
1

Optimal estimation of discrete random 
variables over the collision channel

Dept. of Electrical and Computer Engineering 
University of Maryland, College Park

marcos@terpconnect.umd.edu  

Marcos Vasconcelos

Nuno C. Martins

1

52th Annual Conference on Information Sciences and Systems
21-23 March 2018 - Princeton, NJ



Basic framework
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Basic framework
Team of sensors
(Decision Makers)

Fusion Center
(Estimator)

• Captures the effect of interference 
• >1 transmission results in a collision

Design jointly optimal communication and estimation policies
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Potential application
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Internet-of-things

Explicitly deal with collision events

ARQ schemes require feedback & introduce undesirable delays

Real-time wireless networking
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Estimation over the collision channel

Ui 2 {0, 1}
<latexit sha1_base64="cWIg0P/EOG3IR6iwNHZbi8bNNac=">AAAB93icbVBNS8NAEJ3Ur1o/GvXoZbEIHqQkIlhvBS8eKxhbaELYbDft0s0m7G6EGvpLvHhQ8epf8ea/cdvmoK0PBh7vzTAzL8o4U9pxvq3K2vrG5lZ1u7azu7dftw8OH1SaS0I9kvJU9iKsKGeCepppTnuZpDiJOO1G45uZ332kUrFU3OtJRoMEDwWLGcHaSKFd90KGfCaQXzjnrj8N7YbTdOZAq8QtSQNKdEL7yx+kJE+o0IRjpfquk+mgwFIzwum05ueKZpiM8ZD2DRU4oSoo5odP0alRBihOpSmh0Vz9PVHgRKlJEpnOBOuRWvZm4n9eP9dxKyiYyHJNBVksinOOdIpmKaABk5RoPjEEE8nMrYiMsMREm6xqJgR3+eVV4l00r5vO3WWj3SrTqMIxnMAZuHAFbbiFDnhAIIdneIU368l6sd6tj0VrxSpnjuAPrM8ffPaR1w==</latexit><latexit sha1_base64="cWIg0P/EOG3IR6iwNHZbi8bNNac=">AAAB93icbVBNS8NAEJ3Ur1o/GvXoZbEIHqQkIlhvBS8eKxhbaELYbDft0s0m7G6EGvpLvHhQ8epf8ea/cdvmoK0PBh7vzTAzL8o4U9pxvq3K2vrG5lZ1u7azu7dftw8OH1SaS0I9kvJU9iKsKGeCepppTnuZpDiJOO1G45uZ332kUrFU3OtJRoMEDwWLGcHaSKFd90KGfCaQXzjnrj8N7YbTdOZAq8QtSQNKdEL7yx+kJE+o0IRjpfquk+mgwFIzwum05ueKZpiM8ZD2DRU4oSoo5odP0alRBihOpSmh0Vz9PVHgRKlJEpnOBOuRWvZm4n9eP9dxKyiYyHJNBVksinOOdIpmKaABk5RoPjEEE8nMrYiMsMREm6xqJgR3+eVV4l00r5vO3WWj3SrTqMIxnMAZuHAFbbiFDnhAIIdneIU368l6sd6tj0VrxSpnjuAPrM8ffPaR1w==</latexit><latexit sha1_base64="cWIg0P/EOG3IR6iwNHZbi8bNNac=">AAAB93icbVBNS8NAEJ3Ur1o/GvXoZbEIHqQkIlhvBS8eKxhbaELYbDft0s0m7G6EGvpLvHhQ8epf8ea/cdvmoK0PBh7vzTAzL8o4U9pxvq3K2vrG5lZ1u7azu7dftw8OH1SaS0I9kvJU9iKsKGeCepppTnuZpDiJOO1G45uZ332kUrFU3OtJRoMEDwWLGcHaSKFd90KGfCaQXzjnrj8N7YbTdOZAq8QtSQNKdEL7yx+kJE+o0IRjpfquk+mgwFIzwum05ueKZpiM8ZD2DRU4oSoo5odP0alRBihOpSmh0Vz9PVHgRKlJEpnOBOuRWvZm4n9eP9dxKyiYyHJNBVksinOOdIpmKaABk5RoPjEEE8nMrYiMsMREm6xqJgR3+eVV4l00r5vO3WWj3SrTqMIxnMAZuHAFbbiFDnhAIIdneIU368l6sd6tj0VrxSpnjuAPrM8ffPaR1w==</latexit>

Decision variables

TransmitStay silent

Observations

Xi ?? Xj
<latexit sha1_base64="ksvLu+qMiHdqaqT+Hpl/YGWMuIs=">AAACAnicbVBNS8MwGE7n15xfVW96iQ7B0+hEcN4GXjxOsK6wlpJm6RaXpiFJhVEGXvwrXjyoePVXePPfmG496OYTAk+e53158z6RYFRpx/m2KkvLK6tr1fXaxubW9o69u3en0kxi4uKUpdKLkCKMcuJqqhnxhCQoiRjpRqOrwu8+EKloym/1WJAgQQNOY4qRNlJoH3ghhb4gUkD/qDjlwwvvQ7vuNJwp4CJplqQOSnRC+8vvpzhLCNeYIaV6TUfoIEdSU8zIpOZnigiER2hAeoZylBAV5NMdJvDEKH0Yp9JcruFU/d2Ro0SpcRKZygTpoZr3CvE/r5fpuBXklItME45ng+KMQZ3CIhDYp5JgzcaGICyp+SvEQyQR1ia2mgmhOb/yInHPGpcN5+a83m6VaVTBITgGp6AJLkAbXIMOcAEGj+AZvII368l6sd6tj1lpxSp79sEfWJ8/wMiV1g==</latexit><latexit sha1_base64="ksvLu+qMiHdqaqT+Hpl/YGWMuIs=">AAACAnicbVBNS8MwGE7n15xfVW96iQ7B0+hEcN4GXjxOsK6wlpJm6RaXpiFJhVEGXvwrXjyoePVXePPfmG496OYTAk+e53158z6RYFRpx/m2KkvLK6tr1fXaxubW9o69u3en0kxi4uKUpdKLkCKMcuJqqhnxhCQoiRjpRqOrwu8+EKloym/1WJAgQQNOY4qRNlJoH3ghhb4gUkD/qDjlwwvvQ7vuNJwp4CJplqQOSnRC+8vvpzhLCNeYIaV6TUfoIEdSU8zIpOZnigiER2hAeoZylBAV5NMdJvDEKH0Yp9JcruFU/d2Ro0SpcRKZygTpoZr3CvE/r5fpuBXklItME45ng+KMQZ3CIhDYp5JgzcaGICyp+SvEQyQR1ia2mgmhOb/yInHPGpcN5+a83m6VaVTBITgGp6AJLkAbXIMOcAEGj+AZvII368l6sd6tj1lpxSp79sEfWJ8/wMiV1g==</latexit><latexit sha1_base64="ksvLu+qMiHdqaqT+Hpl/YGWMuIs=">AAACAnicbVBNS8MwGE7n15xfVW96iQ7B0+hEcN4GXjxOsK6wlpJm6RaXpiFJhVEGXvwrXjyoePVXePPfmG496OYTAk+e53158z6RYFRpx/m2KkvLK6tr1fXaxubW9o69u3en0kxi4uKUpdKLkCKMcuJqqhnxhCQoiRjpRqOrwu8+EKloym/1WJAgQQNOY4qRNlJoH3ghhb4gUkD/qDjlwwvvQ7vuNJwp4CJplqQOSnRC+8vvpzhLCNeYIaV6TUfoIEdSU8zIpOZnigiER2hAeoZylBAV5NMdJvDEKH0Yp9JcruFU/d2Ro0SpcRKZygTpoZr3CvE/r5fpuBXklItME45ng+KMQZ3CIhDYp5JgzcaGICyp+SvEQyQR1ia2mgmhOb/yInHPGpcN5+a83m6VaVTBITgGp6AJLkAbXIMOcAEGj+AZvII368l6sd6tj1lpxSp79sEfWJ8/wMiV1g==</latexit>

Communication policies

P(Ui = 1 | Xi = xi) = Ui(xi)
<latexit sha1_base64="M/AoYyvReVWYDCGyOCUtI0oC2Ao=">AAACGnicbZDLSsNAFIYnXmu9RV26GSxC3ZSkCNZFoeDGZQVjC00Ik8mkHTq5MDMRS8h7uPFV3LhQcSdufBsnaRbaemDg4//PYc75vYRRIQ3jW1tZXVvf2Kxt1bd3dvf29YPDOxGnHBMLxyzmQw8JwmhELEklI8OEExR6jAy86VXhD+4JFzSObuUsIU6IxhENKEZSSa7etkMkJ16Q9fOm5dKuaYfUh0NFDy49g11Y+hixzMpd2ixEV28YLaMsuAxmBQ1QVd/VP20/xmlIIokZEmJkGol0MsQlxYzkdTsVJEF4isZkpDBCIRFOVt6Ww1Ol+DCIuXqRhKX6eyJDoRCz0FOdxaZi0SvE/7xRKoOOk9EoSSWJ8PyjIGVQxrAICvqUEyzZTAHCnKpdIZ4gjrBUcdZVCObiyctgtVuXLePmvNHrVGnUwDE4AU1gggvQA9egDyyAwSN4Bq/gTXvSXrR37WPeuqJVM0fgT2lfP4gpoAY=</latexit><latexit sha1_base64="M/AoYyvReVWYDCGyOCUtI0oC2Ao=">AAACGnicbZDLSsNAFIYnXmu9RV26GSxC3ZSkCNZFoeDGZQVjC00Ik8mkHTq5MDMRS8h7uPFV3LhQcSdufBsnaRbaemDg4//PYc75vYRRIQ3jW1tZXVvf2Kxt1bd3dvf29YPDOxGnHBMLxyzmQw8JwmhELEklI8OEExR6jAy86VXhD+4JFzSObuUsIU6IxhENKEZSSa7etkMkJ16Q9fOm5dKuaYfUh0NFDy49g11Y+hixzMpd2ixEV28YLaMsuAxmBQ1QVd/VP20/xmlIIokZEmJkGol0MsQlxYzkdTsVJEF4isZkpDBCIRFOVt6Ww1Ol+DCIuXqRhKX6eyJDoRCz0FOdxaZi0SvE/7xRKoOOk9EoSSWJ8PyjIGVQxrAICvqUEyzZTAHCnKpdIZ4gjrBUcdZVCObiyctgtVuXLePmvNHrVGnUwDE4AU1gggvQA9egDyyAwSN4Bq/gTXvSXrR37WPeuqJVM0fgT2lfP4gpoAY=</latexit><latexit sha1_base64="M/AoYyvReVWYDCGyOCUtI0oC2Ao=">AAACGnicbZDLSsNAFIYnXmu9RV26GSxC3ZSkCNZFoeDGZQVjC00Ik8mkHTq5MDMRS8h7uPFV3LhQcSdufBsnaRbaemDg4//PYc75vYRRIQ3jW1tZXVvf2Kxt1bd3dvf29YPDOxGnHBMLxyzmQw8JwmhELEklI8OEExR6jAy86VXhD+4JFzSObuUsIU6IxhENKEZSSa7etkMkJ16Q9fOm5dKuaYfUh0NFDy49g11Y+hixzMpd2ixEV28YLaMsuAxmBQ1QVd/VP20/xmlIIokZEmJkGol0MsQlxYzkdTsVJEF4isZkpDBCIRFOVt6Ww1Ol+DCIuXqRhKX6eyJDoRCz0FOdxaZi0SvE/7xRKoOOk9EoSSWJ8PyjIGVQxrAICvqUEyzZTAHCnKpdIZ4gjrBUcdZVCObiyctgtVuXLePmvNHrVGnUwDE4AU1gggvQA9egDyyAwSN4Bq/gTXvSXrR37WPeuqJVM0fgT2lfP4gpoAY=</latexit>

Estimation policies

Si = (i,Xi)
<latexit sha1_base64="IwPkQad5g/2tHSbOo+pek5rGM50=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBahgpREBOtBKHjxWNHYQhvCZrtpl242cXdTKKG/w4sHFa/+GW/+G7dtDtr6YODx3gwz84KEM6Vt+9sqrKyurW8UN0tb2zu7e+X9g0cVp5JQl8Q8lu0AK8qZoK5mmtN2IimOAk5bwfBm6rdGVCoWiwc9TqgX4b5gISNYG8m79xm6RlV21vbZqV+u2DV7BrRMnJxUIEfTL391ezFJIyo04VipjmMn2suw1IxwOil1U0UTTIa4TzuGChxR5WWzoyfoxCg9FMbSlNBopv6eyHCk1DgKTGeE9UAtelPxP6+T6rDuZUwkqaaCzBeFKUc6RtMEUI9JSjQfG4KJZOZWRAZYYqJNTiUTgrP48jJxz2tXNfvuotKo52kU4QiOoQoOXEIDbqEJLhB4gmd4hTdrZL1Y79bHvLVg5TOH8AfW5w/lFpBj</latexit><latexit sha1_base64="IwPkQad5g/2tHSbOo+pek5rGM50=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBahgpREBOtBKHjxWNHYQhvCZrtpl242cXdTKKG/w4sHFa/+GW/+G7dtDtr6YODx3gwz84KEM6Vt+9sqrKyurW8UN0tb2zu7e+X9g0cVp5JQl8Q8lu0AK8qZoK5mmtN2IimOAk5bwfBm6rdGVCoWiwc9TqgX4b5gISNYG8m79xm6RlV21vbZqV+u2DV7BrRMnJxUIEfTL391ezFJIyo04VipjmMn2suw1IxwOil1U0UTTIa4TzuGChxR5WWzoyfoxCg9FMbSlNBopv6eyHCk1DgKTGeE9UAtelPxP6+T6rDuZUwkqaaCzBeFKUc6RtMEUI9JSjQfG4KJZOZWRAZYYqJNTiUTgrP48jJxz2tXNfvuotKo52kU4QiOoQoOXEIDbqEJLhB4gmd4hTdrZL1Y79bHvLVg5TOH8AfW5w/lFpBj</latexit><latexit sha1_base64="IwPkQad5g/2tHSbOo+pek5rGM50=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBahgpREBOtBKHjxWNHYQhvCZrtpl242cXdTKKG/w4sHFa/+GW/+G7dtDtr6YODx3gwz84KEM6Vt+9sqrKyurW8UN0tb2zu7e+X9g0cVp5JQl8Q8lu0AK8qZoK5mmtN2IimOAk5bwfBm6rdGVCoWiwc9TqgX4b5gISNYG8m79xm6RlV21vbZqV+u2DV7BrRMnJxUIEfTL391ezFJIyo04VipjmMn2suw1IxwOil1U0UTTIa4TzuGChxR5WWzoyfoxCg9FMbSlNBopv6eyHCk1DgKTGeE9UAtelPxP6+T6rDuZUwkqaaCzBeFKUc6RtMEUI9JSjQfG4KJZOZWRAZYYqJNTiUTgrP48jJxz2tXNfvuotKo52kU4QiOoQoOXEIDbqEJLhB4gmd4hTdrZL1Y79bHvLVg5TOH8AfW5w/lFpBj</latexit>

Si = ?
<latexit sha1_base64="JP0NOwBpVMxpYcA+X73LsXjNYXs=">AAAB+XicbVBNS8NAEN34WetXqkcvi0XwVBIRrAeh4MVjRWMLbQib7aZdutmE3UmlxP4ULx5UvPpPvPlv3LY5aOuDgcd7M8zMC1PBNTjOt7Wyura+sVnaKm/v7O7t25WDB51kijKPJiJR7ZBoJrhkHnAQrJ0qRuJQsFY4vJ76rRFTmifyHsYp82PSlzzilICRArtyF3B8hbsjomQCAy77gV11as4MeJm4BamiAs3A/ur2EprFTAIVROuO66Tg50QBp4JNyt1Ms5TQIemzjqGSxEz7+ez0CT4xSg9HiTIlAc/U3xM5ibUex6HpjAkM9KI3Ff/zOhlEdT/nMs2ASTpfFGUCQ4KnOeAeV4yCGBtCqOLmVkwHRBEKJq2yCcFdfHmZeGe1y5pze15t1Is0SugIHaNT5KIL1EA3qIk8RNEjekav6M16sl6sd+tj3rpiFTOH6A+szx/xXpNS</latexit><latexit sha1_base64="JP0NOwBpVMxpYcA+X73LsXjNYXs=">AAAB+XicbVBNS8NAEN34WetXqkcvi0XwVBIRrAeh4MVjRWMLbQib7aZdutmE3UmlxP4ULx5UvPpPvPlv3LY5aOuDgcd7M8zMC1PBNTjOt7Wyura+sVnaKm/v7O7t25WDB51kijKPJiJR7ZBoJrhkHnAQrJ0qRuJQsFY4vJ76rRFTmifyHsYp82PSlzzilICRArtyF3B8hbsjomQCAy77gV11as4MeJm4BamiAs3A/ur2EprFTAIVROuO66Tg50QBp4JNyt1Ms5TQIemzjqGSxEz7+ez0CT4xSg9HiTIlAc/U3xM5ibUex6HpjAkM9KI3Ff/zOhlEdT/nMs2ASTpfFGUCQ4KnOeAeV4yCGBtCqOLmVkwHRBEKJq2yCcFdfHmZeGe1y5pze15t1Is0SugIHaNT5KIL1EA3qIk8RNEjekav6M16sl6sd+tj3rpiFTOH6A+szx/xXpNS</latexit><latexit sha1_base64="JP0NOwBpVMxpYcA+X73LsXjNYXs=">AAAB+XicbVBNS8NAEN34WetXqkcvi0XwVBIRrAeh4MVjRWMLbQib7aZdutmE3UmlxP4ULx5UvPpPvPlv3LY5aOuDgcd7M8zMC1PBNTjOt7Wyura+sVnaKm/v7O7t25WDB51kijKPJiJR7ZBoJrhkHnAQrJ0qRuJQsFY4vJ76rRFTmifyHsYp82PSlzzilICRArtyF3B8hbsjomQCAy77gV11as4MeJm4BamiAs3A/ur2EprFTAIVROuO66Tg50QBp4JNyt1Ms5TQIemzjqGSxEz7+ez0CT4xSg9HiTIlAc/U3xM5ibUex6HpjAkM9KI3Ff/zOhlEdT/nMs2ASTpfFGUCQ4KnOeAeV4yCGBtCqOLmVkwHRBEKJq2yCcFdfHmZeGe1y5pze15t1Is0SugIHaNT5KIL1EA3qIk8RNEjekav6M16sl6sd+tj3rpiFTOH6A+szx/xXpNS</latexit>

