the population tomorrow

Myopic policy is optimal

↵ = 0
<latexit sha1_base64="8lzx4KzeuYce8Lx3WMXjvOaYa9A=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUA9C0YvHCsYW21Am2027dLMJuxuhhP4LLx5UvPpzvPlv3LY5aPXBwOO9GWbmhang2rjul1NaWl5ZXSuvVzY2t7Z3qrt79zrJFGU+TUSi2iFqJrhkvuFGsHaqGMahYK1wdD31W49MaZ7IOzNOWRDjQPKIUzRWeuiiSIdILonbq9bcujsD+Uu8gtSgQLNX/ez2E5rFTBoqUOuO56YmyFEZTgWbVLqZZinSEQ5Yx1KJMdNBPrt4Qo6s0idRomxJQ2bqz4kcY63HcWg7YzRDvehNxf+8Tmai8yDnMs0Mk3S+KMoEMQmZvk/6XDFqxNgSpIrbWwkdokJqbEgVG4K3+PJf4p/UL+ru7WmtcVWkUYYDOIRj8OAMGnADTfCBgoQneIFXRzvPzpvzPm8tOcXMPvyC8/ENm36PwA==</latexit><latexit sha1_base64="8lzx4KzeuYce8Lx3WMXjvOaYa9A=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUA9C0YvHCsYW21Am2027dLMJuxuhhP4LLx5UvPpzvPlv3LY5aPXBwOO9GWbmhang2rjul1NaWl5ZXSuvVzY2t7Z3qrt79zrJFGU+TUSi2iFqJrhkvuFGsHaqGMahYK1wdD31W49MaZ7IOzNOWRDjQPKIUzRWeuiiSIdILonbq9bcujsD+Uu8gtSgQLNX/ez2E5rFTBoqUOuO56YmyFEZTgWbVLqZZinSEQ5Yx1KJMdNBPrt4Qo6s0idRomxJQ2bqz4kcY63HcWg7YzRDvehNxf+8Tmai8yDnMs0Mk3S+KMoEMQmZvk/6XDFqxNgSpIrbWwkdokJqbEgVG4K3+PJf4p/UL+ru7WmtcVWkUYYDOIRj8OAMGnADTfCBgoQneIFXRzvPzpvzPm8tOcXMPvyC8/ENm36PwA==</latexit><latexit sha1_base64="8lzx4KzeuYce8Lx3WMXjvOaYa9A=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUA9C0YvHCsYW21Am2027dLMJuxuhhP4LLx5UvPpzvPlv3LY5aPXBwOO9GWbmhang2rjul1NaWl5ZXSuvVzY2t7Z3qrt79zrJFGU+TUSi2iFqJrhkvuFGsHaqGMahYK1wdD31W49MaZ7IOzNOWRDjQPKIUzRWeuiiSIdILonbq9bcujsD+Uu8gtSgQLNX/ez2E5rFTBoqUOuO56YmyFEZTgWbVLqZZinSEQ5Yx1KJMdNBPrt4Qo6s0idRomxJQ2bqz4kcY63HcWg7YzRDvehNxf+8Tmai8yDnMs0Mk3S+KMoEMQmZvk/6XDFqxNgSpIrbWwkdokJqbEgVG4K3+PJf4p/UL+ru7WmtcVWkUYYDOIRj8OAMGnADTfCBgoQneIFXRzvPzpvzPm8tOcXMPvyC8/ENm36PwA==</latexit>

V(U) =
1X

n=0

�nx[n]
<latexit sha1_base64="EZoBbVbsNl7cOhjzWjtwgMVmaKE=">AAACI3icbVBNS8NAFNz4WetX1aOXxSLUS0lFUJFC0YvHCqYtNLFstpu6uNmE3RexhPwYL/4VLx60ePHgf3HTFlHrwMIw8x5vZ/xYcA22/WHNzS8sLi0XVoqra+sbm6Wt7ZaOEkWZQyMRqY5PNBNcMgc4CNaJFSOhL1jbv7vI/fY9U5pH8hqGMfNCMpA84JSAkXqlMzckcEuJSFtZ5Zs72QGuY+zqJOylsm5nNy6XAQyx6zMgNxLjh670eqWyXbXHwLOkNiVlNEWzVxq5/YgmIZNABdG6W7Nj8FKigFPBsqKbaBYTekcGrGuoJCHTXjoOmeF9o/RxECnzJOCx+nMjJaHWw9A3k3kM/dfLxf+8bgLBiZdyGSfAJJ0cChKBIcJ5Y7jPFaMghoYQqrj5K6a3RBEKpteiKaH2N/IscQ6rp1X76qjcOJ+2UUC7aA9VUA0dowa6RE3kIIoe0TN6RW/Wk/Vijaz3yeicNd3ZQb9gfX4BfwSkSg==</latexit><latexit sha1_base64="EZoBbVbsNl7cOhjzWjtwgMVmaKE=">AAACI3icbVBNS8NAFNz4WetX1aOXxSLUS0lFUJFC0YvHCqYtNLFstpu6uNmE3RexhPwYL/4VLx60ePHgf3HTFlHrwMIw8x5vZ/xYcA22/WHNzS8sLi0XVoqra+sbm6Wt7ZaOEkWZQyMRqY5PNBNcMgc4CNaJFSOhL1jbv7vI/fY9U5pH8hqGMfNCMpA84JSAkXqlMzckcEuJSFtZ5Zs72QGuY+zqJOylsm5nNy6XAQyx6zMgNxLjh670eqWyXbXHwLOkNiVlNEWzVxq5/YgmIZNABdG6W7Nj8FKigFPBsqKbaBYTekcGrGuoJCHTXjoOmeF9o/RxECnzJOCx+nMjJaHWw9A3k3kM/dfLxf+8bgLBiZdyGSfAJJ0cChKBIcJ5Y7jPFaMghoYQqrj5K6a3RBEKpteiKaH2N/IscQ6rp1X76qjcOJ+2UUC7aA9VUA0dowa6RE3kIIoe0TN6RW/Wk/Vijaz3yeicNd3ZQb9gfX4BfwSkSg==</latexit><latexit sha1_base64="EZoBbVbsNl7cOhjzWjtwgMVmaKE=">AAACI3icbVBNS8NAFNz4WetX1aOXxSLUS0lFUJFC0YvHCqYtNLFstpu6uNmE3RexhPwYL/4VLx60ePHgf3HTFlHrwMIw8x5vZ/xYcA22/WHNzS8sLi0XVoqra+sbm6Wt7ZaOEkWZQyMRqY5PNBNcMgc4CNaJFSOhL1jbv7vI/fY9U5pH8hqGMfNCMpA84JSAkXqlMzckcEuJSFtZ5Zs72QGuY+zqJOylsm5nNy6XAQyx6zMgNxLjh670eqWyXbXHwLOkNiVlNEWzVxq5/YgmIZNABdG6W7Nj8FKigFPBsqKbaBYTekcGrGuoJCHTXjoOmeF9o/RxECnzJOCx+nMjJaHWw9A3k3kM/dfLxf+8bgLBiZdyGSfAJJ0cChKBIcJ5Y7jPFaMghoYQqrj5K6a3RBEKpteiKaH2N/IscQ6rp1X76qjcOJ+2UUC7aA9VUA0dowa6RE3kIIoe0TN6RW/Wk/Vijaz3yeicNd3ZQb9gfX4BfwSkSg==</latexit>