Xi ⇠ pi
<latexit sha1_base64="Wfo/gThYXAKhkvY1iffrW6V6Z/Y=">AAAB9HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEaL0VvHisYGyhjWGz3bRLdzdhd6OU0P/hxYOKV3+MN/+N2zYHbX0w8Hhvhpl5UcqZNq777ZTW1jc2t8rblZ3dvf2D6uHRvU4yRahPEp6oboQ15UxS3zDDaTdVFIuI0040vp75nUeqNEvknZmkNBB4KFnMCDZWeuiGDPU1EygNczYNqzW37s6BVolXkBoUaIfVr/4gIZmg0hCOte55bmqCHCvDCKfTSj/TNMVkjIe0Z6nEguogn189RWdWGaA4UbakQXP190SOhdYTEdlOgc1IL3sz8T+vl5m4GeRMppmhkiwWxRlHJkGzCNCAKUoMn1iCiWL2VkRGWGFibFAVG4K3/PIq8S/qV3X39rLWahZplOEETuEcPGhAC26gDT4QUPAMr/DmPDkvzrvzsWgtOcXMMfyB8/kDe3iSBA==</latexit><latexit sha1_base64="Wfo/gThYXAKhkvY1iffrW6V6Z/Y=">AAAB9HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEaL0VvHisYGyhjWGz3bRLdzdhd6OU0P/hxYOKV3+MN/+N2zYHbX0w8Hhvhpl5UcqZNq777ZTW1jc2t8rblZ3dvf2D6uHRvU4yRahPEp6oboQ15UxS3zDDaTdVFIuI0040vp75nUeqNEvknZmkNBB4KFnMCDZWeuiGDPU1EygNczYNqzW37s6BVolXkBoUaIfVr/4gIZmg0hCOte55bmqCHCvDCKfTSj/TNMVkjIe0Z6nEguogn189RWdWGaA4UbakQXP190SOhdYTEdlOgc1IL3sz8T+vl5m4GeRMppmhkiwWxRlHJkGzCNCAKUoMn1iCiWL2VkRGWGFibFAVG4K3/PIq8S/qV3X39rLWahZplOEETuEcPGhAC26gDT4QUPAMr/DmPDkvzrvzsWgtOcXMMfyB8/kDe3iSBA==</latexit><latexit sha1_base64="Wfo/gThYXAKhkvY1iffrW6V6Z/Y=">AAAB9HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEaL0VvHisYGyhjWGz3bRLdzdhd6OU0P/hxYOKV3+MN/+N2zYHbX0w8Hhvhpl5UcqZNq777ZTW1jc2t8rblZ3dvf2D6uHRvU4yRahPEp6oboQ15UxS3zDDaTdVFIuI0040vp75nUeqNEvknZmkNBB4KFnMCDZWeuiGDPU1EygNczYNqzW37s6BVolXkBoUaIfVr/4gIZmg0hCOte55bmqCHCvDCKfTSj/TNMVkjIe0Z6nEguogn189RWdWGaA4UbakQXP190SOhdYTEdlOgc1IL3sz8T+vl5m4GeRMppmhkiwWxRlHJkGzCNCAKUoMn1iCiWL2VkRGWGFibFAVG4K3/PIq8S/qV3X39rLWahZplOEETuEcPGhAC26gDT4QUPAMr/DmPDkvzrvzsWgtOcXMMfyB8/kDe3iSBA==</latexit>

|Xi| < 1
<latexit sha1_base64="nXgvK6IvIsBzAKCy/E1nJPhXNPA=">AAAB/XicbVBNS8NAFNzUr1q/ouLJS7AInkoqghU8FLx4rGBsoQlhs920SzebsPsihLTgX/HiQcWr/8Ob/8ZNm4O2DiwMM+/xZidIOFNg299GZWV1bX2julnb2t7Z3TP3Dx5UnEpCHRLzWPYCrChngjrAgNNeIimOAk67wfim8LuPVCoWi3vIEupFeChYyAgGLfnm0cSNMIyCIO9NfTa5dpkIIfPNut2wZ7CWSbMkdVSi45tf7iAmaUQFEI6V6jftBLwcS2CE02nNTRVNMBnjIe1rKnBElZfP4k+tU60MrDCW+gmwZurvjRxHSmVRoCeLrGrRK8T/vH4KYcvLmUhSoILMD4UptyC2ii6sAZOUAM80wUQyndUiIywxAd1YTZfQXPzyMnHOG1cN++6i3m6VbVTRMTpBZ6iJLlEb3aIOchBBOXpGr+jNeDJejHfjYz5aMcqdQ/QHxucPUk+V4g==</latexit><latexit sha1_base64="nXgvK6IvIsBzAKCy/E1nJPhXNPA=">AAAB/XicbVBNS8NAFNzUr1q/ouLJS7AInkoqghU8FLx4rGBsoQlhs920SzebsPsihLTgX/HiQcWr/8Ob/8ZNm4O2DiwMM+/xZidIOFNg299GZWV1bX2julnb2t7Z3TP3Dx5UnEpCHRLzWPYCrChngjrAgNNeIimOAk67wfim8LuPVCoWi3vIEupFeChYyAgGLfnm0cSNMIyCIO9NfTa5dpkIIfPNut2wZ7CWSbMkdVSi45tf7iAmaUQFEI6V6jftBLwcS2CE02nNTRVNMBnjIe1rKnBElZfP4k+tU60MrDCW+gmwZurvjRxHSmVRoCeLrGrRK8T/vH4KYcvLmUhSoILMD4UptyC2ii6sAZOUAM80wUQyndUiIywxAd1YTZfQXPzyMnHOG1cN++6i3m6VbVTRMTpBZ6iJLlEb3aIOchBBOXpGr+jNeDJejHfjYz5aMcqdQ/QHxucPUk+V4g==</latexit><latexit sha1_base64="nXgvK6IvIsBzAKCy/E1nJPhXNPA=">AAAB/XicbVBNS8NAFNzUr1q/ouLJS7AInkoqghU8FLx4rGBsoQlhs920SzebsPsihLTgX/HiQcWr/8Ob/8ZNm4O2DiwMM+/xZidIOFNg299GZWV1bX2julnb2t7Z3TP3Dx5UnEpCHRLzWPYCrChngjrAgNNeIimOAk67wfim8LuPVCoWi3vIEupFeChYyAgGLfnm0cSNMIyCIO9NfTa5dpkIIfPNut2wZ7CWSbMkdVSi45tf7iAmaUQFEI6V6jftBLwcS2CE02nNTRVNMBnjIe1rKnBElZfP4k+tU60MrDCW+gmwZurvjRxHSmVRoCeLrGrRK8T/vH4KYcvLmUhSoILMD4UptyC2ii6sAZOUAM80wUQyndUiIywxAd1YTZfQXPzyMnHOG1cN++6i3m6VbVTRMTpBZ6iJLlEb3aIOchBBOXpGr+jNeDJejHfjYz5aMcqdQ/QHxucPUk+V4g==</latexit>

S1

S2

S3

SN
<latexit sha1_base64="Gp1tU/YffcepriCV1TdJcb9CO2w=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsN4KXjxJpcYW2lA22027dLMJuxOhlP4ELx5UvPqPvPlv3LY5aOuDgcd7M8zMC1MpDLrut1NYW9/Y3Cpul3Z29/YPyodHjybJNOM+S2Si2yE1XArFfRQoeTvVnMah5K1wdDPzW09cG5GoBxynPIjpQIlIMIpWajZ7d71yxa26c5BV4uWkAjkavfJXt5+wLOYKmaTGdDw3xWBCNQom+bTUzQxPKRvRAe9YqmjMTTCZnzolZ1bpkyjRthSSufp7YkJjY8ZxaDtjikOz7M3E/7xOhlEtmAiVZsgVWyyKMkkwIbO/SV9ozlCOLaFMC3srYUOqKUObTsmG4C2/vEr8i+p11b2/rNRreRpFOIFTOAcPrqAOt9AAHxgM4Ble4c2Rzovz7nwsWgtOPnMMf+B8/gBpv41h</latexit><latexit sha1_base64="Gp1tU/YffcepriCV1TdJcb9CO2w=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsN4KXjxJpcYW2lA22027dLMJuxOhlP4ELx5UvPqPvPlv3LY5aOuDgcd7M8zMC1MpDLrut1NYW9/Y3Cpul3Z29/YPyodHjybJNOM+S2Si2yE1XArFfRQoeTvVnMah5K1wdDPzW09cG5GoBxynPIjpQIlIMIpWajZ7d71yxa26c5BV4uWkAjkavfJXt5+wLOYKmaTGdDw3xWBCNQom+bTUzQxPKRvRAe9YqmjMTTCZnzolZ1bpkyjRthSSufp7YkJjY8ZxaDtjikOz7M3E/7xOhlEtmAiVZsgVWyyKMkkwIbO/SV9ozlCOLaFMC3srYUOqKUObTsmG4C2/vEr8i+p11b2/rNRreRpFOIFTOAcPrqAOt9AAHxgM4Ble4c2Rzovz7nwsWgtOPnMMf+B8/gBpv41h</latexit><latexit sha1_base64="Gp1tU/YffcepriCV1TdJcb9CO2w=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsN4KXjxJpcYW2lA22027dLMJuxOhlP4ELx5UvPqPvPlv3LY5aOuDgcd7M8zMC1MpDLrut1NYW9/Y3Cpul3Z29/YPyodHjybJNOM+S2Si2yE1XArFfRQoeTvVnMah5K1wdDPzW09cG5GoBxynPIjpQIlIMIpWajZ7d71yxa26c5BV4uWkAjkavfJXt5+wLOYKmaTGdDw3xWBCNQom+bTUzQxPKRvRAe9YqmjMTTCZnzolZ1bpkyjRthSSufp7YkJjY8ZxaDtjikOz7M3E/7xOhlEtmAiVZsgVWyyKMkkwIbO/SV9ozlCOLaFMC3srYUOqKUObTsmG4C2/vEr8i+p11b2/rNRreRpFOIFTOAcPrqAOt9AAHxgM4Ble4c2Rzovz7nwsWgtOPnMMf+B8/gBpv41h</latexit>

collision
channel

...

Y

X1

X2

X3

XN
<latexit sha1_base64="DQH19/JPw1F66rqew9nlbltlac8=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4KokI1lvBiyepaGyhDWWznbRLN5uwuxFK6E/w4kHFq//Im//GbZuDtj4YeLw3w8y8MBVcG9f9dlZW19Y3Nktb5e2d3b39ysHho04yxdBniUhUO6QaBZfoG24EtlOFNA4FtsLR9dRvPaHSPJEPZpxiENOB5BFn1Fjpvt277VWqbs2dgSwTryBVKNDsVb66/YRlMUrDBNW647mpCXKqDGcCJ+VupjGlbEQH2LFU0hh1kM9OnZBTq/RJlChb0pCZ+nsip7HW4zi0nTE1Q73oTcX/vE5monqQc5lmBiWbL4oyQUxCpn+TPlfIjBhbQpni9lbChlRRZmw6ZRuCt/jyMvHPa1c19+6i2qgXaZTgGE7gDDy4hAbcQBN8YDCAZ3iFN0c4L8678zFvXXGKmSP4A+fzB3FYjWY=</latexit><latexit sha1_base64="DQH19/JPw1F66rqew9nlbltlac8=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4KokI1lvBiyepaGyhDWWznbRLN5uwuxFK6E/w4kHFq//Im//GbZuDtj4YeLw3w8y8MBVcG9f9dlZW19Y3Nktb5e2d3b39ysHho04yxdBniUhUO6QaBZfoG24EtlOFNA4FtsLR9dRvPaHSPJEPZpxiENOB5BFn1Fjpvt277VWqbs2dgSwTryBVKNDsVb66/YRlMUrDBNW647mpCXKqDGcCJ+VupjGlbEQH2LFU0hh1kM9OnZBTq/RJlChb0pCZ+nsip7HW4zi0nTE1Q73oTcX/vE5monqQc5lmBiWbL4oyQUxCpn+TPlfIjBhbQpni9lbChlRRZmw6ZRuCt/jyMvHPa1c19+6i2qgXaZTgGE7gDDy4hAbcQBN8YDCAZ3iFN0c4L8678zFvXXGKmSP4A+fzB3FYjWY=</latexit><latexit sha1_base64="DQH19/JPw1F66rqew9nlbltlac8=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4KokI1lvBiyepaGyhDWWznbRLN5uwuxFK6E/w4kHFq//Im//GbZuDtj4YeLw3w8y8MBVcG9f9dlZW19Y3Nktb5e2d3b39ysHho04yxdBniUhUO6QaBZfoG24EtlOFNA4FtsLR9dRvPaHSPJEPZpxiENOB5BFn1Fjpvt277VWqbs2dgSwTryBVKNDsVb66/YRlMUrDBNW647mpCXKqDGcCJ+VupjGlbEQH2LFU0hh1kM9OnZBTq/RJlChb0pCZ+nsip7HW4zi0nTE1Q73oTcX/vE5monqQc5lmBiWbL4oyQUxCpn+TPlfIjBhbQpni9lbChlRRZmw6ZRuCt/jyMvHPa1c19+6i2qgXaZTgGE7gDDy4hAbcQBN8YDCAZ3iFN0c4L8678zFvXXGKmSP4A+fzB3FYjWY=</latexit>
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64
X̂1
...

X̂N

3

75

<latexit sha1_base64="/FWVOblC/mymZyWuJKakSB82LfI=">AAACJXicbVBNS8NAEN34bfyqevSyWARPJRHBehAEL56kgtVCU8pmM20XN5uwOymW0F/jxb/ixUMVwZN/xW0Noq0PBh7vzTAzL0ylMOh5H87c/MLi0vLKqru2vrG5VdreuTVJpjnUeSIT3QiZASkU1FGghEaqgcWhhLvw/mLs3/VBG5GoGxyk0IpZV4mO4Ayt1C6dBSF0hcrDmKEWD0M36DHMG8O2HwRu0I8SNHTMCvXKDUBFP93tUtmreBPQWeIXpEwK1NqlURAlPItBIZfMmKbvpdjKmUbBJdjtmYGU8XvWhaalisVgWvnkzSE9sEpEO4m2pZBO1N8TOYuNGcSh7bT39cy0Nxb/85oZdqqtXKg0Q1D8e1EnkxQTOs6MRkIDRzmwhHEt7K2U95hmHG2yrg3Bn355ltSPKqcV7/q4fF4t0lghe2SfHBKfnJBzcklqpE44eSTPZERenSfnxXlz3r9b55xiZpf8gfP5BYHYpfs=</latexit><latexit sha1_base64="/FWVOblC/mymZyWuJKakSB82LfI=">AAACJXicbVBNS8NAEN34bfyqevSyWARPJRHBehAEL56kgtVCU8pmM20XN5uwOymW0F/jxb/ixUMVwZN/xW0Noq0PBh7vzTAzL0ylMOh5H87c/MLi0vLKqru2vrG5VdreuTVJpjnUeSIT3QiZASkU1FGghEaqgcWhhLvw/mLs3/VBG5GoGxyk0IpZV4mO4Ayt1C6dBSF0hcrDmKEWD0M36DHMG8O2HwRu0I8SNHTMCvXKDUBFP93tUtmreBPQWeIXpEwK1NqlURAlPItBIZfMmKbvpdjKmUbBJdjtmYGU8XvWhaalisVgWvnkzSE9sEpEO4m2pZBO1N8TOYuNGcSh7bT39cy0Nxb/85oZdqqtXKg0Q1D8e1EnkxQTOs6MRkIDRzmwhHEt7K2U95hmHG2yrg3Bn355ltSPKqcV7/q4fF4t0lghe2SfHBKfnJBzcklqpE44eSTPZERenSfnxXlz3r9b55xiZpf8gfP5BYHYpfs=</latexit><latexit sha1_base64="/FWVOblC/mymZyWuJKakSB82LfI=">AAACJXicbVBNS8NAEN34bfyqevSyWARPJRHBehAEL56kgtVCU8pmM20XN5uwOymW0F/jxb/ixUMVwZN/xW0Noq0PBh7vzTAzL0ylMOh5H87c/MLi0vLKqru2vrG5VdreuTVJpjnUeSIT3QiZASkU1FGghEaqgcWhhLvw/mLs3/VBG5GoGxyk0IpZV4mO4Ayt1C6dBSF0hcrDmKEWD0M36DHMG8O2HwRu0I8SNHTMCvXKDUBFP93tUtmreBPQWeIXpEwK1NqlURAlPItBIZfMmKbvpdjKmUbBJdjtmYGU8XvWhaalisVgWvnkzSE9sEpEO4m2pZBO1N8TOYuNGcSh7bT39cy0Nxb/85oZdqqtXKg0Q1D8e1EnkxQTOs6MRkIDRzmwhHEt7K2U95hmHG2yrg3Bn355ltSPKqcV7/q4fF4t0lghe2SfHBKfnJBzcklqpE44eSTPZERenSfnxXlz3r9b55xiZpf8gfP5BYHYpfs=</latexit>

U1

U2

U3

UN
<latexit sha1_base64="mcuWMRZ+fxaKCc0tWTP3Ox6rX0A=">AAAB83icbVBNSwMxFHxbv2r9qnr0EiyCp7IrgvVW8OJJKri20C4lm2bb0CS7JtlCWfo7vHhQ8eqf8ea/MdvuQVsHAsPMe7zJhAln2rjut1NaW9/Y3CpvV3Z29/YPqodHjzpOFaE+iXmsOiHWlDNJfcMMp51EUSxCTtvh+Cb32xOqNIvlg5kmNBB4KFnECDZWCnoCmxHBPPNn/bt+tebW3TnQKvEKUoMCrX71qzeISSqoNIRjrbuem5ggw8owwums0ks1TTAZ4yHtWiqxoDrI5qFn6MwqAxTFyj5p0Fz9vZFhofVUhHYyD6mXvVz8z+umJmoEGZNJaqgki0NRypGJUd4AGjBFieFTSzBRzGZFZIQVJsb2VLEleMtfXiX+Rf267t5f1pqNoo0ynMApnIMHV9CEW2iBDwSe4Ble4c2ZOC/Ou/OxGC05xc4x/IHz+QNOmpH1</latexit><latexit sha1_base64="mcuWMRZ+fxaKCc0tWTP3Ox6rX0A=">AAAB83icbVBNSwMxFHxbv2r9qnr0EiyCp7IrgvVW8OJJKri20C4lm2bb0CS7JtlCWfo7vHhQ8eqf8ea/MdvuQVsHAsPMe7zJhAln2rjut1NaW9/Y3CpvV3Z29/YPqodHjzpOFaE+iXmsOiHWlDNJfcMMp51EUSxCTtvh+Cb32xOqNIvlg5kmNBB4KFnECDZWCnoCmxHBPPNn/bt+tebW3TnQKvEKUoMCrX71qzeISSqoNIRjrbuem5ggw8owwums0ks1TTAZ4yHtWiqxoDrI5qFn6MwqAxTFyj5p0Fz9vZFhofVUhHYyD6mXvVz8z+umJmoEGZNJaqgki0NRypGJUd4AGjBFieFTSzBRzGZFZIQVJsb2VLEleMtfXiX+Rf267t5f1pqNoo0ynMApnIMHV9CEW2iBDwSe4Ble4c2ZOC/Ou/OxGC05xc4x/IHz+QNOmpH1</latexit><latexit sha1_base64="mcuWMRZ+fxaKCc0tWTP3Ox6rX0A=">AAAB83icbVBNSwMxFHxbv2r9qnr0EiyCp7IrgvVW8OJJKri20C4lm2bb0CS7JtlCWfo7vHhQ8eqf8ea/MdvuQVsHAsPMe7zJhAln2rjut1NaW9/Y3CpvV3Z29/YPqodHjzpOFaE+iXmsOiHWlDNJfcMMp51EUSxCTtvh+Cb32xOqNIvlg5kmNBB4KFnECDZWCnoCmxHBPPNn/bt+tebW3TnQKvEKUoMCrX71qzeISSqoNIRjrbuem5ggw8owwums0ks1TTAZ4yHtWiqxoDrI5qFn6MwqAxTFyj5p0Fz9vZFhofVUhHYyD6mXvVz8z+umJmoEGZNJaqgki0NRypGJUd4AGjBFieFTSzBRzGZFZIQVJsb2VLEleMtfXiX+Rf267t5f1pqNoo0ynMApnIMHV9CEW2iBDwSe4Ble4c2ZOC/Ou/OxGC05xc4x/IHz+QNOmpH1</latexit>