Invest some of your population today to maximize future populations

↵ > 0
<latexit sha1_base64="Cp3EZNX9Tu7g/V3Oo30tOJqK/nI=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUC9S9OKxgrHFNpTJdtMu3WzC7kYoof/CiwcVr/4cb/4bt20OWn0w8Hhvhpl5YSq4Nq775ZSWlldW18rrlY3Nre2d6u7evU4yRZlPE5GodoiaCS6Zb7gRrJ0qhnEoWCscXU/91iNTmifyzoxTFsQ4kDziFI2VHroo0iGSS+L2qjW37s5A/hKvIDUo0OxVP7v9hGYxk4YK1LrjuakJclSGU8EmlW6mWYp0hAPWsVRizHSQzy6ekCOr9EmUKFvSkJn6cyLHWOtxHNrOGM1QL3pT8T+vk5noPMi5TDPDJJ0vijJBTEKm75M+V4waMbYEqeL2VkKHqJAaG1LFhuAtvvyX+Cf1i7p7e1prXBVplOEADuEYPDiDBtxAE3ygIOEJXuDV0c6z8+a8z1tLTjGzD7/gfHwDnQOPwQ==</latexit><latexit sha1_base64="Cp3EZNX9Tu7g/V3Oo30tOJqK/nI=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUC9S9OKxgrHFNpTJdtMu3WzC7kYoof/CiwcVr/4cb/4bt20OWn0w8Hhvhpl5YSq4Nq775ZSWlldW18rrlY3Nre2d6u7evU4yRZlPE5GodoiaCS6Zb7gRrJ0qhnEoWCscXU/91iNTmifyzoxTFsQ4kDziFI2VHroo0iGSS+L2qjW37s5A/hKvIDUo0OxVP7v9hGYxk4YK1LrjuakJclSGU8EmlW6mWYp0hAPWsVRizHSQzy6ekCOr9EmUKFvSkJn6cyLHWOtxHNrOGM1QL3pT8T+vk5noPMi5TDPDJJ0vijJBTEKm75M+V4waMbYEqeL2VkKHqJAaG1LFhuAtvvyX+Cf1i7p7e1prXBVplOEADuEYPDiDBtxAE3ygIOEJXuDV0c6z8+a8z1tLTjGzD7/gfHwDnQOPwQ==</latexit><latexit sha1_base64="Cp3EZNX9Tu7g/V3Oo30tOJqK/nI=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUC9S9OKxgrHFNpTJdtMu3WzC7kYoof/CiwcVr/4cb/4bt20OWn0w8Hhvhpl5YSq4Nq775ZSWlldW18rrlY3Nre2d6u7evU4yRZlPE5GodoiaCS6Zb7gRrJ0qhnEoWCscXU/91iNTmifyzoxTFsQ4kDziFI2VHroo0iGSS+L2qjW37s5A/hKvIDUo0OxVP7v9hGYxk4YK1LrjuakJclSGU8EmlW6mWYp0hAPWsVRizHSQzy6ekCOr9EmUKFvSkJn6cyLHWOtxHNrOGM1QL3pT8T+vk5noPMi5TDPDJJ0vijJBTEKm75M+V4waMbYEqeL2VkKHqJAaG1LFhuAtvvyX+Cf1i7p7e1prXBVplOEADuEYPDiDBtxAE3ygIOEJXuDV0c6z8+a8z1tLTjGzD7/gfHwDnQOPwQ==</latexit>

V(U) =
1X

n=0

�n
�
1� ↵u[n]

�
x[n]

<latexit sha1_base64="5Lww5GsAG0nSRbQj4sTXnKSYxSI="></latexit><latexit sha1_base64="5Lww5GsAG0nSRbQj4sTXnKSYxSI="></latexit><latexit sha1_base64="5Lww5GsAG0nSRbQj4sTXnKSYxSI="></latexit>
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�[n] = ⇢� cu[n]

[n] = 0 + (1 � 0)1(e[n] � ⌧)
<latexit sha1_base64="QIcJzzwof0QhTSFk4YqcPDVZyfc="></latexit><latexit sha1_base64="QIcJzzwof0QhTSFk4YqcPDVZyfc="></latexit><latexit sha1_base64="QIcJzzwof0QhTSFk4YqcPDVZyfc="></latexit>



V(x) = x+ �max
n
V
�
F(x, 0)

�
,V

�
F(x, 1)

�
� ↵

�
x
o

<latexit sha1_base64="xh17y6HsqNQxHidW/3Z2dJhgryc="></latexit><latexit sha1_base64="xh17y6HsqNQxHidW/3Z2dJhgryc="></latexit><latexit sha1_base64="xh17y6HsqNQxHidW/3Z2dJhgryc="></latexit>

V(n+1)(x) = x+ �max
n
V(n)

�
F(x, 0)

�
,V(n)

�
F(x, 1)

�
� ↵

�
x
o

<latexit sha1_base64="QpPsJtRJgG407/L0v2s/1nu/u6Q="></latexit><latexit sha1_base64="QpPsJtRJgG407/L0v2s/1nu/u6Q="></latexit><latexit sha1_base64="QpPsJtRJgG407/L0v2s/1nu/u6Q="></latexit>

V(0)(x) = x
<latexit sha1_base64="2TSOyUywsGAdV5kp82yUAA+GD3o=">AAAB/nicbVDNSsNAGNzUv1r/ooIXL4tFaC8lEUE9CEUvHiuYttDGstlu2qWbTdjdSEvMwVfx4kHFq8/hzbdx0+agrQMLw8z38c2OFzEqlWV9G4Wl5ZXVteJ6aWNza3vH3N1ryjAWmDg4ZKFoe0gSRjlxFFWMtCNBUOAx0vJG15nfeiBC0pDfqUlE3AANOPUpRkpLPfOgGyA1xIglzfQ+qVjVtDKuXo57ZtmqWVPARWLnpAxyNHrmV7cf4jggXGGGpOzYVqTcBAlFMSNpqRtLEiE8QgPS0ZSjgEg3meZP4bFW+tAPhX5cwan6eyNBgZSTwNOTWVo572Xif14nVv65m1AexYpwPDvkxwyqEGZlwD4VBCs20QRhQXVWiIdIIKx0ZSVdgj3/5UXinNQuatbtabl+lbdRBIfgCFSADc5AHdyABnAABo/gGbyCN+PJeDHejY/ZaMHId/bBHxifP1XQlTM=</latexit><latexit sha1_base64="2TSOyUywsGAdV5kp82yUAA+GD3o=">AAAB/nicbVDNSsNAGNzUv1r/ooIXL4tFaC8lEUE9CEUvHiuYttDGstlu2qWbTdjdSEvMwVfx4kHFq8/hzbdx0+agrQMLw8z38c2OFzEqlWV9G4Wl5ZXVteJ6aWNza3vH3N1ryjAWmDg4ZKFoe0gSRjlxFFWMtCNBUOAx0vJG15nfeiBC0pDfqUlE3AANOPUpRkpLPfOgGyA1xIglzfQ+qVjVtDKuXo57ZtmqWVPARWLnpAxyNHrmV7cf4jggXGGGpOzYVqTcBAlFMSNpqRtLEiE8QgPS0ZSjgEg3meZP4bFW+tAPhX5cwan6eyNBgZSTwNOTWVo572Xif14nVv65m1AexYpwPDvkxwyqEGZlwD4VBCs20QRhQXVWiIdIIKx0ZSVdgj3/5UXinNQuatbtabl+lbdRBIfgCFSADc5AHdyABnAABo/gGbyCN+PJeDHejY/ZaMHId/bBHxifP1XQlTM=</latexit><latexit sha1_base64="2TSOyUywsGAdV5kp82yUAA+GD3o=">AAAB/nicbVDNSsNAGNzUv1r/ooIXL4tFaC8lEUE9CEUvHiuYttDGstlu2qWbTdjdSEvMwVfx4kHFq8/hzbdx0+agrQMLw8z38c2OFzEqlWV9G4Wl5ZXVteJ6aWNza3vH3N1ryjAWmDg4ZKFoe0gSRjlxFFWMtCNBUOAx0vJG15nfeiBC0pDfqUlE3AANOPUpRkpLPfOgGyA1xIglzfQ+qVjVtDKuXo57ZtmqWVPARWLnpAxyNHrmV7cf4jggXGGGpOzYVqTcBAlFMSNpqRtLEiE8QgPS0ZSjgEg3meZP4bFW+tAPhX5cwan6eyNBgZSTwNOTWVo572Xif14nVv65m1AexYpwPDvkxwyqEGZlwD4VBCs20QRhQXVWiIdIIKx0ZSVdgj3/5UXinNQuatbtabl+lbdRBIfgCFSADc5AHdyABnAABo/gGbyCN+PJeDHejY/ZaMHId/bBHxifP1XQlTM=</latexit><latexit sha1_base64="C39OhB+IczRcjLNINXH29e9lt8M=">AAAB2HicbZDNSgMxFIXv1L86Vq1rN8EiuCpTN+pOcOOygmML7VAymTttaCYzJHeEMvQFXLhRfDB3vo3pz0KtBwIf5yTk3hMXSloKgi+vtrW9s7tX3/cPGv7h0XGz8WTz0ggMRa5y04+5RSU1hiRJYb8wyLNYYS+e3i3y3jMaK3P9SLMCo4yPtUyl4OSs7qjZCtrBUmwTOmtowVqj5ucwyUWZoSahuLWDTlBQVHFDUiic+8PSYsHFlI9x4FDzDG1ULcecs3PnJCzNjTua2NL9+aLimbWzLHY3M04T+zdbmP9lg5LS66iSuigJtVh9lJaKUc4WO7NEGhSkZg64MNLNysSEGy7INeO7Djp/N96E8LJ90w4eAqjDKZzBBXTgCm7hHroQgoAEXuDNm3iv3vuqqpq37uwEfsn7+Aap5IoM</latexit><latexit sha1_base64="2iRjncm8NSyJbBD4vu5Dt958Pks=">AAAB83icbVBNT8JAFHzFL0TU6sGLl0ZiAheyeFEPJiZePGJigQQq2S5b2LDdNrtbA6k9+Fe8eFDjf/Hmv3ELHBScZJPJzHt5s+PHnCmN0LdVWFvf2Nwqbpd2yrt7+/ZBuaWiRBLqkohHsuNjRTkT1NVMc9qJJcWhz2nbH9/kfvuRSsUica+nMfVCPBQsYARrI/Xto16I9Yhgnrayh7SKall1Urua9O0KqqMZnFXSWJAKLNDs21+9QUSSkApNOFaq20Cx9lIsNSOcZqVeomiMyRgPaddQgUOqvHSWP3NOjTJwgkiaJ7QzU39vpDhUahr6ZjJPq5a9XPzP6yY6uPBSJuJEU0Hmh4KEOzpy8jKcAZOUaD41BBPJTFaHjLDERJvKSqaExvKXV4l7Vr+sozsERTiGE6hCA87hGm6hCS4QeIIXeIN369l6tT7mbRWsRW2H8AfW5w/q6JPK</latexit><latexit sha1_base64="2iRjncm8NSyJbBD4vu5Dt958Pks=">AAAB83icbVBNT8JAFHzFL0TU6sGLl0ZiAheyeFEPJiZePGJigQQq2S5b2LDdNrtbA6k9+Fe8eFDjf/Hmv3ELHBScZJPJzHt5s+PHnCmN0LdVWFvf2Nwqbpd2yrt7+/ZBuaWiRBLqkohHsuNjRTkT1NVMc9qJJcWhz2nbH9/kfvuRSsUica+nMfVCPBQsYARrI/Xto16I9Yhgnrayh7SKall1Urua9O0KqqMZnFXSWJAKLNDs21+9QUSSkApNOFaq20Cx9lIsNSOcZqVeomiMyRgPaddQgUOqvHSWP3NOjTJwgkiaJ7QzU39vpDhUahr6ZjJPq5a9XPzP6yY6uPBSJuJEU0Hmh4KEOzpy8jKcAZOUaD41BBPJTFaHjLDERJvKSqaExvKXV4l7Vr+sozsERTiGE6hCA87hGm6hCS4QeIIXeIN369l6tT7mbRWsRW2H8AfW5w/q6JPK</latexit><latexit sha1_base64="X7aaH8hV9aBR1Hrm/EQ6TH/8W68=">AAAB/nicbVC7TsMwFHV4lvIKILGwWFRI7VI5LMCAVMHCWCT6kNpQOa7TWnWcyHZQq5CBX2FhAMTKd7DxNzhtBmg5kqWjc+7VPT5exJnSCH1bS8srq2vrhY3i5tb2zq69t99UYSwJbZCQh7LtYUU5E7Shmea0HUmKA4/Tlje6zvzWA5WKheJOTyLqBnggmM8I1kbq2YfdAOshwTxppvdJGVXS8rhyOe7ZJVRFU8BF4uSkBHLUe/ZXtx+SOKBCE46V6jgo0m6CpWaE07TYjRWNMBnhAe0YKnBAlZtM86fwxCh96IfSPKHhVP29keBAqUngmcksrZr3MvE/rxNr/9xNmIhiTQWZHfJjDnUIszJgn0lKNJ8YgolkJiskQywx0aayoinBmf/yImmcVi+q6BaVald5GwVwBI5BGTjgDNTADaiDBiDgETyDV/BmPVkv1rv1MRtdsvKdA/AH1ucPVJCVLw==</latexit><latexit sha1_base64="2TSOyUywsGAdV5kp82yUAA+GD3o=">AAAB/nicbVDNSsNAGNzUv1r/ooIXL4tFaC8lEUE9CEUvHiuYttDGstlu2qWbTdjdSEvMwVfx4kHFq8/hzbdx0+agrQMLw8z38c2OFzEqlWV9G4Wl5ZXVteJ6aWNza3vH3N1ryjAWmDg4ZKFoe0gSRjlxFFWMtCNBUOAx0vJG15nfeiBC0pDfqUlE3AANOPUpRkpLPfOgGyA1xIglzfQ+qVjVtDKuXo57ZtmqWVPARWLnpAxyNHrmV7cf4jggXGGGpOzYVqTcBAlFMSNpqRtLEiE8QgPS0ZSjgEg3meZP4bFW+tAPhX5cwan6eyNBgZSTwNOTWVo572Xif14nVv65m1AexYpwPDvkxwyqEGZlwD4VBCs20QRhQXVWiIdIIKx0ZSVdgj3/5UXinNQuatbtabl+lbdRBIfgCFSADc5AHdyABnAABo/gGbyCN+PJeDHejY/ZaMHId/bBHxifP1XQlTM=</latexit><latexit sha1_base64="2TSOyUywsGAdV5kp82yUAA+GD3o=">AAAB/nicbVDNSsNAGNzUv1r/ooIXL4tFaC8lEUE9CEUvHiuYttDGstlu2qWbTdjdSEvMwVfx4kHFq8/hzbdx0+agrQMLw8z38c2OFzEqlWV9G4Wl5ZXVteJ6aWNza3vH3N1ryjAWmDg4ZKFoe0gSRjlxFFWMtCNBUOAx0vJG15nfeiBC0pDfqUlE3AANOPUpRkpLPfOgGyA1xIglzfQ+qVjVtDKuXo57ZtmqWVPARWLnpAxyNHrmV7cf4jggXGGGpOzYVqTcBAlFMSNpqRtLEiE8QgPS0ZSjgEg3meZP4bFW+tAPhX5cwan6eyNBgZSTwNOTWVo572Xif14nVv65m1AexYpwPDvkxwyqEGZlwD4VBCs20QRhQXVWiIdIIKx0ZSVdgj3/5UXinNQuatbtabl+lbdRBIfgCFSADc5AHdyABnAABo/gGbyCN+PJeDHejY/ZaMHId/bBHxifP1XQlTM=</latexit><latexit sha1_base64="2TSOyUywsGAdV5kp82yUAA+GD3o=">AAAB/nicbVDNSsNAGNzUv1r/ooIXL4tFaC8lEUE9CEUvHiuYttDGstlu2qWbTdjdSEvMwVfx4kHFq8/hzbdx0+agrQMLw8z38c2OFzEqlWV9G4Wl5ZXVteJ6aWNza3vH3N1ryjAWmDg4ZKFoe0gSRjlxFFWMtCNBUOAx0vJG15nfeiBC0pDfqUlE3AANOPUpRkpLPfOgGyA1xIglzfQ+qVjVtDKuXo57ZtmqWVPARWLnpAxyNHrmV7cf4jggXGGGpOzYVqTcBAlFMSNpqRtLEiE8QgPS0ZSjgEg3meZP4bFW+tAPhX5cwan6eyNBgZSTwNOTWVo572Xif14nVv65m1AexYpwPDvkxwyqEGZlwD4VBCs20QRhQXVWiIdIIKx0ZSVdgj3/5UXinNQuatbtabl+lbdRBIfgCFSADc5AHdyABnAABo/gGbyCN+PJeDHejY/ZaMHId/bBHxifP1XQlTM=</latexit><latexit sha1_base64="2TSOyUywsGAdV5kp82yUAA+GD3o=">AAAB/nicbVDNSsNAGNzUv1r/ooIXL4tFaC8lEUE9CEUvHiuYttDGstlu2qWbTdjdSEvMwVfx4kHFq8/hzbdx0+agrQMLw8z38c2OFzEqlWV9G4Wl5ZXVteJ6aWNza3vH3N1ryjAWmDg4ZKFoe0gSRjlxFFWMtCNBUOAx0vJG15nfeiBC0pDfqUlE3AANOPUpRkpLPfOgGyA1xIglzfQ+qVjVtDKuXo57ZtmqWVPARWLnpAxyNHrmV7cf4jggXGGGpOzYVqTcBAlFMSNpqRtLEiE8QgPS0ZSjgEg3meZP4bFW+tAPhX5cwan6eyNBgZSTwNOTWVo572Xif14nVv65m1AexYpwPDvkxwyqEGZlwD4VBCs20QRhQXVWiIdIIKx0ZSVdgj3/5UXinNQuatbtabl+lbdRBIfgCFSADc5AHdyABnAABo/gGbyCN+PJeDHejY/ZaMHId/bBHxifP1XQlTM=</latexit><latexit sha1_base64="2TSOyUywsGAdV5kp82yUAA+GD3o=">AAAB/nicbVDNSsNAGNzUv1r/ooIXL4tFaC8lEUE9CEUvHiuYttDGstlu2qWbTdjdSEvMwVfx4kHFq8/hzbdx0+agrQMLw8z38c2OFzEqlWV9G4Wl5ZXVteJ6aWNza3vH3N1ryjAWmDg4ZKFoe0gSRjlxFFWMtCNBUOAx0vJG15nfeiBC0pDfqUlE3AANOPUpRkpLPfOgGyA1xIglzfQ+qVjVtDKuXo57ZtmqWVPARWLnpAxyNHrmV7cf4jggXGGGpOzYVqTcBAlFMSNpqRtLEiE8QgPS0ZSjgEg3meZP4bFW+tAPhX5cwan6eyNBgZSTwNOTWVo572Xif14nVv65m1AexYpwPDvkxwyqEGZlwD4VBCs20QRhQXVWiIdIIKx0ZSVdgj3/5UXinNQuatbtabl+lbdRBIfgCFSADc5AHdyABnAABo/gGbyCN+PJeDHejY/ZaMHId/bBHxifP1XQlTM=</latexit>