E

X̂i = Ei(y)
<latexit sha1_base64="96xSdpi7y0p8Cba+ucM9LXgDLB8=">AAACBHicbVDLSsNAFJ3UV62vqEtdDBahbkoignUhFERwWcHYQhPCZDpph04mYWYihNCNG3/FjQsVt36EO//GSZuFth4YOHPOvdx7T5AwKpVlfRuVpeWV1bXqem1jc2t7x9zdu5dxKjBxcMxi0QuQJIxy4iiqGOklgqAoYKQbjK8Kv/tAhKQxv1NZQrwIDTkNKUZKS7556I6QynsTn8JL6EZIjTBi+bX+N7IT36xbTWsKuEjsktRBiY5vfrmDGKcR4QozJGXfthLl5UgoihmZ1NxUkgThMRqSvqYcRUR6+fSKCTzWygCGsdCPKzhVf3fkKJIyiwJdWewp571C/M/rpypseTnlSaoIx7NBYcqgimERCRxQQbBimSYIC6p3hXiEBMJKB1fTIdjzJy8S57R50bRuz+rtVplGFRyAI9AANjgHbXADOsABGDyCZ/AK3own48V4Nz5mpRWj7NkHf2B8/gD0spe/</latexit><latexit sha1_base64="96xSdpi7y0p8Cba+ucM9LXgDLB8=">AAACBHicbVDLSsNAFJ3UV62vqEtdDBahbkoignUhFERwWcHYQhPCZDpph04mYWYihNCNG3/FjQsVt36EO//GSZuFth4YOHPOvdx7T5AwKpVlfRuVpeWV1bXqem1jc2t7x9zdu5dxKjBxcMxi0QuQJIxy4iiqGOklgqAoYKQbjK8Kv/tAhKQxv1NZQrwIDTkNKUZKS7556I6QynsTn8JL6EZIjTBi+bX+N7IT36xbTWsKuEjsktRBiY5vfrmDGKcR4QozJGXfthLl5UgoihmZ1NxUkgThMRqSvqYcRUR6+fSKCTzWygCGsdCPKzhVf3fkKJIyiwJdWewp571C/M/rpypseTnlSaoIx7NBYcqgimERCRxQQbBimSYIC6p3hXiEBMJKB1fTIdjzJy8S57R50bRuz+rtVplGFRyAI9AANjgHbXADOsABGDyCZ/AK3own48V4Nz5mpRWj7NkHf2B8/gD0spe/</latexit><latexit sha1_base64="96xSdpi7y0p8Cba+ucM9LXgDLB8=">AAACBHicbVDLSsNAFJ3UV62vqEtdDBahbkoignUhFERwWcHYQhPCZDpph04mYWYihNCNG3/FjQsVt36EO//GSZuFth4YOHPOvdx7T5AwKpVlfRuVpeWV1bXqem1jc2t7x9zdu5dxKjBxcMxi0QuQJIxy4iiqGOklgqAoYKQbjK8Kv/tAhKQxv1NZQrwIDTkNKUZKS7556I6QynsTn8JL6EZIjTBi+bX+N7IT36xbTWsKuEjsktRBiY5vfrmDGKcR4QozJGXfthLl5UgoihmZ1NxUkgThMRqSvqYcRUR6+fSKCTzWygCGsdCPKzhVf3fkKJIyiwJdWewp571C/M/rpypseTnlSaoIx7NBYcqgimERCRxQQbBimSYIC6p3hXiEBMJKB1fTIdjzJy8S57R50bRuz+rtVplGFRyAI9AANjgHbXADOsABGDyCZ/AK3own48V4Nz5mpRWj7NkHf2B8/gD0spe/</latexit>
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MAP estimation over the collision channel

S1

S2

S3

SN
<latexit sha1_base64="Gp1tU/YffcepriCV1TdJcb9CO2w=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsN4KXjxJpcYW2lA22027dLMJuxOhlP4ELx5UvPqPvPlv3LY5aOuDgcd7M8zMC1MpDLrut1NYW9/Y3Cpul3Z29/YPyodHjybJNOM+S2Si2yE1XArFfRQoeTvVnMah5K1wdDPzW09cG5GoBxynPIjpQIlIMIpWajZ7d71yxa26c5BV4uWkAjkavfJXt5+wLOYKmaTGdDw3xWBCNQom+bTUzQxPKRvRAe9YqmjMTTCZnzolZ1bpkyjRthSSufp7YkJjY8ZxaDtjikOz7M3E/7xOhlEtmAiVZsgVWyyKMkkwIbO/SV9ozlCOLaFMC3srYUOqKUObTsmG4C2/vEr8i+p11b2/rNRreRpFOIFTOAcPrqAOt9AAHxgM4Ble4c2Rzovz7nwsWgtOPnMMf+B8/gBpv41h</latexit><latexit sha1_base64="Gp1tU/YffcepriCV1TdJcb9CO2w=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsN4KXjxJpcYW2lA22027dLMJuxOhlP4ELx5UvPqPvPlv3LY5aOuDgcd7M8zMC1MpDLrut1NYW9/Y3Cpul3Z29/YPyodHjybJNOM+S2Si2yE1XArFfRQoeTvVnMah5K1wdDPzW09cG5GoBxynPIjpQIlIMIpWajZ7d71yxa26c5BV4uWkAjkavfJXt5+wLOYKmaTGdDw3xWBCNQom+bTUzQxPKRvRAe9YqmjMTTCZnzolZ1bpkyjRthSSufp7YkJjY8ZxaDtjikOz7M3E/7xOhlEtmAiVZsgVWyyKMkkwIbO/SV9ozlCOLaFMC3srYUOqKUObTsmG4C2/vEr8i+p11b2/rNRreRpFOIFTOAcPrqAOt9AAHxgM4Ble4c2Rzovz7nwsWgtOPnMMf+B8/gBpv41h</latexit><latexit sha1_base64="Gp1tU/YffcepriCV1TdJcb9CO2w=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsN4KXjxJpcYW2lA22027dLMJuxOhlP4ELx5UvPqPvPlv3LY5aOuDgcd7M8zMC1MpDLrut1NYW9/Y3Cpul3Z29/YPyodHjybJNOM+S2Si2yE1XArFfRQoeTvVnMah5K1wdDPzW09cG5GoBxynPIjpQIlIMIpWajZ7d71yxa26c5BV4uWkAjkavfJXt5+wLOYKmaTGdDw3xWBCNQom+bTUzQxPKRvRAe9YqmjMTTCZnzolZ1bpkyjRthSSufp7YkJjY8ZxaDtjikOz7M3E/7xOhlEtmAiVZsgVWyyKMkkwIbO/SV9ozlCOLaFMC3srYUOqKUObTsmG4C2/vEr8i+p11b2/rNRreRpFOIFTOAcPrqAOt9AAHxgM4Ble4c2Rzovz7nwsWgtOPnMMf+B8/gBpv41h</latexit>

collision
channel

...

Y

X1
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X3

XN
<latexit sha1_base64="DQH19/JPw1F66rqew9nlbltlac8=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4KokI1lvBiyepaGyhDWWznbRLN5uwuxFK6E/w4kHFq//Im//GbZuDtj4YeLw3w8y8MBVcG9f9dlZW19Y3Nktb5e2d3b39ysHho04yxdBniUhUO6QaBZfoG24EtlOFNA4FtsLR9dRvPaHSPJEPZpxiENOB5BFn1Fjpvt277VWqbs2dgSwTryBVKNDsVb66/YRlMUrDBNW647mpCXKqDGcCJ+VupjGlbEQH2LFU0hh1kM9OnZBTq/RJlChb0pCZ+nsip7HW4zi0nTE1Q73oTcX/vE5monqQc5lmBiWbL4oyQUxCpn+TPlfIjBhbQpni9lbChlRRZmw6ZRuCt/jyMvHPa1c19+6i2qgXaZTgGE7gDDy4hAbcQBN8YDCAZ3iFN0c4L8678zFvXXGKmSP4A+fzB3FYjWY=</latexit><latexit sha1_base64="DQH19/JPw1F66rqew9nlbltlac8=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4KokI1lvBiyepaGyhDWWznbRLN5uwuxFK6E/w4kHFq//Im//GbZuDtj4YeLw3w8y8MBVcG9f9dlZW19Y3Nktb5e2d3b39ysHho04yxdBniUhUO6QaBZfoG24EtlOFNA4FtsLR9dRvPaHSPJEPZpxiENOB5BFn1Fjpvt277VWqbs2dgSwTryBVKNDsVb66/YRlMUrDBNW647mpCXKqDGcCJ+VupjGlbEQH2LFU0hh1kM9OnZBTq/RJlChb0pCZ+nsip7HW4zi0nTE1Q73oTcX/vE5monqQc5lmBiWbL4oyQUxCpn+TPlfIjBhbQpni9lbChlRRZmw6ZRuCt/jyMvHPa1c19+6i2qgXaZTgGE7gDDy4hAbcQBN8YDCAZ3iFN0c4L8678zFvXXGKmSP4A+fzB3FYjWY=</latexit><latexit sha1_base64="DQH19/JPw1F66rqew9nlbltlac8=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4KokI1lvBiyepaGyhDWWznbRLN5uwuxFK6E/w4kHFq//Im//GbZuDtj4YeLw3w8y8MBVcG9f9dlZW19Y3Nktb5e2d3b39ysHho04yxdBniUhUO6QaBZfoG24EtlOFNA4FtsLR9dRvPaHSPJEPZpxiENOB5BFn1Fjpvt277VWqbs2dgSwTryBVKNDsVb66/YRlMUrDBNW647mpCXKqDGcCJ+VupjGlbEQH2LFU0hh1kM9OnZBTq/RJlChb0pCZ+nsip7HW4zi0nTE1Q73oTcX/vE5monqQc5lmBiWbL4oyQUxCpn+TPlfIjBhbQpni9lbChlRRZmw6ZRuCt/jyMvHPa1c19+6i2qgXaZTgGE7gDDy4hAbcQBN8YDCAZ3iFN0c4L8678zFvXXGKmSP4A+fzB3FYjWY=</latexit>

2

64
X̂1
...

X̂N

3

75

<latexit sha1_base64="/FWVOblC/mymZyWuJKakSB82LfI=">AAACJXicbVBNS8NAEN34bfyqevSyWARPJRHBehAEL56kgtVCU8pmM20XN5uwOymW0F/jxb/ixUMVwZN/xW0Noq0PBh7vzTAzL0ylMOh5H87c/MLi0vLKqru2vrG5VdreuTVJpjnUeSIT3QiZASkU1FGghEaqgcWhhLvw/mLs3/VBG5GoGxyk0IpZV4mO4Ayt1C6dBSF0hcrDmKEWD0M36DHMG8O2HwRu0I8SNHTMCvXKDUBFP93tUtmreBPQWeIXpEwK1NqlURAlPItBIZfMmKbvpdjKmUbBJdjtmYGU8XvWhaalisVgWvnkzSE9sEpEO4m2pZBO1N8TOYuNGcSh7bT39cy0Nxb/85oZdqqtXKg0Q1D8e1EnkxQTOs6MRkIDRzmwhHEt7K2U95hmHG2yrg3Bn355ltSPKqcV7/q4fF4t0lghe2SfHBKfnJBzcklqpE44eSTPZERenSfnxXlz3r9b55xiZpf8gfP5BYHYpfs=</latexit><latexit sha1_base64="/FWVOblC/mymZyWuJKakSB82LfI=">AAACJXicbVBNS8NAEN34bfyqevSyWARPJRHBehAEL56kgtVCU8pmM20XN5uwOymW0F/jxb/ixUMVwZN/xW0Noq0PBh7vzTAzL0ylMOh5H87c/MLi0vLKqru2vrG5VdreuTVJpjnUeSIT3QiZASkU1FGghEaqgcWhhLvw/mLs3/VBG5GoGxyk0IpZV4mO4Ayt1C6dBSF0hcrDmKEWD0M36DHMG8O2HwRu0I8SNHTMCvXKDUBFP93tUtmreBPQWeIXpEwK1NqlURAlPItBIZfMmKbvpdjKmUbBJdjtmYGU8XvWhaalisVgWvnkzSE9sEpEO4m2pZBO1N8TOYuNGcSh7bT39cy0Nxb/85oZdqqtXKg0Q1D8e1EnkxQTOs6MRkIDRzmwhHEt7K2U95hmHG2yrg3Bn355ltSPKqcV7/q4fF4t0lghe2SfHBKfnJBzcklqpE44eSTPZERenSfnxXlz3r9b55xiZpf8gfP5BYHYpfs=</latexit><latexit sha1_base64="/FWVOblC/mymZyWuJKakSB82LfI=">AAACJXicbVBNS8NAEN34bfyqevSyWARPJRHBehAEL56kgtVCU8pmM20XN5uwOymW0F/jxb/ixUMVwZN/xW0Noq0PBh7vzTAzL0ylMOh5H87c/MLi0vLKqru2vrG5VdreuTVJpjnUeSIT3QiZASkU1FGghEaqgcWhhLvw/mLs3/VBG5GoGxyk0IpZV4mO4Ayt1C6dBSF0hcrDmKEWD0M36DHMG8O2HwRu0I8SNHTMCvXKDUBFP93tUtmreBPQWeIXpEwK1NqlURAlPItBIZfMmKbvpdjKmUbBJdjtmYGU8XvWhaalisVgWvnkzSE9sEpEO4m2pZBO1N8TOYuNGcSh7bT39cy0Nxb/85oZdqqtXKg0Q1D8e1EnkxQTOs6MRkIDRzmwhHEt7K2U95hmHG2yrg3Bn355ltSPKqcV7/q4fF4t0lghe2SfHBKfnJBzcklqpE44eSTPZERenSfnxXlz3r9b55xiZpf8gfP5BYHYpfs=</latexit>

U1

U2

U3

UN
<latexit sha1_base64="mcuWMRZ+fxaKCc0tWTP3Ox6rX0A=">AAAB83icbVBNSwMxFHxbv2r9qnr0EiyCp7IrgvVW8OJJKri20C4lm2bb0CS7JtlCWfo7vHhQ8eqf8ea/MdvuQVsHAsPMe7zJhAln2rjut1NaW9/Y3CpvV3Z29/YPqodHjzpOFaE+iXmsOiHWlDNJfcMMp51EUSxCTtvh+Cb32xOqNIvlg5kmNBB4KFnECDZWCnoCmxHBPPNn/bt+tebW3TnQKvEKUoMCrX71qzeISSqoNIRjrbuem5ggw8owwums0ks1TTAZ4yHtWiqxoDrI5qFn6MwqAxTFyj5p0Fz9vZFhofVUhHYyD6mXvVz8z+umJmoEGZNJaqgki0NRypGJUd4AGjBFieFTSzBRzGZFZIQVJsb2VLEleMtfXiX+Rf267t5f1pqNoo0ynMApnIMHV9CEW2iBDwSe4Ble4c2ZOC/Ou/OxGC05xc4x/IHz+QNOmpH1</latexit><latexit sha1_base64="mcuWMRZ+fxaKCc0tWTP3Ox6rX0A=">AAAB83icbVBNSwMxFHxbv2r9qnr0EiyCp7IrgvVW8OJJKri20C4lm2bb0CS7JtlCWfo7vHhQ8eqf8ea/MdvuQVsHAsPMe7zJhAln2rjut1NaW9/Y3CpvV3Z29/YPqodHjzpOFaE+iXmsOiHWlDNJfcMMp51EUSxCTtvh+Cb32xOqNIvlg5kmNBB4KFnECDZWCnoCmxHBPPNn/bt+tebW3TnQKvEKUoMCrX71qzeISSqoNIRjrbuem5ggw8owwums0ks1TTAZ4yHtWiqxoDrI5qFn6MwqAxTFyj5p0Fz9vZFhofVUhHYyD6mXvVz8z+umJmoEGZNJaqgki0NRypGJUd4AGjBFieFTSzBRzGZFZIQVJsb2VLEleMtfXiX+Rf267t5f1pqNoo0ynMApnIMHV9CEW2iBDwSe4Ble4c2ZOC/Ou/OxGC05xc4x/IHz+QNOmpH1</latexit><latexit sha1_base64="mcuWMRZ+fxaKCc0tWTP3Ox6rX0A=">AAAB83icbVBNSwMxFHxbv2r9qnr0EiyCp7IrgvVW8OJJKri20C4lm2bb0CS7JtlCWfo7vHhQ8eqf8ea/MdvuQVsHAsPMe7zJhAln2rjut1NaW9/Y3CpvV3Z29/YPqodHjzpOFaE+iXmsOiHWlDNJfcMMp51EUSxCTtvh+Cb32xOqNIvlg5kmNBB4KFnECDZWCnoCmxHBPPNn/bt+tebW3TnQKvEKUoMCrX71qzeISSqoNIRjrbuem5ggw8owwums0ks1TTAZ4yHtWiqxoDrI5qFn6MwqAxTFyj5p0Fz9vZFhofVUhHYyD6mXvVz8z+umJmoEGZNJaqgki0NRypGJUd4AGjBFieFTSzBRzGZFZIQVJsb2VLEleMtfXiX+Rf267t5f1pqNoo0ynMApnIMHV9CEW2iBDwSe4Ble4c2ZOC/Ou/OxGC05xc4x/IHz+QNOmpH1</latexit>

E

Ei(y) = argmax
↵2Xi

P(Xi = ↵ | Y = y)
<latexit sha1_base64="cm7iv0h5SdWDwNElWKQ5WcpaVM0="></latexit><latexit sha1_base64="cm7iv0h5SdWDwNElWKQ5WcpaVM0="></latexit><latexit sha1_base64="cm7iv0h5SdWDwNElWKQ5WcpaVM0="></latexit>

Find a strategy (U?
1 , · · · ,U?