The general case

V
�
F(x⇤, 0)

�
= V

�
F(x⇤, 1)

�
� ↵

�
x⇤

<latexit sha1_base64="0OJHJL2D+lxCX0SSsNKtPwS8j+4="></latexit><latexit sha1_base64="0OJHJL2D+lxCX0SSsNKtPwS8j+4="></latexit><latexit sha1_base64="0OJHJL2D+lxCX0SSsNKtPwS8j+4="></latexit>

Need to be done numerically
!24
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Fig. 5. Growth curves obtained for our model in Example 1. In that case,
↵ = 0 and the optimal threshold can be computed using the closed form
expression given by Theorem 1.

TABLE II
VALUE OF THE OBJECTIVE FUNCTION V(0.01) FOR ↵ = 0.

� Vo↵ Von Vqs

0.7 1.4384 0.3076 1.5626

0.8 6.4535 2.0898 7.5829

0.9 37.0031 24.3931 48.4066

The optimal growth equation is given by the following expres-
sion:

x[n+ 1] = x[n] + (⇢� c1
�
x[n] � x⇤�⇥

x[n]

✓
1� x[n]

0 + (1 � 0)1(x[n] � x⇤)

◆
, (48)

Figure 5 shows the optimal growth curve alongside the ones
obtained using the “on” and “off” policies. The corresponding
values of each policy are listed in Table II.

V. THE GENERAL CASE

When ↵ > 0, i.e., there is an explicit cost for activation
in the objective function, a dependency on the discount factor
appears in the optimal thresholds. However, the solution of
Eq. (20) needs to be computed numerically and the optimal
threshold no longer has a closed form expression.

TABLE III
VALUE OF THE OBJECTIVE FUNCTION V(0.01) FOR ↵ = 0.1.

� Vo↵ Von x⇤ Vqs

0.7 1.4384 0.2769 8.6485 1.4871

0.8 6.4535 1.8809 8.3642 7.0527

0.9 37.0031 21.9538 8.1522 44.1733
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Fig. 6. Optimal threshold as a function of the discount factor � and the
parameters of the system from Example 2.

Consider Eq. (20) with ↵ > 0:

V(x) = x+ �max
n
V
�
F(x, 0)

�
,V

�
F(x, 1)

�
� ↵

�
x
o
. (49)

After computing the value function V as the unique solution
to Eq. (49), we can compute the optimal threshold by solving
the following equation:

V
�
F(x⇤, 0)

�
= V

�
F(x⇤, 1)

�
� ↵

�
x⇤. (50)

Example 2: Consider the following instance of our model
with ↵ = 0.1, 0 = 10, 1 = 15, m = 5, ⇢ = 1, c =
0.5. Using the numerical procedure outlined above, we can
compute the optimal threshold x⇤ as a function of the discount
factor �. Notice that the optimal activation threshold when
�  0.44 is equal to 0 = 10. This means that for values of
the discount factor below 0.44, the colony will not activate
since 0 is the carrying capacity of the unactivated system.
Table III lists the cost of the “on”, “off” and optimal policy
for different values of �.

VI. CONCLUSIONS

We approach Quorum Sensing from the point of view
of optimal control theory. Our model consists of colony of
bacteria whose population grows according to a modified
logistic dynamics, where the rate of growth and the carrying
capacity are controlled. The goal is to optimize a discounted
objective function of the population of cells in the colony.
We show that, when the state of the system is perfectly
observed, the optimal control strategy has a threshold structure
on the population. Using a monotonicity property of the value
function, we computed the optimal threshold in closed form as
a function of the parameters of the system. Future work will
address systems with partial observations; consider objective
functions with different structures; and validate our results
using experimental data.