N ) that minimizes the following cost:
<latexit sha1_base64="pxg0pYDykKPXTJZH0hSjVTZh89Y="></latexit><latexit sha1_base64="pxg0pYDykKPXTJZH0hSjVTZh89Y="></latexit><latexit sha1_base64="pxg0pYDykKPXTJZH0hSjVTZh89Y="></latexit>

MAP estimator

J (U1, · · · ,UN ) =
NX

k=1

⌘kP(Xk 6= X̂k)
<latexit sha1_base64="QFa4NSrc0411kVmyCp8Zx/wssg4="></latexit><latexit sha1_base64="QFa4NSrc0411kVmyCp8Zx/wssg4="></latexit><latexit sha1_base64="QFa4NSrc0411kVmyCp8Zx/wssg4="></latexit>

Aggregate 
prob. of error
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Simplest problem: two sensors

J (U1,U2) = ⌘1P(X1 6= X̂1) + ⌘2P(X2 6= X̂2)
<latexit sha1_base64="XJjQcC2/BwQBu7c5KP284Dle9dY="></latexit><latexit sha1_base64="XJjQcC2/BwQBu7c5KP284Dle9dY="></latexit><latexit sha1_base64="XJjQcC2/BwQBu7c5KP284Dle9dY="></latexit>

collision
channel

S1

S2

Y

X1

X2

U1

U2

E


X̂1

X̂2

�

P(Ui = 1 | Xi = xi) = Ui(xi)
<latexit sha1_base64="M/AoYyvReVWYDCGyOCUtI0oC2Ao=">AAACGnicbZDLSsNAFIYnXmu9RV26GSxC3ZSkCNZFoeDGZQVjC00Ik8mkHTq5MDMRS8h7uPFV3LhQcSdufBsnaRbaemDg4//PYc75vYRRIQ3jW1tZXVvf2Kxt1bd3dvf29YPDOxGnHBMLxyzmQw8JwmhELEklI8OEExR6jAy86VXhD+4JFzSObuUsIU6IxhENKEZSSa7etkMkJ16Q9fOm5dKuaYfUh0NFDy49g11Y+hixzMpd2ixEV28YLaMsuAxmBQ1QVd/VP20/xmlIIokZEmJkGol0MsQlxYzkdTsVJEF4isZkpDBCIRFOVt6Ww1Ol+DCIuXqRhKX6eyJDoRCz0FOdxaZi0SvE/7xRKoOOk9EoSSWJ8PyjIGVQxrAICvqUEyzZTAHCnKpdIZ4gjrBUcdZVCObiyctgtVuXLePmvNHrVGnUwDE4AU1gggvQA9egDyyAwSN4Bq/gTXvSXrR37WPeuqJVM0fgT2lfP4gpoAY=</latexit><latexit sha1_base64="M/AoYyvReVWYDCGyOCUtI0oC2Ao=">AAACGnicbZDLSsNAFIYnXmu9RV26GSxC3ZSkCNZFoeDGZQVjC00Ik8mkHTq5MDMRS8h7uPFV3LhQcSdufBsnaRbaemDg4//PYc75vYRRIQ3jW1tZXVvf2Kxt1bd3dvf29YPDOxGnHBMLxyzmQw8JwmhELEklI8OEExR6jAy86VXhD+4JFzSObuUsIU6IxhENKEZSSa7etkMkJ16Q9fOm5dKuaYfUh0NFDy49g11Y+hixzMpd2ixEV28YLaMsuAxmBQ1QVd/VP20/xmlIIokZEmJkGol0MsQlxYzkdTsVJEF4isZkpDBCIRFOVt6Ww1Ol+DCIuXqRhKX6eyJDoRCz0FOdxaZi0SvE/7xRKoOOk9EoSSWJ8PyjIGVQxrAICvqUEyzZTAHCnKpdIZ4gjrBUcdZVCObiyctgtVuXLePmvNHrVGnUwDE4AU1gggvQA9egDyyAwSN4Bq/gTXvSXrR37WPeuqJVM0fgT2lfP4gpoAY=</latexit><latexit sha1_base64="M/AoYyvReVWYDCGyOCUtI0oC2Ao=">AAACGnicbZDLSsNAFIYnXmu9RV26GSxC3ZSkCNZFoeDGZQVjC00Ik8mkHTq5MDMRS8h7uPFV3LhQcSdufBsnaRbaemDg4//PYc75vYRRIQ3jW1tZXVvf2Kxt1bd3dvf29YPDOxGnHBMLxyzmQw8JwmhELEklI8OEExR6jAy86VXhD+4JFzSObuUsIU6IxhENKEZSSa7etkMkJ16Q9fOm5dKuaYfUh0NFDy49g11Y+hixzMpd2ixEV28YLaMsuAxmBQ1QVd/VP20/xmlIIokZEmJkGol0MsQlxYzkdTsVJEF4isZkpDBCIRFOVt6Ww1Ol+DCIuXqRhKX6eyJDoRCz0FOdxaZi0SvE/7xRKoOOk9EoSSWJ8PyjIGVQxrAICvqUEyzZTAHCnKpdIZ4gjrBUcdZVCObiyctgtVuXLePmvNHrVGnUwDE4AU1gggvQA9egDyyAwSN4Bq/gTXvSXrR37WPeuqJVM0fgT2lfP4gpoAY=</latexit>

Ui =
�
Ui | Xi ! [0, 1]

 
<latexit sha1_base64="weymN+uC/8WeEmq2MKgHGS7buHM="></latexit><latexit sha1_base64="weymN+uC/8WeEmq2MKgHGS7buHM="></latexit><latexit sha1_base64="weymN+uC/8WeEmq2MKgHGS7buHM="></latexit>

min
(U1,U2)2U1⇥U2

<latexit sha1_base64="8/7T95oqLdthOednCUSBJ7hYEjA=">AAACL3icbVDLSsNAFJ34rPUVdelmsAgVpCRFsO4KLnRZwdhCE8JkOmmHTiZhZiKU0E9y46foRkHFrX/hJM2ith4YOHPOvdx7T5AwKpVlvRsrq2vrG5uVrer2zu7evnlw+CDjVGDi4JjFohcgSRjlxFFUMdJLBEFRwEg3GF/nfveRCEljfq8mCfEiNOQ0pBgpLfnmjRtR7md1N0JqhBHLnKlvn8//mmcu5bBQgqCwXUUjIueU5hT6Zs1qWAXgMrFLUgMlOr754g5inEaEK8yQlH3bSpSXIaEoZmRadVNJEoTHaEj6mnKkR3pZcfAUnmplAMNY6McVLNT5jgxFUk6iQFfmW8pFLxf/8/qpClteRnmSKsLxbFCYMqhimKcHB1QQrNhEE4QF1btCPEICYaUzruoQ7MWTl4nTbFw1rLuLWrtVplEBx+AE1IENLkEb3IIOcAAGT+AVfIBP49l4M76M71npilH2HIE/MH5+AY3+qhU=</latexit><latexit sha1_base64="8/7T95oqLdthOednCUSBJ7hYEjA=">AAACL3icbVDLSsNAFJ34rPUVdelmsAgVpCRFsO4KLnRZwdhCE8JkOmmHTiZhZiKU0E9y46foRkHFrX/hJM2ith4YOHPOvdx7T5AwKpVlvRsrq2vrG5uVrer2zu7evnlw+CDjVGDi4JjFohcgSRjlxFFUMdJLBEFRwEg3GF/nfveRCEljfq8mCfEiNOQ0pBgpLfnmjRtR7md1N0JqhBHLnKlvn8//mmcu5bBQgqCwXUUjIueU5hT6Zs1qWAXgMrFLUgMlOr754g5inEaEK8yQlH3bSpSXIaEoZmRadVNJEoTHaEj6mnKkR3pZcfAUnmplAMNY6McVLNT5jgxFUk6iQFfmW8pFLxf/8/qpClteRnmSKsLxbFCYMqhimKcHB1QQrNhEE4QF1btCPEICYaUzruoQ7MWTl4nTbFw1rLuLWrtVplEBx+AE1IENLkEb3IIOcAAGT+AVfIBP49l4M76M71npilH2HIE/MH5+AY3+qhU=</latexit><latexit sha1_base64="8/7T95oqLdthOednCUSBJ7hYEjA=">AAACL3icbVDLSsNAFJ34rPUVdelmsAgVpCRFsO4KLnRZwdhCE8JkOmmHTiZhZiKU0E9y46foRkHFrX/hJM2ith4YOHPOvdx7T5AwKpVlvRsrq2vrG5uVrer2zu7evnlw+CDjVGDi4JjFohcgSRjlxFFUMdJLBEFRwEg3GF/nfveRCEljfq8mCfEiNOQ0pBgpLfnmjRtR7md1N0JqhBHLnKlvn8//mmcu5bBQgqCwXUUjIueU5hT6Zs1qWAXgMrFLUgMlOr754g5inEaEK8yQlH3bSpSXIaEoZmRadVNJEoTHaEj6mnKkR3pZcfAUnmplAMNY6McVLNT5jgxFUk6iQFfmW8pFLxf/8/qpClteRnmSKsLxbFCYMqhimKcHB1QQrNhEE4QF1btCPEICYaUzruoQ7MWTl4nTbFw1rLuLWrtVplEBx+AE1IENLkEb3IIOcAAGT+AVfIBP49l4M76M71npilH2HIE/MH5+AY3+qhU=</latexit>

Ei(y) = argmax
↵2Xi

P(Xi = ↵ | Y = y)
<latexit sha1_base64="cm7iv0h5SdWDwNElWKQ5WcpaVM0="></latexit><latexit sha1_base64="cm7iv0h5SdWDwNElWKQ5WcpaVM0="></latexit><latexit sha1_base64="cm7iv0h5SdWDwNElWKQ5WcpaVM0="></latexit>
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no transmissions >1 transmissionssingle transmission

collision
channel

X1

X2

S1 = (1, X1)

S2 = ?

?

?

Y = (1, X1) collision
channel

X1

X2

S2 = ?

?

?

S1 = ?

Y = ? collision
channel

X1

X2

S1 = (1, X1)?

? S2 = (2, X2)

Y = C

success! collision C

U1 = 1, U2 = 1U1 = 1, U2 = 0 U1 = 0, U2 = 0

no transmission ?

From the channel output we can always recover U1 and U2
<latexit sha1_base64="ybapQIOoJj/4vbl/Wh5yh+tau8s=">AAACJXicbVDLSgMxFM34rPVVdekm2Aquykw31oUgCOJSwVGhlnInvbXBTDIkd5RS+jVu/BU3LlQEV/6KmdqFrwOBwzn3JjknyZR0FIbvwdT0zOzcfGmhvLi0vLJaWVs/dya3AmNhlLGXCThUUmNMkhReZhYhTRReJDeHhX9xi9ZJo89okGE7hWste1IAealT2T+yJuXURy76oDUqbnLKcuJ3XgHNQd3BwHGLwvhreC3uRDUOuluwRq1TqYb1cAz+l0QTUmUTnHQqz1ddI/IUNQkFzrWiMKP2ECxJoXBUvsodZiBu4BpbnmpI0bWH45gjvu2VLu8Z648mPla/bwwhdW6QJn4yBeq7314h/ue1cuo120OpfW7U4uuhXq44GV50xrvS5yc18ASElf6vRVsWBPlmy76E6HfkvyRu1Pfq4WmjetCctFFim2yL7bCI7bIDdsxOWMwEu2eP7Jm9BA/BU/AavH2NTgWTnQ32A8HHJ8SOo5Y=</latexit><latexit sha1_base64="ybapQIOoJj/4vbl/Wh5yh+tau8s=">AAACJXicbVDLSgMxFM34rPVVdekm2Aquykw31oUgCOJSwVGhlnInvbXBTDIkd5RS+jVu/BU3LlQEV/6KmdqFrwOBwzn3JjknyZR0FIbvwdT0zOzcfGmhvLi0vLJaWVs/dya3AmNhlLGXCThUUmNMkhReZhYhTRReJDeHhX9xi9ZJo89okGE7hWste1IAealT2T+yJuXURy76oDUqbnLKcuJ3XgHNQd3BwHGLwvhreC3uRDUOuluwRq1TqYb1cAz+l0QTUmUTnHQqz1ddI/IUNQkFzrWiMKP2ECxJoXBUvsodZiBu4BpbnmpI0bWH45gjvu2VLu8Z648mPla/bwwhdW6QJn4yBeq7314h/ue1cuo120OpfW7U4uuhXq44GV50xrvS5yc18ASElf6vRVsWBPlmy76E6HfkvyRu1Pfq4WmjetCctFFim2yL7bCI7bIDdsxOWMwEu2eP7Jm9BA/BU/AavH2NTgWTnQ32A8HHJ8SOo5Y=</latexit><latexit sha1_base64="ybapQIOoJj/4vbl/Wh5yh+tau8s=">AAACJXicbVDLSgMxFM34rPVVdekm2Aquykw31oUgCOJSwVGhlnInvbXBTDIkd5RS+jVu/BU3LlQEV/6KmdqFrwOBwzn3JjknyZR0FIbvwdT0zOzcfGmhvLi0vLJaWVs/dya3AmNhlLGXCThUUmNMkhReZhYhTRReJDeHhX9xi9ZJo89okGE7hWste1IAealT2T+yJuXURy76oDUqbnLKcuJ3XgHNQd3BwHGLwvhreC3uRDUOuluwRq1TqYb1cAz+l0QTUmUTnHQqz1ddI/IUNQkFzrWiMKP2ECxJoXBUvsodZiBu4BpbnmpI0bWH45gjvu2VLu8Z648mPla/bwwhdW6QJn4yBeq7314h/ue1cuo120OpfW7U4uuhXq44GV50xrvS5yc18ASElf6vRVsWBPlmy76E6HfkvyRu1Pfq4WmjetCctFFim2yL7bCI7bIDdsxOWMwEu2eP7Jm9BA/BU/AavH2NTgWTnQ32A8HHJ8SOo5Y=</latexit>
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no transmissions >1 transmissionssingle transmission

collision
channel

X1

X2

S1 = (1, X1)

S2 = ?

?

?

Y = (1, X1) collision
channel

X1

X2

S2 = ?

?

?

S1 = ?

Y = ? collision
channel

X1

X2

S1 = (1, X1)?

? S2 = (2, X2)

Y = C

success! collision C

U1 = 1, U2 = 1U1 = 1, U2 = 0 U1 = 0, U2 = 0

no transmission ?

From the channel output we can always recover U1 and U2
<latexit sha1_base64="ybapQIOoJj/4vbl/Wh5yh+tau8s=">AAACJXicbVDLSgMxFM34rPVVdekm2Aquykw31oUgCOJSwVGhlnInvbXBTDIkd5RS+jVu/BU3LlQEV/6KmdqFrwOBwzn3JjknyZR0FIbvwdT0zOzcfGmhvLi0vLJaWVs/dya3AmNhlLGXCThUUmNMkhReZhYhTRReJDeHhX9xi9ZJo89okGE7hWste1IAealT2T+yJuXURy76oDUqbnLKcuJ3XgHNQd3BwHGLwvhreC3uRDUOuluwRq1TqYb1cAz+l0QTUmUTnHQqz1ddI/IUNQkFzrWiMKP2ECxJoXBUvsodZiBu4BpbnmpI0bWH45gjvu2VLu8Z648mPla/bwwhdW6QJn4yBeq7314h/ue1cuo120OpfW7U4uuhXq44GV50xrvS5yc18ASElf6vRVsWBPlmy76E6HfkvyRu1Pfq4WmjetCctFFim2yL7bCI7bIDdsxOWMwEu2eP7Jm9BA/BU/AavH2NTgWTnQ32A8HHJ8SOo5Y=</latexit><latexit sha1_base64="ybapQIOoJj/4vbl/Wh5yh+tau8s=">AAACJXicbVDLSgMxFM34rPVVdekm2Aquykw31oUgCOJSwVGhlnInvbXBTDIkd5RS+jVu/BU3LlQEV/6KmdqFrwOBwzn3JjknyZR0FIbvwdT0zOzcfGmhvLi0vLJaWVs/dya3AmNhlLGXCThUUmNMkhReZhYhTRReJDeHhX9xi9ZJo89okGE7hWste1IAealT2T+yJuXURy76oDUqbnLKcuJ3XgHNQd3BwHGLwvhreC3uRDUOuluwRq1TqYb1cAz+l0QTUmUTnHQqz1ddI/IUNQkFzrWiMKP2ECxJoXBUvsodZiBu4BpbnmpI0bWH45gjvu2VLu8Z648mPla/bwwhdW6QJn4yBeq7314h/ue1cuo120OpfW7U4uuhXq44GV50xrvS5yc18ASElf6vRVsWBPlmy76E6HfkvyRu1Pfq4WmjetCctFFim2yL7bCI7bIDdsxOWMwEu2eP7Jm9BA/BU/AavH2NTgWTnQ32A8HHJ8SOo5Y=</latexit><latexit sha1_base64="ybapQIOoJj/4vbl/Wh5yh+tau8s=">AAACJXicbVDLSgMxFM34rPVVdekm2Aquykw31oUgCOJSwVGhlnInvbXBTDIkd5RS+jVu/BU3LlQEV/6KmdqFrwOBwzn3JjknyZR0FIbvwdT0zOzcfGmhvLi0vLJaWVs/dya3AmNhlLGXCThUUmNMkhReZhYhTRReJDeHhX9xi9ZJo89okGE7hWste1IAealT2T+yJuXURy76oDUqbnLKcuJ3XgHNQd3BwHGLwvhreC3uRDUOuluwRq1TqYb1cAz+l0QTUmUTnHQqz1ddI/IUNQkFzrWiMKP2ECxJoXBUvsodZiBu4BpbnmpI0bWH45gjvu2VLu8Z648mPla/bwwhdW6QJn4yBeq7314h/ue1cuo120OpfW7U4uuhXq44GV50xrvS5yc18ASElf6vRVsWBPlmy76E6HfkvyRu1Pfq4WmjetCctFFim2yL7bCI7bIDdsxOWMwEu2eP7Jm9BA/BU/AavH2NTgWTnQ32A8HHJ8SOo5Y=</latexit>
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collision
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S1 = (1, X1)

S2 = ?

?

?

Y = (1, X1) collision
channel

X1

X2

S2 = ?

?

?

S1 = ?

Y = ? collision
channel

X1

X2

S1 = (1, X1)?

? S2 = (2, X2)

Y = C

success! collision C

U1 = 1, U2 = 1U1 = 1, U2 = 0 U1 = 0, U2 = 0

no transmission ?

From the channel output we can always recover U1 and U2
<latexit sha1_base64="ybapQIOoJj/4vbl/Wh5yh+tau8s=">AAACJXicbVDLSgMxFM34rPVVdekm2Aquykw31oUgCOJSwVGhlnInvbXBTDIkd5RS+jVu/BU3LlQEV/6KmdqFrwOBwzn3JjknyZR0FIbvwdT0zOzcfGmhvLi0vLJaWVs/dya3AmNhlLGXCThUUmNMkhReZhYhTRReJDeHhX9xi9ZJo89okGE7hWste1IAealT2T+yJuXURy76oDUqbnLKcuJ3XgHNQd3BwHGLwvhreC3uRDUOuluwRq1TqYb1cAz+l0QTUmUTnHQqz1ddI/IUNQkFzrWiMKP2ECxJoXBUvsodZiBu4BpbnmpI0bWH45gjvu2VLu8Z648mPla/bwwhdW6QJn4yBeq7314h/ue1cuo120OpfW7U4uuhXq44GV50xrvS5yc18ASElf6vRVsWBPlmy76E6HfkvyRu1Pfq4WmjetCctFFim2yL7bCI7bIDdsxOWMwEu2eP7Jm9BA/BU/AavH2NTgWTnQ32A8HHJ8SOo5Y=</latexit><latexit sha1_base64="ybapQIOoJj/4vbl/Wh5yh+tau8s=">AAACJXicbVDLSgMxFM34rPVVdekm2Aquykw31oUgCOJSwVGhlnInvbXBTDIkd5RS+jVu/BU3LlQEV/6KmdqFrwOBwzn3JjknyZR0FIbvwdT0zOzcfGmhvLi0vLJaWVs/dya3AmNhlLGXCThUUmNMkhReZhYhTRReJDeHhX9xi9ZJo89okGE7hWste1IAealT2T+yJuXURy76oDUqbnLKcuJ3XgHNQd3BwHGLwvhreC3uRDUOuluwRq1TqYb1cAz+l0QTUmUTnHQqz1ddI/IUNQkFzrWiMKP2ECxJoXBUvsodZiBu4BpbnmpI0bWH45gjvu2VLu8Z648mPla/bwwhdW6QJn4yBeq7314h/ue1cuo120OpfW7U4uuhXq44GV50xrvS5yc18ASElf6vRVsWBPlmy76E6HfkvyRu1Pfq4WmjetCctFFim2yL7bCI7bIDdsxOWMwEu2eP7Jm9BA/BU/AavH2NTgWTnQ32A8HHJ8SOo5Y=</latexit><latexit sha1_base64="ybapQIOoJj/4vbl/Wh5yh+tau8s=">AAACJXicbVDLSgMxFM34rPVVdekm2Aquykw31oUgCOJSwVGhlnInvbXBTDIkd5RS+jVu/BU3LlQEV/6KmdqFrwOBwzn3JjknyZR0FIbvwdT0zOzcfGmhvLi0vLJaWVs/dya3AmNhlLGXCThUUmNMkhReZhYhTRReJDeHhX9xi9ZJo89okGE7hWste1IAealT2T+yJuXURy76oDUqbnLKcuJ3XgHNQd3BwHGLwvhreC3uRDUOuluwRq1TqYb1cAz+l0QTUmUTnHQqz1ddI/IUNQkFzrWiMKP2ECxJoXBUvsodZiBu4BpbnmpI0bWH45gjvu2VLu8Z648mPla/bwwhdW6QJn4yBeq7314h/ue1cuo120OpfW7U4uuhXq44GV50xrvS5yc18ASElf6vRVsWBPlmy76E6HfkvyRu1Pfq4WmjetCctFFim2yL7bCI7bIDdsxOWMwEu2eP7Jm9BA/BU/AavH2NTgWTnQ32A8HHJ8SOo5Y=</latexit>
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S1 = (1, X1)

S2 = ?
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Y = (1, X1) collision
channel

X1

X2

S2 = ?

?

?

S1 = ?

Y = ? collision
channel

X1

X2

S1 = (1, X1)?

? S2 = (2, X2)

Y = C

success! no transmission ? collision C

U1 = 1, U2 = 1U1 = 1, U2 = 0 U1 = 0, U2 = 0

The collision channel is fundamentally different 
from the packet-drop channel1,2

1. Sinopoli et al,  “Kalman filtering with intermittent observations,” IEEE TAC 2004
2. Gupta et al, “Optimal LQG control across packet-dropping links,” Systems and Control Letters 2007
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Team-decision problem  
with nonclassical information structure

Nonconvex 
(in most cases) intractable1,2=)

1. Witsenhausen, “A counterexample in optimal stochastic control,” SIAM J. Control 1968
2. Tsitsiklis & Athans, “On the complexity of decentralized decision making and detection problems,” IEEE TAC 1985

J (U1,U2) = ⌘1P(X1 6= X̂1) + ⌘2P(X2 6= X̂2)
<latexit sha1_base64="XJjQcC2/BwQBu7c5KP284Dle9dY="></latexit><latexit sha1_base64="XJjQcC2/BwQBu7c5KP284Dle9dY="></latexit><latexit sha1_base64="XJjQcC2/BwQBu7c5KP284Dle9dY="></latexit>

min
(U1,U2)2U1⇥U2

<latexit sha1_base64="8/7T95oqLdthOednCUSBJ7hYEjA=">AAACL3icbVDLSsNAFJ34rPUVdelmsAgVpCRFsO4KLnRZwdhCE8JkOmmHTiZhZiKU0E9y46foRkHFrX/hJM2ith4YOHPOvdx7T5AwKpVlvRsrq2vrG5uVrer2zu7evnlw+CDjVGDi4JjFohcgSRjlxFFUMdJLBEFRwEg3GF/nfveRCEljfq8mCfEiNOQ0pBgpLfnmjRtR7md1N0JqhBHLnKlvn8//mmcu5bBQgqCwXUUjIueU5hT6Zs1qWAXgMrFLUgMlOr754g5inEaEK8yQlH3bSpSXIaEoZmRadVNJEoTHaEj6mnKkR3pZcfAUnmplAMNY6McVLNT5jgxFUk6iQFfmW8pFLxf/8/qpClteRnmSKsLxbFCYMqhimKcHB1QQrNhEE4QF1btCPEICYaUzruoQ7MWTl4nTbFw1rLuLWrtVplEBx+AE1IENLkEb3IIOcAAGT+AVfIBP49l4M76M71npilH2HIE/MH5+AY3+qhU=</latexit><latexit sha1_base64="8/7T95oqLdthOednCUSBJ7hYEjA=">AAACL3icbVDLSsNAFJ34rPUVdelmsAgVpCRFsO4KLnRZwdhCE8JkOmmHTiZhZiKU0E9y46foRkHFrX/hJM2ith4YOHPOvdx7T5AwKpVlvRsrq2vrG5uVrer2zu7evnlw+CDjVGDi4JjFohcgSRjlxFFUMdJLBEFRwEg3GF/nfveRCEljfq8mCfEiNOQ0pBgpLfnmjRtR7md1N0JqhBHLnKlvn8//mmcu5bBQgqCwXUUjIueU5hT6Zs1qWAXgMrFLUgMlOr754g5inEaEK8yQlH3bSpSXIaEoZmRadVNJEoTHaEj6mnKkR3pZcfAUnmplAMNY6McVLNT5jgxFUk6iQFfmW8pFLxf/8/qpClteRnmSKsLxbFCYMqhimKcHB1QQrNhEE4QF1btCPEICYaUzruoQ7MWTl4nTbFw1rLuLWrtVplEBx+AE1IENLkEb3IIOcAAGT+AVfIBP49l4M76M71npilH2HIE/MH5+AY3+qhU=</latexit><latexit sha1_base64="8/7T95oqLdthOednCUSBJ7hYEjA=">AAACL3icbVDLSsNAFJ34rPUVdelmsAgVpCRFsO4KLnRZwdhCE8JkOmmHTiZhZiKU0E9y46foRkHFrX/hJM2ith4YOHPOvdx7T5AwKpVlvRsrq2vrG5uVrer2zu7evnlw+CDjVGDi4JjFohcgSRjlxFFUMdJLBEFRwEg3GF/nfveRCEljfq8mCfEiNOQ0pBgpLfnmjRtR7md1N0JqhBHLnKlvn8//mmcu5bBQgqCwXUUjIueU5hT6Zs1qWAXgMrFLUgMlOr754g5inEaEK8yQlH3bSpSXIaEoZmRadVNJEoTHaEj6mnKkR3pZcfAUnmplAMNY6McVLNT5jgxFUk6iQFfmW8pFLxf/8/qpClteRnmSKsLxbFCYMqhimKcHB1QQrNhEE4QF1btCPEICYaUzruoQ7MWTl4nTbFw1rLuLWrtVplEBx+AE1IENLkEb3IIOcAAGT+AVfIBP49l4M76M71npilH2HIE/MH5+AY3+qhU=</latexit>
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1. Witsenhausen, “A counterexample in optimal stochastic control,” SIAM J. Control 1968
2. Tsitsiklis & Athans, “On the complexity of decentralized decision making and detection problems,” IEEE TAC 1985

J (U1,U2) = ⌘1P(X1 6= X̂1) + ⌘2P(X2 6= X̂2)
<latexit sha1_base64="XJjQcC2/BwQBu7c5KP284Dle9dY="></latexit><latexit sha1_base64="XJjQcC2/BwQBu7c5KP284Dle9dY="></latexit><latexit sha1_base64="XJjQcC2/BwQBu7c5KP284Dle9dY="></latexit>

min
(U1,U2)2U1⇥U2

<latexit sha1_base64="8/7T95oqLdthOednCUSBJ7hYEjA=">AAACL3icbVDLSsNAFJ34rPUVdelmsAgVpCRFsO4KLnRZwdhCE8JkOmmHTiZhZiKU0E9y46foRkHFrX/hJM2ith4YOHPOvdx7T5AwKpVlvRsrq2vrG5uVrer2zu7evnlw+CDjVGDi4JjFohcgSRjlxFFUMdJLBEFRwEg3GF/nfveRCEljfq8mCfEiNOQ0pBgpLfnmjRtR7md1N0JqhBHLnKlvn8//mmcu5bBQgqCwXUUjIueU5hT6Zs1qWAXgMrFLUgMlOr754g5inEaEK8yQlH3bSpSXIaEoZmRadVNJEoTHaEj6mnKkR3pZcfAUnmplAMNY6McVLNT5jgxFUk6iQFfmW8pFLxf/8/qpClteRnmSKsLxbFCYMqhimKcHB1QQrNhEE4QF1btCPEICYaUzruoQ7MWTl4nTbFw1rLuLWrtVplEBx+AE1IENLkEb3IIOcAAGT+AVfIBP49l4M76M71npilH2HIE/MH5+AY3+qhU=</latexit><latexit sha1_base64="8/7T95oqLdthOednCUSBJ7hYEjA=">AAACL3icbVDLSsNAFJ34rPUVdelmsAgVpCRFsO4KLnRZwdhCE8JkOmmHTiZhZiKU0E9y46foRkHFrX/hJM2ith4YOHPOvdx7T5AwKpVlvRsrq2vrG5uVrer2zu7evnlw+CDjVGDi4JjFohcgSRjlxFFUMdJLBEFRwEg3GF/nfveRCEljfq8mCfEiNOQ0pBgpLfnmjRtR7md1N0JqhBHLnKlvn8//mmcu5bBQgqCwXUUjIueU5hT6Zs1qWAXgMrFLUgMlOr754g5inEaEK8yQlH3bSpSXIaEoZmRadVNJEoTHaEj6mnKkR3pZcfAUnmplAMNY6McVLNT5jgxFUk6iQFfmW8pFLxf/8/qpClteRnmSKsLxbFCYMqhimKcHB1QQrNhEE4QF1btCPEICYaUzruoQ7MWTl4nTbFw1rLuLWrtVplEBx+AE1IENLkEb3IIOcAAGT+AVfIBP49l4M76M71npilH2HIE/MH5+AY3+qhU=</latexit><latexit sha1_base64="8/7T95oqLdthOednCUSBJ7hYEjA=">AAACL3icbVDLSsNAFJ34rPUVdelmsAgVpCRFsO4KLnRZwdhCE8JkOmmHTiZhZiKU0E9y46foRkHFrX/hJM2ith4YOHPOvdx7T5AwKpVlvRsrq2vrG5uVrer2zu7evnlw+CDjVGDi4JjFohcgSRjlxFFUMdJLBEFRwEg3GF/nfveRCEljfq8mCfEiNOQ0pBgpLfnmjRtR7md1N0JqhBHLnKlvn8//mmcu5bBQgqCwXUUjIueU5hT6Zs1qWAXgMrFLUgMlOr754g5inEaEK8yQlH3bSpSXIaEoZmRadVNJEoTHaEj6mnKkR3pZcfAUnmplAMNY6McVLNT5jgxFUk6iQFfmW8pFLxf/8/qpClteRnmSKsLxbFCYMqhimKcHB1QQrNhEE4QF1btCPEICYaUzruoQ7MWTl4nTbFw1rLuLWrtVplEBx+AE1IENLkEb3IIOcAAGT+AVfIBP49l4M76M71npilH2HIE/MH5+AY3+qhU=</latexit>

Find a structured subset of policies that 
contains an optimal solution

NP-hard!
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<latexit sha1_base64="U5y4AlxMtjPkXoNv25rkvDEtPVY="></latexit><latexit sha1_base64="U5y4AlxMtjPkXoNv25rkvDEtPVY="></latexit><latexit sha1_base64="U5y4AlxMtjPkXoNv25rkvDEtPVY="></latexit>

There exists a globally optimal solution (U?
1 ,U?

2 ) where:
<latexit sha1_base64="F/mX7NKgAk7NMPHoORFOlEpXMLY="></latexit><latexit sha1_base64="F/mX7NKgAk7NMPHoORFOlEpXMLY="></latexit><latexit sha1_base64="F/mX7NKgAk7NMPHoORFOlEpXMLY="></latexit>

Theorem 1
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<latexit sha1_base64="U5y4AlxMtjPkXoNv25rkvDEtPVY="></latexit><latexit sha1_base64="U5y4AlxMtjPkXoNv25rkvDEtPVY="></latexit><latexit sha1_base64="U5y4AlxMtjPkXoNv25rkvDEtPVY="></latexit>

There exists a globally optimal solution (U?
1 ,U?

2 ) where:
<latexit sha1_base64="F/mX7NKgAk7NMPHoORFOlEpXMLY="></latexit><latexit sha1_base64="F/mX7NKgAk7NMPHoORFOlEpXMLY="></latexit><latexit sha1_base64="F/mX7NKgAk7NMPHoORFOlEpXMLY="></latexit>
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Theorem 1

Never transmit
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<latexit sha1_base64="U5y4AlxMtjPkXoNv25rkvDEtPVY="></latexit><latexit sha1_base64="U5y4AlxMtjPkXoNv25rkvDEtPVY="></latexit><latexit sha1_base64="U5y4AlxMtjPkXoNv25rkvDEtPVY="></latexit>

There exists a globally optimal solution (U?
1 ,U?

2 ) where:
<latexit sha1_base64="F/mX7NKgAk7NMPHoORFOlEpXMLY="></latexit><latexit sha1_base64="F/mX7NKgAk7NMPHoORFOlEpXMLY="></latexit><latexit sha1_base64="F/mX7NKgAk7NMPHoORFOlEpXMLY="></latexit>

0 5 10 15

0

0.1

0.2

x

p i
(x
)

Policy V1
i (x)

transmit
stay silent

Theorem 1

Transmit all, 
except the  

most likely symbol
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<latexit sha1_base64="U5y4AlxMtjPkXoNv25rkvDEtPVY="></latexit><latexit sha1_base64="U5y4AlxMtjPkXoNv25rkvDEtPVY="></latexit><latexit sha1_base64="U5y4AlxMtjPkXoNv25rkvDEtPVY="></latexit>

There exists a globally optimal solution (U?
1 ,U?

2 ) where:
<latexit sha1_base64="F/mX7NKgAk7NMPHoORFOlEpXMLY="></latexit><latexit sha1_base64="F/mX7NKgAk7NMPHoORFOlEpXMLY="></latexit><latexit sha1_base64="F/mX7NKgAk7NMPHoORFOlEpXMLY="></latexit>
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<latexit sha1_base64="U5y4AlxMtjPkXoNv25rkvDEtPVY="></latexit><latexit sha1_base64="U5y4AlxMtjPkXoNv25rkvDEtPVY="></latexit><latexit sha1_base64="U5y4AlxMtjPkXoNv25rkvDEtPVY="></latexit>

There exists a globally optimal solution (U?
1 ,U?

2 ) where:
<latexit sha1_base64="F/mX7NKgAk7NMPHoORFOlEpXMLY="></latexit><latexit sha1_base64="F/mX7NKgAk7NMPHoORFOlEpXMLY="></latexit><latexit sha1_base64="F/mX7NKgAk7NMPHoORFOlEpXMLY="></latexit>

This structural result is independent of the pmfs!

2|X1|+|X2|
<latexit sha1_base64="oIyvEf5Ya+vneZDt/Rdv3uTZyvQ=">AAACCXicbVDLSsNAFJ3UV62vqEs3o0UQhJIUwboruHFZwdhCG8NkOmmHTiZhZiKUNGs3/oobFypu/QN3/o2TNovaemDgzDn3cu89fsyoVJb1Y5RWVtfWN8qbla3tnd09c//gXkaJwMTBEYtEx0eSMMqJo6hipBMLgkKfkbY/us799iMRkkb8To1j4oZowGlAMVJa8szj+kM66YVIDX0/7WSePTmf/9YnmWdWrZo1BVwmdkGqoEDLM797/QgnIeEKMyRl17Zi5aZIKIoZySq9RJIY4REakK6mHIVEuun0lAyeaqUPg0joxxWcqvMdKQqlHIe+rsy3lIteLv7ndRMVNNyU8jhRhOPZoCBhUEUwzwX2qSBYsbEmCAuqd4V4iATCSqdX0SHYiycvE6deu6pZtxfVZqNIowyOwAk4Aza4BE1wA1rAARg8gRfwBt6NZ+PV+DA+Z6Ulo+g5BH9gfP0CH7uatg==</latexit><latexit sha1_base64="oIyvEf5Ya+vneZDt/Rdv3uTZyvQ=">AAACCXicbVDLSsNAFJ3UV62vqEs3o0UQhJIUwboruHFZwdhCG8NkOmmHTiZhZiKUNGs3/oobFypu/QN3/o2TNovaemDgzDn3cu89fsyoVJb1Y5RWVtfWN8qbla3tnd09c//gXkaJwMTBEYtEx0eSMMqJo6hipBMLgkKfkbY/us799iMRkkb8To1j4oZowGlAMVJa8szj+kM66YVIDX0/7WSePTmf/9YnmWdWrZo1BVwmdkGqoEDLM797/QgnIeEKMyRl17Zi5aZIKIoZySq9RJIY4REakK6mHIVEuun0lAyeaqUPg0joxxWcqvMdKQqlHIe+rsy3lIteLv7ndRMVNNyU8jhRhOPZoCBhUEUwzwX2qSBYsbEmCAuqd4V4iATCSqdX0SHYiycvE6deu6pZtxfVZqNIowyOwAk4Aza4BE1wA1rAARg8gRfwBt6NZ+PV+DA+Z6Ulo+g5BH9gfP0CH7uatg==</latexit><latexit sha1_base64="oIyvEf5Ya+vneZDt/Rdv3uTZyvQ=">AAACCXicbVDLSsNAFJ3UV62vqEs3o0UQhJIUwboruHFZwdhCG8NkOmmHTiZhZiKUNGs3/oobFypu/QN3/o2TNovaemDgzDn3cu89fsyoVJb1Y5RWVtfWN8qbla3tnd09c//gXkaJwMTBEYtEx0eSMMqJo6hipBMLgkKfkbY/us799iMRkkb8To1j4oZowGlAMVJa8szj+kM66YVIDX0/7WSePTmf/9YnmWdWrZo1BVwmdkGqoEDLM797/QgnIeEKMyRl17Zi5aZIKIoZySq9RJIY4REakK6mHIVEuun0lAyeaqUPg0joxxWcqvMdKQqlHIe+rsy3lIteLv7ndRMVNNyU8jhRhOPZoCBhUEUwzwX2qSBYsbEmCAuqd4V4iATCSqdX0SHYiycvE6deu6pZtxfVZqNIowyOwAk4Aza4BE1wA1rAARg8gRfwBt6NZ+PV+DA+Z6Ulo+g5BH9gfP0CH7uatg==</latexit>