Optimal threshold vs discount factor

↵ = 0.1
<latexit sha1_base64="1PlMSZddumXXjNpnC6vVbyPJu9E=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBbBU0hEUA9C0YvHCsYW21Am2027dLMJuxuhlP4LLx5UvPpzvPlv3LY5aPXBwOO9GWbmRZng2njel1NaWl5ZXSuvVzY2t7Z3qrt79zrNFWUBTUWqWhFqJrhkgeFGsFamGCaRYM1oeD31m49MaZ7KOzPKWJhgX/KYUzRWeuigyAZ46bl+t1rzXG8G8pf4BalBgUa3+tnppTRPmDRUoNZt38tMOEZlOBVsUunkmmVIh9hnbUslJkyH49nFE3JklR6JU2VLGjJTf06MMdF6lES2M0Ez0IveVPzPa+cmPg/HXGa5YZLOF8W5ICYl0/dJjytGjRhZglRxeyuhA1RIjQ2pYkPwF1/+S4IT98L1bk9r9asijTIcwCEcgw9nUIcbaEAAFCQ8wQu8Otp5dt6c93lrySlm9uEXnI9vyqaP3w==</latexit><latexit sha1_base64="1PlMSZddumXXjNpnC6vVbyPJu9E=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBbBU0hEUA9C0YvHCsYW21Am2027dLMJuxuhlP4LLx5UvPpzvPlv3LY5aPXBwOO9GWbmRZng2njel1NaWl5ZXSuvVzY2t7Z3qrt79zrNFWUBTUWqWhFqJrhkgeFGsFamGCaRYM1oeD31m49MaZ7KOzPKWJhgX/KYUzRWeuigyAZ46bl+t1rzXG8G8pf4BalBgUa3+tnppTRPmDRUoNZt38tMOEZlOBVsUunkmmVIh9hnbUslJkyH49nFE3JklR6JU2VLGjJTf06MMdF6lES2M0Ez0IveVPzPa+cmPg/HXGa5YZLOF8W5ICYl0/dJjytGjRhZglRxeyuhA1RIjQ2pYkPwF1/+S4IT98L1bk9r9asijTIcwCEcgw9nUIcbaEAAFCQ8wQu8Otp5dt6c93lrySlm9uEXnI9vyqaP3w==</latexit><latexit sha1_base64="1PlMSZddumXXjNpnC6vVbyPJu9E=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBbBU0hEUA9C0YvHCsYW21Am2027dLMJuxuhlP4LLx5UvPpzvPlv3LY5aPXBwOO9GWbmRZng2njel1NaWl5ZXSuvVzY2t7Z3qrt79zrNFWUBTUWqWhFqJrhkgeFGsFamGCaRYM1oeD31m49MaZ7KOzPKWJhgX/KYUzRWeuigyAZ46bl+t1rzXG8G8pf4BalBgUa3+tnppTRPmDRUoNZt38tMOEZlOBVsUunkmmVIh9hnbUslJkyH49nFE3JklR6JU2VLGjJTf06MMdF6lES2M0Ez0IveVPzPa+cmPg/HXGa5YZLOF8W5ICYl0/dJjytGjRhZglRxeyuhA1RIjQ2pYkPwF1/+S4IT98L1bk9r9asijTIcwCEcgw9nUIcbaEAAFCQ8wQu8Otp5dt6c93lrySlm9uEXnI9vyqaP3w==</latexit>

0 = 10
<latexit sha1_base64="gBedVHCDz9y3a1hkP3Tzl2e1xsk=">AAAB8nicbVBNSwMxEJ2tX7V+VT16CRbBU8mKoB6EohePFVxb6C4lm6ZtaDYbkqxQlv4NLx5UvPprvPlvTNs9aOuDgcd7M8zMi5XgxmL87ZVWVtfWN8qbla3tnd296v7Bo0kzTVlAU5HqdkwME1yywHIrWFtpRpJYsFY8up36rSemDU/lgx0rFiVkIHmfU2KdFIYjohTpYnTt4261hut4BrRM/ILUoECzW/0KeynNEiYtFcSYjo+VjXKiLaeCTSphZpgidEQGrOOoJAkzUT67eYJOnNJD/VS7khbN1N8TOUmMGSex60yIHZpFbyr+53Uy27+Mci5VZpmk80X9TCCbomkAqMc1o1aMHSFUc3crokOiCbUupooLwV98eZkEZ/WrOr4/rzVuijTKcATHcAo+XEAD7qAJAVBQ8Ayv8OZl3ov37n3MW0teMXMIf+B9/gDpl5B7</latexit><latexit sha1_base64="gBedVHCDz9y3a1hkP3Tzl2e1xsk=">AAAB8nicbVBNSwMxEJ2tX7V+VT16CRbBU8mKoB6EohePFVxb6C4lm6ZtaDYbkqxQlv4NLx5UvPprvPlvTNs9aOuDgcd7M8zMi5XgxmL87ZVWVtfWN8qbla3tnd296v7Bo0kzTVlAU5HqdkwME1yywHIrWFtpRpJYsFY8up36rSemDU/lgx0rFiVkIHmfU2KdFIYjohTpYnTt4261hut4BrRM/ILUoECzW/0KeynNEiYtFcSYjo+VjXKiLaeCTSphZpgidEQGrOOoJAkzUT67eYJOnNJD/VS7khbN1N8TOUmMGSex60yIHZpFbyr+53Uy27+Mci5VZpmk80X9TCCbomkAqMc1o1aMHSFUc3crokOiCbUupooLwV98eZkEZ/WrOr4/rzVuijTKcATHcAo+XEAD7qAJAVBQ8Ayv8OZl3ov37n3MW0teMXMIf+B9/gDpl5B7</latexit><latexit sha1_base64="gBedVHCDz9y3a1hkP3Tzl2e1xsk=">AAAB8nicbVBNSwMxEJ2tX7V+VT16CRbBU8mKoB6EohePFVxb6C4lm6ZtaDYbkqxQlv4NLx5UvPprvPlvTNs9aOuDgcd7M8zMi5XgxmL87ZVWVtfWN8qbla3tnd296v7Bo0kzTVlAU5HqdkwME1yywHIrWFtpRpJYsFY8up36rSemDU/lgx0rFiVkIHmfU2KdFIYjohTpYnTt4261hut4BrRM/ILUoECzW/0KeynNEiYtFcSYjo+VjXKiLaeCTSphZpgidEQGrOOoJAkzUT67eYJOnNJD/VS7khbN1N8TOUmMGSex60yIHZpFbyr+53Uy27+Mci5VZpmk80X9TCCbomkAqMc1o1aMHSFUc3crokOiCbUupooLwV98eZkEZ/WrOr4/rzVuijTKcATHcAo+XEAD7qAJAVBQ8Ayv8OZl3ov37n3MW0teMXMIf+B9/gDpl5B7</latexit>

OFF policy is optimal

0 5 10 15 20 25 30
0

5

10

15

n
<latexit sha1_base64="4pQE5o9BF/KDPSrble4a9UHlfmw=">AAAB53icbVBNS8NAEJ34WetX1aOXxSJ4KokI1lvBi8cWjC20oWy2k3btZhN2N0IJ/QVePKh49S9589+4bXPQ1gcDj/dmmJkXpoJr47rfztr6xubWdmmnvLu3f3BYOTp+0EmmGPosEYnqhFSj4BJ9w43ATqqQxqHAdji+nfntJ1SaJ/LeTFIMYjqUPOKMGiu1ZL9SdWvuHGSVeAWpQoFmv/LVGyQsi1EaJqjWXc9NTZBTZTgTOC33Mo0pZWM6xK6lksaog3x+6JScW2VAokTZkobM1d8TOY21nsSh7YypGellbyb+53UzE9WDnMs0MyjZYlGUCWISMvuaDLhCZsTEEsoUt7cSNqKKMmOzKdsQvOWXV4l/Wbupua2raqNepFGCUziDC/DgGhpwB03wgQHCM7zCm/PovDjvzseidc0pZk7gD5zPH0ItjLs=</latexit><latexit sha1_base64="4pQE5o9BF/KDPSrble4a9UHlfmw=">AAAB53icbVBNS8NAEJ34WetX1aOXxSJ4KokI1lvBi8cWjC20oWy2k3btZhN2N0IJ/QVePKh49S9589+4bXPQ1gcDj/dmmJkXpoJr47rfztr6xubWdmmnvLu3f3BYOTp+0EmmGPosEYnqhFSj4BJ9w43ATqqQxqHAdji+nfntJ1SaJ/LeTFIMYjqUPOKMGiu1ZL9SdWvuHGSVeAWpQoFmv/LVGyQsi1EaJqjWXc9NTZBTZTgTOC33Mo0pZWM6xK6lksaog3x+6JScW2VAokTZkobM1d8TOY21nsSh7YypGellbyb+53UzE9WDnMs0MyjZYlGUCWISMvuaDLhCZsTEEsoUt7cSNqKKMmOzKdsQvOWXV4l/Wbupua2raqNepFGCUziDC/DgGhpwB03wgQHCM7zCm/PovDjvzseidc0pZk7gD5zPH0ItjLs=</latexit><latexit sha1_base64="4pQE5o9BF/KDPSrble4a9UHlfmw=">AAAB53icbVBNS8NAEJ34WetX1aOXxSJ4KokI1lvBi8cWjC20oWy2k3btZhN2N0IJ/QVePKh49S9589+4bXPQ1gcDj/dmmJkXpoJr47rfztr6xubWdmmnvLu3f3BYOTp+0EmmGPosEYnqhFSj4BJ9w43ATqqQxqHAdji+nfntJ1SaJ/LeTFIMYjqUPOKMGiu1ZL9SdWvuHGSVeAWpQoFmv/LVGyQsi1EaJqjWXc9NTZBTZTgTOC33Mo0pZWM6xK6lksaog3x+6JScW2VAokTZkobM1d8TOY21nsSh7YypGellbyb+53UzE9WDnMs0MyjZYlGUCWISMvuaDLhCZsTEEsoUt7cSNqKKMmOzKdsQvOWXV4l/Wbupua2raqNepFGCUziDC/DgGhpwB03wgQHCM7zCm/PovDjvzseidc0pZk7gD5zPH0ItjLs=</latexit>

x[n]
<latexit sha1_base64="1T3+CLG1HltCC3wERRBoDRlrug8=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsN4KXjxWMLaQhrLZbtqlu5uwuxFL6F/w4kHFq7/Im//GTZuDtj4YeLw3w8y8KOVMG9f9dipr6xubW9Xt2s7u3v5B/fDoQSeZItQnCU9UL8Kaciapb5jhtJcqikXEaTea3BR+95EqzRJ5b6YpDQUeSRYzgk0hPQUyHNQbbtOdA60SryQNKNEZ1L/6w4RkgkpDONY68NzUhDlWhhFOZ7V+pmmKyQSPaGCpxILqMJ/fOkNnVhmiOFG2pEFz9fdEjoXWUxHZToHNWC97hfifF2QmboU5k2lmqCSLRXHGkUlQ8TgaMkWJ4VNLMFHM3orIGCtMjI2nZkPwll9eJf5F87rp3l022q0yjSqcwCmcgwdX0IZb6IAPBMbwDK/w5gjnxXl3PhatFaecOYY/cD5/AH8Wjgk=</latexit><latexit sha1_base64="1T3+CLG1HltCC3wERRBoDRlrug8=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsN4KXjxWMLaQhrLZbtqlu5uwuxFL6F/w4kHFq7/Im//GTZuDtj4YeLw3w8y8KOVMG9f9dipr6xubW9Xt2s7u3v5B/fDoQSeZItQnCU9UL8Kaciapb5jhtJcqikXEaTea3BR+95EqzRJ5b6YpDQUeSRYzgk0hPQUyHNQbbtOdA60SryQNKNEZ1L/6w4RkgkpDONY68NzUhDlWhhFOZ7V+pmmKyQSPaGCpxILqMJ/fOkNnVhmiOFG2pEFz9fdEjoXWUxHZToHNWC97hfifF2QmboU5k2lmqCSLRXHGkUlQ8TgaMkWJ4VNLMFHM3orIGCtMjI2nZkPwll9eJf5F87rp3l022q0yjSqcwCmcgwdX0IZb6IAPBMbwDK/w5gjnxXl3PhatFaecOYY/cD5/AH8Wjgk=</latexit><latexit sha1_base64="1T3+CLG1HltCC3wERRBoDRlrug8=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsN4KXjxWMLaQhrLZbtqlu5uwuxFL6F/w4kHFq7/Im//GTZuDtj4YeLw3w8y8KOVMG9f9dipr6xubW9Xt2s7u3v5B/fDoQSeZItQnCU9UL8Kaciapb5jhtJcqikXEaTea3BR+95EqzRJ5b6YpDQUeSRYzgk0hPQUyHNQbbtOdA60SryQNKNEZ1L/6w4RkgkpDONY68NzUhDlWhhFOZ7V+pmmKyQSPaGCpxILqMJ/fOkNnVhmiOFG2pEFz9fdEjoXWUxHZToHNWC97hfifF2QmboU5k2lmqCSLRXHGkUlQ8TgaMkWJ4VNLMFHM3orIGCtMjI2nZkPwll9eJf5F87rp3l022q0yjSqcwCmcgwdX0IZb6IAPBMbwDK/w5gjnxXl3PhatFaecOYY/cD5/AH8Wjgk=</latexit> � = 1

 = 10
<latexit sha1_base64="bKcUY+l9hXqLSKadvCp99rKgsPY="></latexit><latexit sha1_base64="bKcUY+l9hXqLSKadvCp99rKgsPY="></latexit><latexit sha1_base64="bKcUY+l9hXqLSKadvCp99rKgsPY="></latexit>

�̄ = 0.44
<latexit sha1_base64="qxLuKIo5CLHtw74q0j3Or2ru2Go=">AAAB+HicbVBNS8NAEJ3Ur1q/oh69LBbBU0ikoB6EohePFYwtNKFstpt26WYTdjeFEvpPvHhQ8epP8ea/cdvmoK0PBh7vzTAzL8o4U9p1v63K2vrG5lZ1u7azu7d/YB8ePak0l4T6JOWp7ERYUc4E9TXTnHYySXEScdqORnczvz2mUrFUPOpJRsMEDwSLGcHaSD3bDiIsiyCiGk9vXKfR6Nl113HnQKvEK0kdSrR69lfQT0meUKEJx0p1PTfTYYGlZoTTaS3IFc0wGeEB7RoqcEJVWMwvn6Izo/RRnEpTQqO5+nuiwIlSkyQynQnWQ7XszcT/vG6u46uwYCLLNRVksSjOOdIpmsWA+kxSovnEEEwkM7ciMsQSE23CqpkQvOWXV4l/4Vw77kOj3rwt06jCCZzCOXhwCU24hxb4QGAMz/AKb1ZhvVjv1seitWKVM8fwB9bnD8ZSkqI=</latexit><latexit sha1_base64="qxLuKIo5CLHtw74q0j3Or2ru2Go=">AAAB+HicbVBNS8NAEJ3Ur1q/oh69LBbBU0ikoB6EohePFYwtNKFstpt26WYTdjeFEvpPvHhQ8epP8ea/cdvmoK0PBh7vzTAzL8o4U9p1v63K2vrG5lZ1u7azu7d/YB8ePak0l4T6JOWp7ERYUc4E9TXTnHYySXEScdqORnczvz2mUrFUPOpJRsMEDwSLGcHaSD3bDiIsiyCiGk9vXKfR6Nl113HnQKvEK0kdSrR69lfQT0meUKEJx0p1PTfTYYGlZoTTaS3IFc0wGeEB7RoqcEJVWMwvn6Izo/RRnEpTQqO5+nuiwIlSkyQynQnWQ7XszcT/vG6u46uwYCLLNRVksSjOOdIpmsWA+kxSovnEEEwkM7ciMsQSE23CqpkQvOWXV4l/4Vw77kOj3rwt06jCCZzCOXhwCU24hxb4QGAMz/AKb1ZhvVjv1seitWKVM8fwB9bnD8ZSkqI=</latexit><latexit sha1_base64="qxLuKIo5CLHtw74q0j3Or2ru2Go=">AAAB+HicbVBNS8NAEJ3Ur1q/oh69LBbBU0ikoB6EohePFYwtNKFstpt26WYTdjeFEvpPvHhQ8epP8ea/cdvmoK0PBh7vzTAzL8o4U9p1v63K2vrG5lZ1u7azu7d/YB8ePak0l4T6JOWp7ERYUc4E9TXTnHYySXEScdqORnczvz2mUrFUPOpJRsMEDwSLGcHaSD3bDiIsiyCiGk9vXKfR6Nl113HnQKvEK0kdSrR69lfQT0meUKEJx0p1PTfTYYGlZoTTaS3IFc0wGeEB7RoqcEJVWMwvn6Izo/RRnEpTQqO5+nuiwIlSkyQynQnWQ7XszcT/vG6u46uwYCLLNRVksSjOOdIpmsWA+kxSovnEEEwkM7ciMsQSE23CqpkQvOWXV4l/4Vw77kOj3rwt06jCCZzCOXhwCU24hxb4QGAMz/AKb1ZhvVjv1seitWKVM8fwB9bnD8ZSkqI=</latexit>