32
<latexit sha1_base64="Cs+9KpCA6bTsY4XThXis8WaBoK0=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4KkkVrLeCF48VjS20sWy2k3bpZhN2N0Ip/QlePKh49R9589+4bXPQ1gcDj/dmmJkXpoJr47rfzsrq2vrGZmGruL2zu7dfOjh80EmmGPosEYlqhVSj4BJ9w43AVqqQxqHAZji8nvrNJ1SaJ/LejFIMYtqXPOKMGivdnT9Wu6WyW3FnIMvEy0kZcjS6pa9OL2FZjNIwQbVue25qgjFVhjOBk2In05hSNqR9bFsqaYw6GM9OnZBTq/RIlChb0pCZ+ntiTGOtR3FoO2NqBnrRm4r/ee3MRLVgzGWaGZRsvijKBDEJmf5NelwhM2JkCWWK21sJG1BFmbHpFG0I3uLLy8SvVq4q7u1FuV7L0yjAMZzAGXhwCXW4gQb4wKAPz/AKb45wXpx352PeuuLkM0fwB87nDw1HjSQ=</latexit><latexit sha1_base64="Cs+9KpCA6bTsY4XThXis8WaBoK0=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4KkkVrLeCF48VjS20sWy2k3bpZhN2N0Ip/QlePKh49R9589+4bXPQ1gcDj/dmmJkXpoJr47rfzsrq2vrGZmGruL2zu7dfOjh80EmmGPosEYlqhVSj4BJ9w43AVqqQxqHAZji8nvrNJ1SaJ/LejFIMYtqXPOKMGivdnT9Wu6WyW3FnIMvEy0kZcjS6pa9OL2FZjNIwQbVue25qgjFVhjOBk2In05hSNqR9bFsqaYw6GM9OnZBTq/RIlChb0pCZ+ntiTGOtR3FoO2NqBnrRm4r/ee3MRLVgzGWaGZRsvijKBDEJmf5NelwhM2JkCWWK21sJG1BFmbHpFG0I3uLLy8SvVq4q7u1FuV7L0yjAMZzAGXhwCXW4gQb4wKAPz/AKb45wXpx352PeuuLkM0fwB87nDw1HjSQ=</latexit><latexit sha1_base64="Cs+9KpCA6bTsY4XThXis8WaBoK0=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4KkkVrLeCF48VjS20sWy2k3bpZhN2N0Ip/QlePKh49R9589+4bXPQ1gcDj/dmmJkXpoJr47rfzsrq2vrGZmGruL2zu7dfOjh80EmmGPosEYlqhVSj4BJ9w43AVqqQxqHAZji8nvrNJ1SaJ/LejFIMYtqXPOKMGivdnT9Wu6WyW3FnIMvEy0kZcjS6pa9OL2FZjNIwQbVue25qgjFVhjOBk2In05hSNqR9bFsqaYw6GM9OnZBTq/RIlChb0pCZ+ntiTGOtR3FoO2NqBnrRm4r/ee3MRLVgzGWaGZRsvijKBDEJmf5NelwhM2JkCWWK21sJG1BFmbHpFG0I3uLLy8SvVq4q7u1FuV7L0yjAMZzAGXhwCXW4gQb4wKAPz/AKb45wXpx352PeuuLkM0fwB87nDw1HjSQ=</latexit>

complexity reduction

Theorem 1
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J (U1,U2) = ⌘1P(X1 6= X̂1) + ⌘2(⇢U2P(U1 = 1) + ✓Ũ2
)

<latexit sha1_base64="RgH0AhAp+z6NXvnOFEdbD+fXqek="></latexit><latexit sha1_base64="RgH0AhAp+z6NXvnOFEdbD+fXqek="></latexit><latexit sha1_base64="RgH0AhAp+z6NXvnOFEdbD+fXqek="></latexit>

J (U1,U2) / P(X1 6= X̂1) +
⌘2
⌘1

⇢U2P(U1 = 1)
<latexit sha1_base64="vlkSwKllX5VkDTZFMt6XIFIxjO0="></latexit><latexit sha1_base64="vlkSwKllX5VkDTZFMt6XIFIxjO0="></latexit><latexit sha1_base64="vlkSwKllX5VkDTZFMt6XIFIxjO0="></latexit>

Cost from the perspective of DM1:

arbitrarily fixed 

collision
channel

S1

S2

Y

X1

X2

U1

U2

E


X̂1

X̂2

�

) is constantP(U2 = 1) = �2
<latexit sha1_base64="yYYS8BVHxICutghLh9Z08Yls8qI=">AAACA3icbVBNS8NAEJ3Ur1q/oh57WSxCvZSkCNZDoeDFYwVjhaaEzXbTLt18sLsRSujBi3/FiwcVr/4Jb/4bN20O2vpg4PHeDDPz/IQzqSzr2yitrW9sbpW3Kzu7e/sH5uHRnYxTQahDYh6Lex9LyllEHcUUp/eJoDj0Oe35k6vc7z1QIVkc3appQgchHkUsYAQrLXlm1Q2xGvtB1p3VHa/Zts9QG7k+VdhrembNalhzoFViF6QGBbqe+eUOY5KGNFKEYyn7tpWoQYaFYoTTWcVNJU0wmeAR7Wsa4ZDKQTZ/YoZOtTJEQSx0RQrN1d8TGQ6lnIa+7sxPlsteLv7n9VMVtAYZi5JU0YgsFgUpRypGeSJoyAQlik81wUQwfSsiYywwUTq3ig7BXn55lTjNxmXDujmvdVpFGmWowgnUwYYL6MA1dMEBAo/wDK/wZjwZL8a78bFoLRnFzDH8gfH5A4yblkM=</latexit><latexit sha1_base64="yYYS8BVHxICutghLh9Z08Yls8qI=">AAACA3icbVBNS8NAEJ3Ur1q/oh57WSxCvZSkCNZDoeDFYwVjhaaEzXbTLt18sLsRSujBi3/FiwcVr/4Jb/4bN20O2vpg4PHeDDPz/IQzqSzr2yitrW9sbpW3Kzu7e/sH5uHRnYxTQahDYh6Lex9LyllEHcUUp/eJoDj0Oe35k6vc7z1QIVkc3appQgchHkUsYAQrLXlm1Q2xGvtB1p3VHa/Zts9QG7k+VdhrembNalhzoFViF6QGBbqe+eUOY5KGNFKEYyn7tpWoQYaFYoTTWcVNJU0wmeAR7Wsa4ZDKQTZ/YoZOtTJEQSx0RQrN1d8TGQ6lnIa+7sxPlsteLv7n9VMVtAYZi5JU0YgsFgUpRypGeSJoyAQlik81wUQwfSsiYywwUTq3ig7BXn55lTjNxmXDujmvdVpFGmWowgnUwYYL6MA1dMEBAo/wDK/wZjwZL8a78bFoLRnFzDH8gfH5A4yblkM=</latexit><latexit sha1_base64="yYYS8BVHxICutghLh9Z08Yls8qI=">AAACA3icbVBNS8NAEJ3Ur1q/oh57WSxCvZSkCNZDoeDFYwVjhaaEzXbTLt18sLsRSujBi3/FiwcVr/4Jb/4bN20O2vpg4PHeDDPz/IQzqSzr2yitrW9sbpW3Kzu7e/sH5uHRnYxTQahDYh6Lex9LyllEHcUUp/eJoDj0Oe35k6vc7z1QIVkc3appQgchHkUsYAQrLXlm1Q2xGvtB1p3VHa/Zts9QG7k+VdhrembNalhzoFViF6QGBbqe+eUOY5KGNFKEYyn7tpWoQYaFYoTTWcVNJU0wmeAR7Wsa4ZDKQTZ/YoZOtTJEQSx0RQrN1d8TGQ6lnIa+7sxPlsteLv7n9VMVtAYZi5JU0YgsFgUpRypGeSJoyAQlik81wUQwfSsiYywwUTq3ig7BXn55lTjNxmXDujmvdVpFGmWowgnUwYYL6MA1dMEBAo/wDK/wZjwZL8a78bFoLRnFzDH8gfH5A4yblkM=</latexit>
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D ⇠ B(�)

X ?? D

Determines if the channel  
is occupied or not

Y EX
SU X̂

Sensor

collision
channel

Estimator

D

J (U) = P(X 6= X̂) + %P(U = 1)
<latexit sha1_base64="Bb6OvLrhGY4tZriSAhewOvIf6CM="></latexit><latexit sha1_base64="Bb6OvLrhGY4tZriSAhewOvIf6CM="></latexit><latexit sha1_base64="Bb6OvLrhGY4tZriSAhewOvIf6CM="></latexit>

E(y) = arg max
↵2X

P(X = ↵ | Y = y)
<latexit sha1_base64="uCAtSUZrsQUSZEBhCDd+lW3rcro="></latexit><latexit sha1_base64="uCAtSUZrsQUSZEBhCDd+lW3rcro="></latexit><latexit sha1_base64="uCAtSUZrsQUSZEBhCDd+lW3rcro="></latexit>

1. Imer & Basar, “Optimal estimation with limited measurements,” IJSCC 2010
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J (U) = 1 + (%+ � � 1)
X

↵2X
U(↵)p(↵)�max

↵2X

n�
1� U(↵)

�
p(↵)

o
� �max

↵2X

n
U(↵)p(↵)

o

<latexit sha1_base64="uRe6lbnbZc+6amoZLazEKQB+6ik="></latexit><latexit sha1_base64="uRe6lbnbZc+6amoZLazEKQB+6ik="></latexit><latexit sha1_base64="uRe6lbnbZc+6amoZLazEKQB+6ik="></latexit>

J (U) = P(X 6= X̂) + %P(U = 1)
<latexit sha1_base64="Bb6OvLrhGY4tZriSAhewOvIf6CM="></latexit><latexit sha1_base64="Bb6OvLrhGY4tZriSAhewOvIf6CM="></latexit><latexit sha1_base64="Bb6OvLrhGY4tZriSAhewOvIf6CM="></latexit>

D ⇠ B(�)

X ?? D

Determines if the channel  
is occupied or not

Y EX
SU X̂

Sensor

collision
channel

Estimator

D
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minimize

subject to 0  U(x)  1, x 2 X

concave function
1. Constrain to deterministic policies

—      no transmission setXU
0

XU
1 —      transmission set

X

J (U) = 1 + (%+ � � 1)
X

↵2X
U(↵)p(↵)�max

↵2X

n�
1� U(↵)

�
p(↵)

o
� �max

↵2X

n
U(↵)p(↵)

o

<latexit sha1_base64="uRe6lbnbZc+6amoZLazEKQB+6ik="></latexit><latexit sha1_base64="uRe6lbnbZc+6amoZLazEKQB+6ik="></latexit><latexit sha1_base64="uRe6lbnbZc+6amoZLazEKQB+6ik="></latexit>

J (U)
<latexit sha1_base64="1CS+vJMcykHoeu2goNUTcSWapZw=">AAACAHicbZDNSsNAFIVv6l+tf1E3gptgEeqmJCJYdwU34qqCsYU2lMl00g6dTMLMRCghbnwVNy5U3PoY7nwbJ20QbT0w8HHuvcy9x48Zlcq2v4zS0vLK6lp5vbKxubW9Y+7u3ckoEZi4OGKR6PhIEkY5cRVVjHRiQVDoM9L2x5d5vX1PhKQRv1WTmHghGnIaUIyUtvrmQS9EaoQRS6+z2g+72UnfrNp1eyprEZwCqlCo1Tc/e4MIJyHhCjMkZdexY+WlSCiKGckqvUSSGOExGpKuRo5CIr10ekFmHWtnYAWR0I8ra+r+nkhRKOUk9HVnvqOcr+Xmf7VuooKGl1IeJ4pwPPsoSJilIiuPwxpQQbBiEw0IC6p3tfAICYSVDq2iQ3DmT14E97R+UbdvzqrNRpFGGQ7hCGrgwDk04Qpa4AKGB3iCF3g1Ho1n4814n7WWjGJmH/7I+PgG4miWsA==</latexit><latexit sha1_base64="1CS+vJMcykHoeu2goNUTcSWapZw=">AAACAHicbZDNSsNAFIVv6l+tf1E3gptgEeqmJCJYdwU34qqCsYU2lMl00g6dTMLMRCghbnwVNy5U3PoY7nwbJ20QbT0w8HHuvcy9x48Zlcq2v4zS0vLK6lp5vbKxubW9Y+7u3ckoEZi4OGKR6PhIEkY5cRVVjHRiQVDoM9L2x5d5vX1PhKQRv1WTmHghGnIaUIyUtvrmQS9EaoQRS6+z2g+72UnfrNp1eyprEZwCqlCo1Tc/e4MIJyHhCjMkZdexY+WlSCiKGckqvUSSGOExGpKuRo5CIr10ekFmHWtnYAWR0I8ra+r+nkhRKOUk9HVnvqOcr+Xmf7VuooKGl1IeJ4pwPPsoSJilIiuPwxpQQbBiEw0IC6p3tfAICYSVDq2iQ3DmT14E97R+UbdvzqrNRpFGGQ7hCGrgwDk04Qpa4AKGB3iCF3g1Ho1n4814n7WWjGJmH/7I+PgG4miWsA==</latexit><latexit sha1_base64="1CS+vJMcykHoeu2goNUTcSWapZw=">AAACAHicbZDNSsNAFIVv6l+tf1E3gptgEeqmJCJYdwU34qqCsYU2lMl00g6dTMLMRCghbnwVNy5U3PoY7nwbJ20QbT0w8HHuvcy9x48Zlcq2v4zS0vLK6lp5vbKxubW9Y+7u3ckoEZi4OGKR6PhIEkY5cRVVjHRiQVDoM9L2x5d5vX1PhKQRv1WTmHghGnIaUIyUtvrmQS9EaoQRS6+z2g+72UnfrNp1eyprEZwCqlCo1Tc/e4MIJyHhCjMkZdexY+WlSCiKGckqvUSSGOExGpKuRo5CIr10ekFmHWtnYAWR0I8ra+r+nkhRKOUk9HVnvqOcr+Xmf7VuooKGl1IeJ4pwPPsoSJilIiuPwxpQQbBiEw0IC6p3tfAICYSVDq2iQ3DmT14E97R+UbdvzqrNRpFGGQ7hCGrgwDk04Qpa4AKGB3iCF3g1Ho1n4814n7WWjGJmH/7I+PgG4miWsA==</latexit>

For � 2 [0, 1] and % � 0, solve:
<latexit sha1_base64="V+1HXPRzZu2KmxjOFjWRuEDeI3c=">AAACGXicbVC7SgNBFJ31bXxFLW0GE8EihN00PipBEEsFo4HsEu5O7iZDZmfWmdlACH6Hjb9iY6FiqZV/4ySmUOOpDufcyz33xJngxvr+pzczOze/sLi0XFhZXVvfKG5uXRuVa4Z1poTSjRgMCi6xbrkV2Mg0QhoLvIl7pyP/po/acCWv7CDDKIWO5AlnYJ3UKgZnStNyGKMFGnJJm34liMoUZNupfdC6q8IO3lK/XKFGiT4et4olv+qPQadJMCElMsFFq/gethXLU5SWCTCmGfiZjYagLWcC7wphbjAD1oMONh2VkKKJhuPX7uieU9o0cSETJS0dqz83hpAaM0hjN5mC7Zq/3kj8z2vmNjmMhlxmuUXJvg8luaBW0VFPtM01MisGjgDT3GWlrAsamHVtFlwJwd+Xp0m9Vj2q+pe10snhpI0lskN2yT4JyAE5IefkgtQJI/fkkTyTF+/Be/Jevbfv0RlvsrNNfsH7+ALovZ3c</latexit><latexit sha1_base64="V+1HXPRzZu2KmxjOFjWRuEDeI3c=">AAACGXicbVC7SgNBFJ31bXxFLW0GE8EihN00PipBEEsFo4HsEu5O7iZDZmfWmdlACH6Hjb9iY6FiqZV/4ySmUOOpDufcyz33xJngxvr+pzczOze/sLi0XFhZXVvfKG5uXRuVa4Z1poTSjRgMCi6xbrkV2Mg0QhoLvIl7pyP/po/acCWv7CDDKIWO5AlnYJ3UKgZnStNyGKMFGnJJm34liMoUZNupfdC6q8IO3lK/XKFGiT4et4olv+qPQadJMCElMsFFq/gethXLU5SWCTCmGfiZjYagLWcC7wphbjAD1oMONh2VkKKJhuPX7uieU9o0cSETJS0dqz83hpAaM0hjN5mC7Zq/3kj8z2vmNjmMhlxmuUXJvg8luaBW0VFPtM01MisGjgDT3GWlrAsamHVtFlwJwd+Xp0m9Vj2q+pe10snhpI0lskN2yT4JyAE5IefkgtQJI/fkkTyTF+/Be/Jevbfv0RlvsrNNfsH7+ALovZ3c</latexit><latexit sha1_base64="V+1HXPRzZu2KmxjOFjWRuEDeI3c=">AAACGXicbVC7SgNBFJ31bXxFLW0GE8EihN00PipBEEsFo4HsEu5O7iZDZmfWmdlACH6Hjb9iY6FiqZV/4ySmUOOpDufcyz33xJngxvr+pzczOze/sLi0XFhZXVvfKG5uXRuVa4Z1poTSjRgMCi6xbrkV2Mg0QhoLvIl7pyP/po/acCWv7CDDKIWO5AlnYJ3UKgZnStNyGKMFGnJJm34liMoUZNupfdC6q8IO3lK/XKFGiT4et4olv+qPQadJMCElMsFFq/gethXLU5SWCTCmGfiZjYagLWcC7wphbjAD1oMONh2VkKKJhuPX7uieU9o0cSETJS0dqz83hpAaM0hjN5mC7Zq/3kj8z2vmNjmMhlxmuUXJvg8luaBW0VFPtM01MisGjgDT3GWlrAsamHVtFlwJwd+Xp0m9Vj2q+pe10snhpI0lskN2yT4JyAE5IefkgtQJI/fkkTyTF+/Be/Jevbfv0RlvsrNNfsH7+ALovZ3c</latexit>

U
<latexit sha1_base64="c58wnOdbW83iAbzwIYGGZOFy6qE=">AAAB8XicbVBNS8NAFHzxs9avqkcvwSJ4KkkR1FvBi8cKxhbaUDbbTbt0sxt2X4QS+jO8eFDx6r/x5r9x0+agrQMLw8x77LyJUsENet63s7a+sbm1Xdmp7u7tHxzWjo4fjco0ZQFVQuluRAwTXLIAOQrWTTUjSSRYJ5rcFn7niWnDlXzAacrChIwkjzklaKVePyE4pkTkwWxQq3sNbw53lfglqUOJ9qD21R8qmiVMIhXEmJ7vpRjmRCOngs2q/cywlNAJGbGepZIkzIT5PPLMPbfK0I2Vtk+iO1d/b+QkMWaaRHayiGiWvUL8z+tlGF+HOZdphkzSxUdxJlxUbnG/O+SaURRTSwjV3GZ16ZhoQtG2VLUl+Msnr5Kg2bhpePeX9VazbKMCp3AGF+DDFbTgDtoQAAUFz/AKbw46L86787EYXXPKnRP4A+fzB/PSkS4=</latexit><latexit sha1_base64="c58wnOdbW83iAbzwIYGGZOFy6qE=">AAAB8XicbVBNS8NAFHzxs9avqkcvwSJ4KkkR1FvBi8cKxhbaUDbbTbt0sxt2X4QS+jO8eFDx6r/x5r9x0+agrQMLw8x77LyJUsENet63s7a+sbm1Xdmp7u7tHxzWjo4fjco0ZQFVQuluRAwTXLIAOQrWTTUjSSRYJ5rcFn7niWnDlXzAacrChIwkjzklaKVePyE4pkTkwWxQq3sNbw53lfglqUOJ9qD21R8qmiVMIhXEmJ7vpRjmRCOngs2q/cywlNAJGbGepZIkzIT5PPLMPbfK0I2Vtk+iO1d/b+QkMWaaRHayiGiWvUL8z+tlGF+HOZdphkzSxUdxJlxUbnG/O+SaURRTSwjV3GZ16ZhoQtG2VLUl+Msnr5Kg2bhpePeX9VazbKMCp3AGF+DDFbTgDtoQAAUFz/AKbw46L86787EYXXPKnRP4A+fzB/PSkS4=</latexit><latexit sha1_base64="c58wnOdbW83iAbzwIYGGZOFy6qE=">AAAB8XicbVBNS8NAFHzxs9avqkcvwSJ4KkkR1FvBi8cKxhbaUDbbTbt0sxt2X4QS+jO8eFDx6r/x5r9x0+agrQMLw8x77LyJUsENet63s7a+sbm1Xdmp7u7tHxzWjo4fjco0ZQFVQuluRAwTXLIAOQrWTTUjSSRYJ5rcFn7niWnDlXzAacrChIwkjzklaKVePyE4pkTkwWxQq3sNbw53lfglqUOJ9qD21R8qmiVMIhXEmJ7vpRjmRCOngs2q/cywlNAJGbGepZIkzIT5PPLMPbfK0I2Vtk+iO1d/b+QkMWaaRHayiGiWvUL8z+tlGF+HOZdphkzSxUdxJlxUbnG/O+SaURRTSwjV3GZ16ZhoQtG2VLUl+Msnr5Kg2bhpePeX9VazbKMCp3AGF+DDFbTgDtoQAAUFz/AKbw46L86787EYXXPKnRP4A+fzB/PSkS4=</latexit>

Proof sketch
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The cost becomes: 

Sketch of Proof

U?
�,% =

8
<

:

V1 if 0  %  1� �
V2 if 1� � < %  1
V0 otherwise

<latexit sha1_base64="DvJWlKWCk3U03GdWOh7Ko4nBbNw="></latexit><latexit sha1_base64="DvJWlKWCk3U03GdWOh7Ko4nBbNw="></latexit><latexit sha1_base64="DvJWlKWCk3U03GdWOh7Ko4nBbNw="></latexit>

Step 1:  “Converse result” - Lower bound satisfied by every policy

Step 2:  “Achievability” - The policy above meets the lower bound with equality

1. Vasconcelos and Martins, “Estimation over the collision channel: the discrete case,” Submitted to IEEE TAC

Lemma

J (U) = 1 + (%+ � � 1)
X

↵2XU
1

p(↵)� max
↵2XU

0

p(↵)� � max
↵2XU

1

p(↵)

<latexit sha1_base64="NYpz5fAWHYgs9m5Ou6EyIWb786A="></latexit><latexit sha1_base64="NYpz5fAWHYgs9m5Ou6EyIWb786A="></latexit><latexit sha1_base64="NYpz5fAWHYgs9m5Ou6EyIWb786A="></latexit>



J (U) � (%+ �)� (%+ �) max
↵2XU

0

p(↵)� � max
↵2XU

1

p(↵)
<latexit sha1_base64="liguhzcKgg0FLAi5uhX5/0Ot5sQ="></latexit><latexit sha1_base64="liguhzcKgg0FLAi5uhX5/0Ot5sQ="></latexit><latexit sha1_base64="liguhzcKgg0FLAi5uhX5/0Ot5sQ="></latexit>

0  %  1� �
<latexit sha1_base64="gHeY+UF6DcHTUPWiR5GpNcNMkPw=">AAACA3icbVBNS8NAEN34WetX1GMvi0XwYklEsN4KXjxWMLbQhLLZTtqlm03c3RRK6MGLf8WLBxWv/glv/hu3bQ7a+mDg7Xsz7MwLU86Udpxva2V1bX1js7RV3t7Z3du3Dw7vVZJJCh5NeCLbIVHAmQBPM82hnUogccihFQ6vp35rBFKxRNzpcQpBTPqCRYwSbaSuXXGwz+EB+yMi5SCZP9wzPwRNunbVqTkz4GXiFqSKCjS79pffS2gWg9CUE6U6rpPqICdSM8phUvYzBSmhQ9KHjqGCxKCCfHbEBJ8YpYejRJoSGs/U3xM5iZUax6HpjIkeqEVvKv7ndTId1YOciTTTIOj8oyjjWCd4mgjuMQlU87EhhEpmdsV0QCSh2uRWNiG4iycvE++8dlVzbi+qjXqRRglV0DE6RS66RA10g5rIQxQ9omf0it6sJ+vFerc+5q0rVjFzhP7A+vwBMBiWsg==</latexit><latexit sha1_base64="gHeY+UF6DcHTUPWiR5GpNcNMkPw=">AAACA3icbVBNS8NAEN34WetX1GMvi0XwYklEsN4KXjxWMLbQhLLZTtqlm03c3RRK6MGLf8WLBxWv/glv/hu3bQ7a+mDg7Xsz7MwLU86Udpxva2V1bX1js7RV3t7Z3du3Dw7vVZJJCh5NeCLbIVHAmQBPM82hnUogccihFQ6vp35rBFKxRNzpcQpBTPqCRYwSbaSuXXGwz+EB+yMi5SCZP9wzPwRNunbVqTkz4GXiFqSKCjS79pffS2gWg9CUE6U6rpPqICdSM8phUvYzBSmhQ9KHjqGCxKCCfHbEBJ8YpYejRJoSGs/U3xM5iZUax6HpjIkeqEVvKv7ndTId1YOciTTTIOj8oyjjWCd4mgjuMQlU87EhhEpmdsV0QCSh2uRWNiG4iycvE++8dlVzbi+qjXqRRglV0DE6RS66RA10g5rIQxQ9omf0it6sJ+vFerc+5q0rVjFzhP7A+vwBMBiWsg==</latexit><latexit sha1_base64="gHeY+UF6DcHTUPWiR5GpNcNMkPw=">AAACA3icbVBNS8NAEN34WetX1GMvi0XwYklEsN4KXjxWMLbQhLLZTtqlm03c3RRK6MGLf8WLBxWv/glv/hu3bQ7a+mDg7Xsz7MwLU86Udpxva2V1bX1js7RV3t7Z3du3Dw7vVZJJCh5NeCLbIVHAmQBPM82hnUogccihFQ6vp35rBFKxRNzpcQpBTPqCRYwSbaSuXXGwz+EB+yMi5SCZP9wzPwRNunbVqTkz4GXiFqSKCjS79pffS2gWg9CUE6U6rpPqICdSM8phUvYzBSmhQ9KHjqGCxKCCfHbEBJ8YpYejRJoSGs/U3xM5iZUax6HpjIkeqEVvKv7ndTId1YOciTTTIOj8oyjjWCd4mgjuMQlU87EhhEpmdsV0QCSh2uRWNiG4iycvE++8dlVzbi+qjXqRRglV0DE6RS66RA10g5rIQxQ9omf0it6sJ+vFerc+5q0rVjFzhP7A+vwBMBiWsg==</latexit>

X

↵2XU
1

p(↵)  1� max
↵2XU

0

p(↵)

<latexit sha1_base64="vg3dBbMqAO72+GqdAEhQUHZDVcU="></latexit><latexit sha1_base64="vg3dBbMqAO72+GqdAEhQUHZDVcU="></latexit><latexit sha1_base64="vg3dBbMqAO72+GqdAEhQUHZDVcU="></latexit>

J (U) = 1 + (%+ � � 1)
X

↵2XU
1

p(↵)� max
↵2XU

0

p(↵)� � max
↵2XU

1

p(↵)

<latexit sha1_base64="NYpz5fAWHYgs9m5Ou6EyIWb786A="></latexit><latexit sha1_base64="NYpz5fAWHYgs9m5Ou6EyIWb786A="></latexit><latexit sha1_base64="NYpz5fAWHYgs9m5Ou6EyIWb786A="></latexit>
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⌅

J (U) � (%+ �)� (%+ �)p[1] � �p[2]
<latexit sha1_base64="IXlPs3uSCccDtC5Dy3AAmYVPjyI="></latexit><latexit sha1_base64="IXlPs3uSCccDtC5Dy3AAmYVPjyI="></latexit><latexit sha1_base64="IXlPs3uSCccDtC5Dy3AAmYVPjyI="></latexit>

J (V1) = (%+ �)� (%+ �)p[1] � �p[2]
<latexit sha1_base64="/LE2l41ezw0YY4Tey44yIkb8rUY="></latexit><latexit sha1_base64="/LE2l41ezw0YY4Tey44yIkb8rUY="></latexit><latexit sha1_base64="/LE2l41ezw0YY4Tey44yIkb8rUY="></latexit>

J (U) � (%+ �)� (%+ �) max
↵2XU

0

p(↵)� � max
↵2XU

1

p(↵)
<latexit sha1_base64="liguhzcKgg0FLAi5uhX5/0Ot5sQ="></latexit><latexit sha1_base64="liguhzcKgg0FLAi5uhX5/0Ot5sQ="></latexit><latexit sha1_base64="liguhzcKgg0FLAi5uhX5/0Ot5sQ="></latexit>

x[1] �! XU
0

<latexit sha1_base64="sL3/CU2hD9xUl4CIQcmlKUQtHrA=">AAACGnicbZC7TsMwFIYdrqXcAowsFhUSU5VUSJStEgtjkQitlIbIcZ3UqmNHtgNUUd6DhVdhYQDEhlh4G9zLAC2/ZOnTf86Rz/mjjFGlHefbWlpeWV1br2xUN7e2d3btvf0bJXKJiYcFE7IbIUUY5cTTVDPSzSRBacRIJxpejOudOyIVFfxajzISpCjhNKYYaWOFduMhLHw3KGGPCZ5Imgw0klLcw16K9CCKim55W0wYI1Z4ZRk6oV1z6s5EcBHcGdTATO3Q/uz1Bc5TwjVmSCnfdTIdFEhqihkpq71ckQzhIUqIb5CjlKigmNxWwmPj9GEspHlcw4n7e6JAqVKjNDKd4y3VfG1s/lfzcx03g4LyLNeE4+lHcc6gFnAcFOxTSbBmIwMIS2p2hXiAJMLaxFk1IbjzJy+C16if152r01qrOUujAg7BETgBLjgDLXAJ2sADGDyCZ/AK3qwn68V6tz6mrUvWbOYA/JH19QMFoaI3</latexit><latexit sha1_base64="sL3/CU2hD9xUl4CIQcmlKUQtHrA=">AAACGnicbZC7TsMwFIYdrqXcAowsFhUSU5VUSJStEgtjkQitlIbIcZ3UqmNHtgNUUd6DhVdhYQDEhlh4G9zLAC2/ZOnTf86Rz/mjjFGlHefbWlpeWV1br2xUN7e2d3btvf0bJXKJiYcFE7IbIUUY5cTTVDPSzSRBacRIJxpejOudOyIVFfxajzISpCjhNKYYaWOFduMhLHw3KGGPCZ5Imgw0klLcw16K9CCKim55W0wYI1Z4ZRk6oV1z6s5EcBHcGdTATO3Q/uz1Bc5TwjVmSCnfdTIdFEhqihkpq71ckQzhIUqIb5CjlKigmNxWwmPj9GEspHlcw4n7e6JAqVKjNDKd4y3VfG1s/lfzcx03g4LyLNeE4+lHcc6gFnAcFOxTSbBmIwMIS2p2hXiAJMLaxFk1IbjzJy+C16if152r01qrOUujAg7BETgBLjgDLXAJ2sADGDyCZ/AK3qwn68V6tz6mrUvWbOYA/JH19QMFoaI3</latexit><latexit sha1_base64="sL3/CU2hD9xUl4CIQcmlKUQtHrA=">AAACGnicbZC7TsMwFIYdrqXcAowsFhUSU5VUSJStEgtjkQitlIbIcZ3UqmNHtgNUUd6DhVdhYQDEhlh4G9zLAC2/ZOnTf86Rz/mjjFGlHefbWlpeWV1br2xUN7e2d3btvf0bJXKJiYcFE7IbIUUY5cTTVDPSzSRBacRIJxpejOudOyIVFfxajzISpCjhNKYYaWOFduMhLHw3KGGPCZ5Imgw0klLcw16K9CCKim55W0wYI1Z4ZRk6oV1z6s5EcBHcGdTATO3Q/uz1Bc5TwjVmSCnfdTIdFEhqihkpq71ckQzhIUqIb5CjlKigmNxWwmPj9GEspHlcw4n7e6JAqVKjNDKd4y3VfG1s/lfzcx03g4LyLNeE4+lHcc6gFnAcFOxTSbBmIwMIS2p2hXiAJMLaxFk1IbjzJy+C16if152r01qrOUujAg7BETgBLjgDLXAJ2sADGDyCZ/AK3qwn68V6tz6mrUvWbOYA/JH19QMFoaI3</latexit>

x[2] �! XU
1

<latexit sha1_base64="ebK/09FfPP0zmzP7kdDMybAX1mI=">AAACGnicbZBPS8MwGMZT/875r+rRS3AInkY7BOdt4MXjBOsGbS1plm1haVKSVB2l38OLX8WLBxVv4sVvY7rtoJsPBH487/uS933ilFGlHefbWlpeWV1br2xUN7e2d3btvf0bJTKJiYcFE7IbI0UY5cTTVDPSTSVBScxIJx5dlPXOHZGKCn6txykJEzTgtE8x0saK7MZDlPuNsIABE3wg6WCokZTiHgYJ0sM4zrvFbT5hjFjuFUXkRnbNqTsTwUVwZ1ADM7Uj+zPoCZwlhGvMkFK+66Q6zJHUFDNSVINMkRThERoQ3yBHCVFhPrmtgMfG6cG+kOZxDSfu74kcJUqNk9h0lluq+Vpp/lfzM91vhjnlaaYJx9OP+hmDWsAyKNijkmDNxgYQltTsCvEQSYS1ibNqQnDnT14Er1E/rztXp7VWc5ZGBRyCI3ACXHAGWuAStIEHMHgEz+AVvFlP1ov1bn1MW5es2cwB+CPr6wcI1KI5</latexit><latexit sha1_base64="ebK/09FfPP0zmzP7kdDMybAX1mI=">AAACGnicbZBPS8MwGMZT/875r+rRS3AInkY7BOdt4MXjBOsGbS1plm1haVKSVB2l38OLX8WLBxVv4sVvY7rtoJsPBH487/uS933ilFGlHefbWlpeWV1br2xUN7e2d3btvf0bJTKJiYcFE7IbI0UY5cTTVDPSTSVBScxIJx5dlPXOHZGKCn6txykJEzTgtE8x0saK7MZDlPuNsIABE3wg6WCokZTiHgYJ0sM4zrvFbT5hjFjuFUXkRnbNqTsTwUVwZ1ADM7Uj+zPoCZwlhGvMkFK+66Q6zJHUFDNSVINMkRThERoQ3yBHCVFhPrmtgMfG6cG+kOZxDSfu74kcJUqNk9h0lluq+Vpp/lfzM91vhjnlaaYJx9OP+hmDWsAyKNijkmDNxgYQltTsCvEQSYS1ibNqQnDnT14Er1E/rztXp7VWc5ZGBRyCI3ACXHAGWuAStIEHMHgEz+AVvFlP1ov1bn1MW5es2cwB+CPr6wcI1KI5</latexit><latexit sha1_base64="ebK/09FfPP0zmzP7kdDMybAX1mI=">AAACGnicbZBPS8MwGMZT/875r+rRS3AInkY7BOdt4MXjBOsGbS1plm1haVKSVB2l38OLX8WLBxVv4sVvY7rtoJsPBH487/uS933ilFGlHefbWlpeWV1br2xUN7e2d3btvf0bJTKJiYcFE7IbI0UY5cTTVDPSTSVBScxIJx5dlPXOHZGKCn6txykJEzTgtE8x0saK7MZDlPuNsIABE3wg6WCokZTiHgYJ0sM4zrvFbT5hjFjuFUXkRnbNqTsTwUVwZ1ADM7Uj+zPoCZwlhGvMkFK+66Q6zJHUFDNSVINMkRThERoQ3yBHCVFhPrmtgMfG6cG+kOZxDSfu74kcJUqNk9h0lluq+Vpp/lfzM91vhjnlaaYJx9OP+hmDWsAyKNijkmDNxgYQltTsCvEQSYS1ibNqQnDnT14Er1E/rztXp7VWc5ZGBRyCI3ACXHAGWuAStIEHMHgEz+AVvFlP1ov1bn1MW5es2cwB+CPr6wcI1KI5</latexit>

“Converse” 

“Achievability” 
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Extension

25

Additional assumption1 

When a collision occurs,
the receiver decodes the indices of the transmitting nodes

<latexit sha1_base64="UKcqxVvXiX93F4CcJSadGvymASc="></latexit><latexit sha1_base64="UKcqxVvXiX93F4CcJSadGvymASc="></latexit><latexit sha1_base64="UKcqxVvXiX93F4CcJSadGvymASc="></latexit>