!25
Earlier activation



Conclusion

First principles approach to QS using optimal control

Simple notions and tools from Economics

Public-goods, public-benefit, local cost, investment, etc…

Main result 1. Closed form when 

2. Numerical when 
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Fig. 7. Pay-off function that the bacterial colony studied in our experiments
is optimizing. According to our model, the local activation cost is equal to
c = 20.25.

Fig. 8. Our experimental data was collected from microscopic images such
as the ones above, where the total number of cells and the total number of
activated (fluorescent) cells is estimated.

TABLE III
EXPERIMENTAL DATA

t (h) X̄ (109 cells/L) �X (109 cells/L) �X̄ (nM) p

0 0.0465 0.0140 0.1070 0
1 0.0653 0.0011 0.1503 0
2 0.4267 0.0833 0.9813 0
3 0.6400 0.1637 1.4720 0.0135
4 4.0667 0.5033 9.3533 0.1038
5 31.6667 13.4079 72.8333 0.8538

6 147.3333 93.0017 338.8667 0.9953
7 262.6667 68.8573 604.1333 1

V. CONCLUSION AND FUTURE WORK

This paper proposes a new optimization based framework
for studying quorum sensing as a networked decision system.
Our framework admits a simple description that at the same
time allows for mathematical analysis, captures many features
known to exist in quorum sensing systems and can be extended
to accommodate the interaction between multiple colonies.
Future work on this model will include: noncooperative
game theoretic formulations, where each bacteria use different

thresholds and seek a Nash-equilibrium solution; and sequen-
tial problem formulations, where the signaling population
dynamics and signaling play a major role on how information
is disseminated over the colony. We plan to use the insights
gained from this future analysis to mathematically show how
bacteria have developed quorum sensing mechanisms that
aggregate information in an optimal way.
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This paper proposes a new optimization based framework
for studying quorum sensing as a networked decision system.
Our framework admits a simple description that at the same
time allows for mathematical analysis, captures many features
known to exist in quorum sensing systems and can be extended
to accommodate the interaction between multiple colonies.
Future work on this model will include: noncooperative
game theoretic formulations, where each bacteria use different

thresholds and seek a Nash-equilibrium solution; and sequen-
tial problem formulations, where the signaling population
dynamics and signaling play a major role on how information
is disseminated over the colony. We plan to use the insights
gained from this future analysis to mathematically show how
bacteria have developed quorum sensing mechanisms that
aggregate information in an optimal way.
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Trivial policies

Uo↵(x) = 0
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One family that satisfies these postulates is the class soft-
thresholding functions. The class is characterized by three
parameters, bmax, ⌧ and h and is defined as:

�h(e)
def
= bmax ·

(e/⌧)h

1 + (e/⌧)h
, (8)

where bmax � 0, ⌧ � 0 and h > 1. The parameter ⌧ is
defined as the quantity of public-goods that yields half of
the maximum benefit, bmax. The parameter h controls how
steep the transition from zero to the maximum benefit occurs.
Figure 1 illustrates this family of functions.

III. A TRACTABLE SEQUENTIAL OPTIMIZATION PROBLEM

Notice that as it is posed in the previous section, the
optimization problem is one of optimal control with partial
observations of the system state. This is because the cells in
a real QS system can only measure s[n] and not x[n] directly.
In order to obtain a tractable sequential optimization problem
and corresponding analytical results, we make the following
assumptions.

1) The system has no memory, i.e., that the signal and
enzyme degradation rate constants are equal to one, i.e.,

�s = �e = 1. (9)

That means that at each time step, the signal produced
by the cells is completely degraded until the next sample
time.

2) There is no positive feedback in the signal equation, i.e.,

�s = 0. (10)

These two assumptions lead to the following pair of equations
for the signal and enzyme concentrations:

s[n] = x[n] (11)
e[n] = x[n]�eu[n]. (12)

That means that the state of the system is now directly
observed by the cells, admitting a direct analysis without the
use of an intermediate observer to estimate the system state
prior to computing the control variable.

Finally, for tractability, we will assume that the public
benefit will take the following form:

�1(e) = bmax · 1(e � ⌧), (13)

which implies that the carrying capacity of the system is given
by:

[n] = 0 + (1 � 0)1(e[n] � ⌧), (14)

where 1 > 0. The interpretation is that once the concentra-
tion of enzymes in the environment exceeds a threshold, the
carrying capacity of the system increases.

Using Eq. (12), the controlled carrying capacity of the
system is given by:

[n] = 0 + (1 � 0) · 1(x[n]�eu[n] � ⌧). (15)

Therefore, if u[n] = 0 (the colony is “off”):

[n] = 0. (16)

TABLE I
VALUE OF THE OBJECTIVE FUNCTION V(x0) UNDER THE POLICIES ON

AND OFF.

x0 � Jo↵ Jon

0.01 0.5 0.1108 0.0356

5 0.5 13.5889 12.0276

0.01 0.9 37.0031 21.9538

5 0.9 92.2152 107.7870

And if u[n] = 1 (the colony is “on”):

[n] = 0 + (1 � 0)1(x[n] � ⌧/�e). (17)

From now on, we will define the following:

F(x, u)
def
= x+

�
⇢�cu

�
x

✓
1� x

0 + (1 � 0)1(xu � m)

◆
,

(18)
where m

def
= ⌧/�e, resulting in:

x[n+ 1] = F
�
x[n], u[n]

�
. (19)

Example 1 (Trivial policies): Before deriving the optimal
solution in the next sections, it is interesting to look at two
trivial cases: the “on”

�
Uon(x) ⌘ 1

�
and “off”

�
Uo↵(x) ⌘

0
�

policies. We will illustrate how the population evolves in
time in each case, and the associated performance indexes.
In this example, we consider the following parameter values:
0 = 10,1 = 15,m = 5, ⇢ = 1, c = 0.5 and ↵ = 0.1. What
determines if a strategy is better than the other is the value of
the objective function for a specific initial condition, V(x0).

We consider two cases: x0 = 0.01 (low initial population);
and x0 = 5 (high initial population). Figure 2 shows that
the growth curves under each of the policies reach their
respective carrying capacities faster if they start from higher
initial populations regardless of the discount factor. However,
the value of the objective function of either strategies varies
with �. Table I shows that if the discount factor is small

0 5 10 15 20 25 30
0

5

10

15

high initial pop., off policy
high initial pop., on policy
low initial pop., off policy
low initial pop., on policy

Fig. 2. Population growth curves under the policies Uo↵ and Uon for low
and high initial populations.
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Trivial policies

Uo↵(x) = 0
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Uon(x) = 1
<latexit sha1_base64="2FITJAuqIdEHOMuh9qOrXhNkCNU=">AAACCHicbVC7TsMwFHXKq5RXgJHFokIqS5UgJGBAqmBhLBKhldpQOa7bWrWdyHYQVZSVhV9hYQDEyiew8Tc4aQZoOZKl43Pu1b33BBGjSjvOt1VaWFxaXimvVtbWNza37O2dWxXGEhMPhyyU7QApwqggnqaakXYkCeIBI61gfJn5rXsiFQ3FjZ5ExOdoKOiAYqSN1LNhlyM9woglXnqX5B/Jk1Ckae3hEJ5Dt2dXnbqTA84TtyBVUKDZs7+6/RDHnAiNGVKq4zqR9hMkNcWMpJVurEiE8BgNScdQgThRfpJfksIDo/ThIJTmCQ1z9XdHgrhSEx6YymxVNetl4n9eJ9aDUz+hIoo1EXg6aBAzqEOYxQL7VBKs2cQQhCU1u0I8QhJhbcKrmBDc2ZPniXdUP6s718fVxkWRRhnsgX1QAy44AQ1wBZrAAxg8gmfwCt6sJ+vFerc+pqUlq+jZBX9gff4AkkiZyA==</latexit><latexit sha1_base64="2FITJAuqIdEHOMuh9qOrXhNkCNU=">AAACCHicbVC7TsMwFHXKq5RXgJHFokIqS5UgJGBAqmBhLBKhldpQOa7bWrWdyHYQVZSVhV9hYQDEyiew8Tc4aQZoOZKl43Pu1b33BBGjSjvOt1VaWFxaXimvVtbWNza37O2dWxXGEhMPhyyU7QApwqggnqaakXYkCeIBI61gfJn5rXsiFQ3FjZ5ExOdoKOiAYqSN1LNhlyM9woglXnqX5B/Jk1Ckae3hEJ5Dt2dXnbqTA84TtyBVUKDZs7+6/RDHnAiNGVKq4zqR9hMkNcWMpJVurEiE8BgNScdQgThRfpJfksIDo/ThIJTmCQ1z9XdHgrhSEx6YymxVNetl4n9eJ9aDUz+hIoo1EXg6aBAzqEOYxQL7VBKs2cQQhCU1u0I8QhJhbcKrmBDc2ZPniXdUP6s718fVxkWRRhnsgX1QAy44AQ1wBZrAAxg8gmfwCt6sJ+vFerc+pqUlq+jZBX9gff4AkkiZyA==</latexit><latexit sha1_base64="2FITJAuqIdEHOMuh9qOrXhNkCNU=">AAACCHicbVC7TsMwFHXKq5RXgJHFokIqS5UgJGBAqmBhLBKhldpQOa7bWrWdyHYQVZSVhV9hYQDEyiew8Tc4aQZoOZKl43Pu1b33BBGjSjvOt1VaWFxaXimvVtbWNza37O2dWxXGEhMPhyyU7QApwqggnqaakXYkCeIBI61gfJn5rXsiFQ3FjZ5ExOdoKOiAYqSN1LNhlyM9woglXnqX5B/Jk1Ckae3hEJ5Dt2dXnbqTA84TtyBVUKDZs7+6/RDHnAiNGVKq4zqR9hMkNcWMpJVurEiE8BgNScdQgThRfpJfksIDo/ThIJTmCQ1z9XdHgrhSEx6YymxVNetl4n9eJ9aDUz+hIoo1EXg6aBAzqEOYxQL7VBKs2cQQhCU1u0I8QhJhbcKrmBDc2ZPniXdUP6s718fVxkWRRhnsgX1QAy44AQ1wBZrAAxg8gmfwCt6sJ+vFerc+pqUlq+jZBX9gff4AkkiZyA==</latexit>

There should be a transition from OFF to ON 

3

One family that satisfies these postulates is the class soft-
thresholding functions. The class is characterized by three
parameters, bmax, ⌧ and h and is defined as:

�h(e)
def
= bmax ·

(e/⌧)h

1 + (e/⌧)h
, (8)

where bmax � 0, ⌧ � 0 and h > 1. The parameter ⌧ is
defined as the quantity of public-goods that yields half of
the maximum benefit, bmax. The parameter h controls how
steep the transition from zero to the maximum benefit occurs.
Figure 1 illustrates this family of functions.

III. A TRACTABLE SEQUENTIAL OPTIMIZATION PROBLEM

Notice that as it is posed in the previous section, the
optimization problem is one of optimal control with partial
observations of the system state. This is because the cells in
a real QS system can only measure s[n] and not x[n] directly.
In order to obtain a tractable sequential optimization problem
and corresponding analytical results, we make the following
assumptions.

1) The system has no memory, i.e., that the signal and
enzyme degradation rate constants are equal to one, i.e.,

�s = �e = 1. (9)

That means that at each time step, the signal produced
by the cells is completely degraded until the next sample
time.

2) There is no positive feedback in the signal equation, i.e.,

�s = 0. (10)

These two assumptions lead to the following pair of equations
for the signal and enzyme concentrations:

s[n] = x[n] (11)
e[n] = x[n]�eu[n]. (12)

That means that the state of the system is now directly
observed by the cells, admitting a direct analysis without the
use of an intermediate observer to estimate the system state
prior to computing the control variable.

Finally, for tractability, we will assume that the public
benefit will take the following form:

�1(e) = bmax · 1(e � ⌧), (13)

which implies that the carrying capacity of the system is given
by:

[n] = 0 + (1 � 0)1(e[n] � ⌧), (14)

where 1 > 0. The interpretation is that once the concentra-
tion of enzymes in the environment exceeds a threshold, the
carrying capacity of the system increases.

Using Eq. (12), the controlled carrying capacity of the
system is given by:

[n] = 0 + (1 � 0) · 1(x[n]�eu[n] � ⌧). (15)

Therefore, if u[n] = 0 (the colony is “off”):

[n] = 0. (16)

TABLE I
VALUE OF THE OBJECTIVE FUNCTION V(x0) UNDER THE POLICIES ON

AND OFF.

x0 � Vo↵ Von

0.01 0.5 0.1108 0.0356

5 0.5 13.5889 12.0276

0.01 0.9 37.0031 21.9538

5 0.9 92.2152 107.7870

And if u[n] = 1 (the colony is “on”):

[n] = 0 + (1 � 0)1(x[n] � ⌧/�e). (17)

From now on, we will define the following:

F(x, u)
def
= x+

�
⇢�cu

�
x

✓
1� x

0 + (1 � 0)1(xu � m)

◆
,

(18)
where m

def
= ⌧/�e, resulting in:

x[n+ 1] = F
�
x[n], u[n]

�
. (19)

Example 1 (Trivial policies): Before deriving the optimal
solution in the next sections, it is interesting to look at two
trivial cases: the “on”

�
Uon(x) ⌘ 1

�
and “off”

�
Uo↵(x) ⌘

0
�

policies. We will illustrate how the population evolves in
time in each case, and the associated performance indexes.
In this example, we consider the following parameter values:
0 = 10,1 = 15,m = 5, ⇢ = 1, c = 0.5 and ↵ = 0.1. What
determines if a strategy is better than the other is the value of
the objective function for a specific initial condition, V(x0).

We consider two cases: x0 = 0.01 (low initial population);
and x0 = 5 (high initial population). Figure 2 shows that
the growth curves under each of the policies reach their
respective carrying capacities faster if they start from higher
initial populations regardless of the discount factor. However,
the value of the objective function of either strategies varies
with �. Table I shows that if the discount factor is small

Fig. 2. Population growth curves under the policies Uo↵ and Uon for low
and high initial populations.
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↵ = 0.1
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