U = (U1, · · · , UN ) is available to the estimator
<latexit sha1_base64="aWG4h4iDsdod6DjDspjPBcjAOzc=">AAACHHicbVDLSgNBEJz1bXxFPXoZjIKChF0R1IMgePEkEVwTSMLSO+mYwdmdZaZXCMEf8eKvePGg4sWD4N84eRw0WjBQVHX3dFecKWnJ97+8icmp6ZnZufnCwuLS8kpxde3a6twIDIVW2tRisKhkiiFJUljLDEISK6zGt2d9v3qHxkqdXlE3w2YCN6lsSwHkpKh4sBXyE74TRsFeQ7Q02b0wutjd4tJyuAOpwA3ipDl1kKMlmQBpExVLftkfgP8lwYiU2AiVqPjRaGmRJ5iSUGBtPfAzavbAkBQK7wuN3GIG4hZusO5oCgnaZm9w3T3fdkqLt7VxLyU+UH929CCxtpvErtJt17HjXl/8z6vn1D5q9mSa5YSpGH7UztXgXBcVb0mDglTXERBGul256IABQS7QggshGD/5Lwn3y8dl/3K/dHo0SmOObbBNtsMCdshO2TmrsJAJ9sCe2At79R69Z+/Nex+WTnijnnX2C97nNxg2n7Y=</latexit><latexit sha1_base64="aWG4h4iDsdod6DjDspjPBcjAOzc=">AAACHHicbVDLSgNBEJz1bXxFPXoZjIKChF0R1IMgePEkEVwTSMLSO+mYwdmdZaZXCMEf8eKvePGg4sWD4N84eRw0WjBQVHX3dFecKWnJ97+8icmp6ZnZufnCwuLS8kpxde3a6twIDIVW2tRisKhkiiFJUljLDEISK6zGt2d9v3qHxkqdXlE3w2YCN6lsSwHkpKh4sBXyE74TRsFeQ7Q02b0wutjd4tJyuAOpwA3ipDl1kKMlmQBpExVLftkfgP8lwYiU2AiVqPjRaGmRJ5iSUGBtPfAzavbAkBQK7wuN3GIG4hZusO5oCgnaZm9w3T3fdkqLt7VxLyU+UH929CCxtpvErtJt17HjXl/8z6vn1D5q9mSa5YSpGH7UztXgXBcVb0mDglTXERBGul256IABQS7QggshGD/5Lwn3y8dl/3K/dHo0SmOObbBNtsMCdshO2TmrsJAJ9sCe2At79R69Z+/Nex+WTnijnnX2C97nNxg2n7Y=</latexit><latexit sha1_base64="aWG4h4iDsdod6DjDspjPBcjAOzc=">AAACHHicbVDLSgNBEJz1bXxFPXoZjIKChF0R1IMgePEkEVwTSMLSO+mYwdmdZaZXCMEf8eKvePGg4sWD4N84eRw0WjBQVHX3dFecKWnJ97+8icmp6ZnZufnCwuLS8kpxde3a6twIDIVW2tRisKhkiiFJUljLDEISK6zGt2d9v3qHxkqdXlE3w2YCN6lsSwHkpKh4sBXyE74TRsFeQ7Q02b0wutjd4tJyuAOpwA3ipDl1kKMlmQBpExVLftkfgP8lwYiU2AiVqPjRaGmRJ5iSUGBtPfAzavbAkBQK7wuN3GIG4hZusO5oCgnaZm9w3T3fdkqLt7VxLyU+UH929CCxtpvErtJt17HjXl/8z6vn1D5q9mSa5YSpGH7UztXgXBcVb0mDglTXERBGul256IABQS7QggshGD/5Lwn3y8dl/3K/dHo0SmOObbBNtsMCdshO2TmrsJAJ9sCe2At79R69Z+/Nex+WTnijnnX2C97nNxg2n7Y=</latexit>

Y = C
<latexit sha1_base64="mlItqvirLZxdRuOX3cItbU7hy2k=">AAAB+HicbVBNS8NAFHypX7V+RT16WSyCp5KI0HoQCr14rGBspQ1ls920SzebsLsplNB/4sWDild/ijf/jZs2B20dWBhm3uPNTpBwprTjfFuljc2t7Z3ybmVv/+DwyD4+eVRxKgn1SMxj2Q2wopwJ6mmmOe0mkuIo4LQTTFq535lSqVgsHvQsoX6ER4KFjGBtpIFtP6Fb1I+wHocST7LWfGBXnZqzAFonbkGqUKA9sL/6w5ikERWacKxUz3US7WdYakY4nVf6qaIJJhM8oj1DBY6o8rNF8jm6MMoQhbE0T2i0UH9vZDhSahYFZjLPqFa9XPzP66U6bPgZE0mqqSDLQ2HKkY5RXgMaMkmJ5jNDMJHMZEVkjCUm2pRVMSW4q19eJ95V7abm3F9Xm42ijTKcwTlcggt1aMIdtMEDAlN4hld4szLrxXq3PpajJavYOYU/sD5/AA5Qks8=</latexit><latexit sha1_base64="mlItqvirLZxdRuOX3cItbU7hy2k=">AAAB+HicbVBNS8NAFHypX7V+RT16WSyCp5KI0HoQCr14rGBspQ1ls920SzebsLsplNB/4sWDild/ijf/jZs2B20dWBhm3uPNTpBwprTjfFuljc2t7Z3ybmVv/+DwyD4+eVRxKgn1SMxj2Q2wopwJ6mmmOe0mkuIo4LQTTFq535lSqVgsHvQsoX6ER4KFjGBtpIFtP6Fb1I+wHocST7LWfGBXnZqzAFonbkGqUKA9sL/6w5ikERWacKxUz3US7WdYakY4nVf6qaIJJhM8oj1DBY6o8rNF8jm6MMoQhbE0T2i0UH9vZDhSahYFZjLPqFa9XPzP66U6bPgZE0mqqSDLQ2HKkY5RXgMaMkmJ5jNDMJHMZEVkjCUm2pRVMSW4q19eJ95V7abm3F9Xm42ijTKcwTlcggt1aMIdtMEDAlN4hld4szLrxXq3PpajJavYOYU/sD5/AA5Qks8=</latexit><latexit sha1_base64="mlItqvirLZxdRuOX3cItbU7hy2k=">AAAB+HicbVBNS8NAFHypX7V+RT16WSyCp5KI0HoQCr14rGBspQ1ls920SzebsLsplNB/4sWDild/ijf/jZs2B20dWBhm3uPNTpBwprTjfFuljc2t7Z3ybmVv/+DwyD4+eVRxKgn1SMxj2Q2wopwJ6mmmOe0mkuIo4LQTTFq535lSqVgsHvQsoX6ER4KFjGBtpIFtP6Fb1I+wHocST7LWfGBXnZqzAFonbkGqUKA9sL/6w5ikERWacKxUz3US7WdYakY4nVf6qaIJJhM8oj1DBY6o8rNF8jm6MMoQhbE0T2i0UH9vZDhSahYFZjLPqFa9XPzP66U6bPgZE0mqqSDLQ2HKkY5RXgMaMkmJ5jNDMJHMZEVkjCUm2pRVMSW4q19eJ95V7abm3F9Xm42ijTKcwTlcggt1aMIdtMEDAlN4hld4szLrxXq3PpajJavYOYU/sD5/AA5Qks8=</latexit>

1. Whitehouse et al. (2005), “Exploiting the capture effect for collision detection and recovery”

U?
i 2

n
V0
i ,V1

i ,V2
i

o

<latexit sha1_base64="U5y4AlxMtjPkXoNv25rkvDEtPVY="></latexit><latexit sha1_base64="U5y4AlxMtjPkXoNv25rkvDEtPVY="></latexit><latexit sha1_base64="U5y4AlxMtjPkXoNv25rkvDEtPVY="></latexit>

There exists a globally optimal solution (U?
1 , · · · ,U?

N ) where:
<latexit sha1_base64="uvXjBVel/kOaWVUi/fe3DKX/AAQ="></latexit><latexit sha1_base64="uvXjBVel/kOaWVUi/fe3DKX/AAQ="></latexit><latexit sha1_base64="uvXjBVel/kOaWVUi/fe3DKX/AAQ="></latexit>

Theorem 2



Problem

26

U?
i 2

n
V0
i ,V1

i ,V2
i

o

<latexit sha1_base64="U5y4AlxMtjPkXoNv25rkvDEtPVY="></latexit><latexit sha1_base64="U5y4AlxMtjPkXoNv25rkvDEtPVY="></latexit><latexit sha1_base64="U5y4AlxMtjPkXoNv25rkvDEtPVY="></latexit>

There exists a globally optimal solution (U?
1 , · · · ,U?

N ) where:
<latexit sha1_base64="uvXjBVel/kOaWVUi/fe3DKX/AAQ="></latexit><latexit sha1_base64="uvXjBVel/kOaWVUi/fe3DKX/AAQ="></latexit><latexit sha1_base64="uvXjBVel/kOaWVUi/fe3DKX/AAQ="></latexit>

complexity reduction

2|X1|+···+|XN |
<latexit sha1_base64="5cVAn+8oCEHEYA86pveGTGWTbWk=">AAACEHicbVDLSsNAFJ3UV62vqEs3g0UoFEpSBHVXdONKKhhbaGKYTCbt0MmDmYlQ0v6CG3/FjQsVty7d+TdO2ixq64ELh3Pu5d57vIRRIQ3jRyutrK6tb5Q3K1vbO7t7+v7BvYhTjomFYxbzrocEYTQilqSSkW7CCQo9Rjre8Cr3O4+ECxpHd3KUECdE/YgGFCOpJFevNR+ysR0iOfC8rDtxzXHdxn4sRX1evRlPXL1qNIwp4DIxC1IFBdqu/m37MU5DEknMkBA900ikkyEuKWZkUrFTQRKEh6hPeopGKCTCyaYfTeCJUnwYxFxVJOFUnZ/IUCjEKPRUZ36lWPRy8T+vl8rg3MlolKSSRHi2KEgZlDHM44E+5QRLNlIEYU7VrRAPEEdYqhArKgRz8eVlYjUbFw3j9rTauizSKIMjcAxqwARnoAWuQRtYAIMn8ALewLv2rL1qH9rnrLWkFTOH4A+0r1+wS53G</latexit><latexit sha1_base64="5cVAn+8oCEHEYA86pveGTGWTbWk=">AAACEHicbVDLSsNAFJ3UV62vqEs3g0UoFEpSBHVXdONKKhhbaGKYTCbt0MmDmYlQ0v6CG3/FjQsVty7d+TdO2ixq64ELh3Pu5d57vIRRIQ3jRyutrK6tb5Q3K1vbO7t7+v7BvYhTjomFYxbzrocEYTQilqSSkW7CCQo9Rjre8Cr3O4+ECxpHd3KUECdE/YgGFCOpJFevNR+ysR0iOfC8rDtxzXHdxn4sRX1evRlPXL1qNIwp4DIxC1IFBdqu/m37MU5DEknMkBA900ikkyEuKWZkUrFTQRKEh6hPeopGKCTCyaYfTeCJUnwYxFxVJOFUnZ/IUCjEKPRUZ36lWPRy8T+vl8rg3MlolKSSRHi2KEgZlDHM44E+5QRLNlIEYU7VrRAPEEdYqhArKgRz8eVlYjUbFw3j9rTauizSKIMjcAxqwARnoAWuQRtYAIMn8ALewLv2rL1qH9rnrLWkFTOH4A+0r1+wS53G</latexit><latexit sha1_base64="5cVAn+8oCEHEYA86pveGTGWTbWk=">AAACEHicbVDLSsNAFJ3UV62vqEs3g0UoFEpSBHVXdONKKhhbaGKYTCbt0MmDmYlQ0v6CG3/FjQsVty7d+TdO2ixq64ELh3Pu5d57vIRRIQ3jRyutrK6tb5Q3K1vbO7t7+v7BvYhTjomFYxbzrocEYTQilqSSkW7CCQo9Rjre8Cr3O4+ECxpHd3KUECdE/YgGFCOpJFevNR+ysR0iOfC8rDtxzXHdxn4sRX1evRlPXL1qNIwp4DIxC1IFBdqu/m37MU5DEknMkBA900ikkyEuKWZkUrFTQRKEh6hPeopGKCTCyaYfTeCJUnwYxFxVJOFUnZ/IUCjEKPRUZ36lWPRy8T+vl8rg3MlolKSSRHi2KEgZlDHM44E+5QRLNlIEYU7VrRAPEEdYqhArKgRz8eVlYjUbFw3j9rTauizSKIMjcAxqwARnoAWuQRtYAIMn8ALewLv2rL1qH9rnrLWkFTOH4A+0r1+wS53G</latexit>

3N
<latexit sha1_base64="dK0o0RrA/Uuqxf5wJGSsxlvxC7w=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lUUG9FL56korGFNpbNdtMu3WzC7kQooT/BiwcVr/4jb/4btx8HrT4YeLw3w8y8MJXCoOt+OYWFxaXlleJqaW19Y3OrvL1zb5JMM+6zRCa6GVLDpVDcR4GSN1PNaRxK3ggHl2O/8ci1EYm6w2HKg5j2lIgEo2il2+OH60654lbdCchf4s1IBWaod8qf7W7CspgrZJIa0/LcFIOcahRM8lGpnRmeUjagPd6yVNGYmyCfnDoiB1bpkijRthSSifpzIqexMcM4tJ0xxb6Z98bif14rw+gsyIVKM+SKTRdFmSSYkPHfpCs0ZyiHllCmhb2VsD7VlKFNp2RD8OZf/kv8o+p51b05qdQuZmkUYQ/24RA8OIUaXEEdfGDQgyd4gVdHOs/Om/M+bS04s5ld+AXn4xs6nY1K</latexit><latexit sha1_base64="dK0o0RrA/Uuqxf5wJGSsxlvxC7w=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lUUG9FL56korGFNpbNdtMu3WzC7kQooT/BiwcVr/4jb/4btx8HrT4YeLw3w8y8MJXCoOt+OYWFxaXlleJqaW19Y3OrvL1zb5JMM+6zRCa6GVLDpVDcR4GSN1PNaRxK3ggHl2O/8ci1EYm6w2HKg5j2lIgEo2il2+OH60654lbdCchf4s1IBWaod8qf7W7CspgrZJIa0/LcFIOcahRM8lGpnRmeUjagPd6yVNGYmyCfnDoiB1bpkijRthSSifpzIqexMcM4tJ0xxb6Z98bif14rw+gsyIVKM+SKTRdFmSSYkPHfpCs0ZyiHllCmhb2VsD7VlKFNp2RD8OZf/kv8o+p51b05qdQuZmkUYQ/24RA8OIUaXEEdfGDQgyd4gVdHOs/Om/M+bS04s5ld+AXn4xs6nY1K</latexit><latexit sha1_base64="dK0o0RrA/Uuqxf5wJGSsxlvxC7w=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lUUG9FL56korGFNpbNdtMu3WzC7kQooT/BiwcVr/4jb/4btx8HrT4YeLw3w8y8MJXCoOt+OYWFxaXlleJqaW19Y3OrvL1zb5JMM+6zRCa6GVLDpVDcR4GSN1PNaRxK3ggHl2O/8ci1EYm6w2HKg5j2lIgEo2il2+OH60654lbdCchf4s1IBWaod8qf7W7CspgrZJIa0/LcFIOcahRM8lGpnRmeUjagPd6yVNGYmyCfnDoiB1bpkijRthSSifpzIqexMcM4tJ0xxb6Z98bif14rw+gsyIVKM+SKTRdFmSSYkPHfpCs0ZyiHllCmhb2VsD7VlKFNp2RD8OZf/kv8o+p51b05qdQuZmkUYQ/24RA8OIUaXEEdfGDQgyd4gVdHOs/Om/M+bS04s5ld+AXn4xs6nY1K</latexit>

independent of the support of the pmfs

exponential in N

Theorem 2
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Xi ⇠ p(x)
<latexit sha1_base64="z3IjcY2s2HPTBBDqxqiQg8nVvKo=">AAAB83icbVBNTwIxEJ3FL8Qv1KOXRmKCF7JrTMQbiRePmLhCAhvSLV1oaLtr2yWSDb/Diwc1Xv0z3vw3FtiDgi+Z5OW9mczMCxPOtHHdb6ewtr6xuVXcLu3s7u0flA+PHnScKkJ9EvNYtUOsKWeS+oYZTtuJoliEnLbC0c3Mb42p0iyW92aS0EDggWQRI9hYKWj3GOpqJlBSfTrvlStuzZ0DrRIvJxXI0eyVv7r9mKSCSkM41rrjuYkJMqwMI5xOS91U0wSTER7QjqUSC6qDbH70FJ1ZpY+iWNmSBs3V3xMZFlpPRGg7BTZDvezNxP+8TmqiepAxmaSGSrJYFKUcmRjNEkB9pigxfGIJJorZWxEZYoWJsTmVbAje8surxL+oXdfcu8tKo56nUYQTOIUqeHAFDbiFJvhA4BGe4RXenLHz4rw7H4vWgpPPHMMfOJ8/29GRAw==</latexit><latexit sha1_base64="z3IjcY2s2HPTBBDqxqiQg8nVvKo=">AAAB83icbVBNTwIxEJ3FL8Qv1KOXRmKCF7JrTMQbiRePmLhCAhvSLV1oaLtr2yWSDb/Diwc1Xv0z3vw3FtiDgi+Z5OW9mczMCxPOtHHdb6ewtr6xuVXcLu3s7u0flA+PHnScKkJ9EvNYtUOsKWeS+oYZTtuJoliEnLbC0c3Mb42p0iyW92aS0EDggWQRI9hYKWj3GOpqJlBSfTrvlStuzZ0DrRIvJxXI0eyVv7r9mKSCSkM41rrjuYkJMqwMI5xOS91U0wSTER7QjqUSC6qDbH70FJ1ZpY+iWNmSBs3V3xMZFlpPRGg7BTZDvezNxP+8TmqiepAxmaSGSrJYFKUcmRjNEkB9pigxfGIJJorZWxEZYoWJsTmVbAje8surxL+oXdfcu8tKo56nUYQTOIUqeHAFDbiFJvhA4BGe4RXenLHz4rw7H4vWgpPPHMMfOJ8/29GRAw==</latexit><latexit sha1_base64="z3IjcY2s2HPTBBDqxqiQg8nVvKo=">AAAB83icbVBNTwIxEJ3FL8Qv1KOXRmKCF7JrTMQbiRePmLhCAhvSLV1oaLtr2yWSDb/Diwc1Xv0z3vw3FtiDgi+Z5OW9mczMCxPOtHHdb6ewtr6xuVXcLu3s7u0flA+PHnScKkJ9EvNYtUOsKWeS+oYZTtuJoliEnLbC0c3Mb42p0iyW92aS0EDggWQRI9hYKWj3GOpqJlBSfTrvlStuzZ0DrRIvJxXI0eyVv7r9mKSCSkM41rrjuYkJMqwMI5xOS91U0wSTER7QjqUSC6qDbH70FJ1ZpY+iWNmSBs3V3xMZFlpPRGg7BTZDvezNxP+8TmqiepAxmaSGSrJYFKUcmRjNEkB9pigxfGIJJorZWxEZYoWJsTmVbAje8surxL+oXdfcu8tKo56nUYQTOIUqeHAFDbiFJvhA4BGe4RXenLHz4rw7H4vWgpPPHMMfOJ8/29GRAw==</latexit>

⌘1 � ⌘2 � · · · � ⌘N
<latexit sha1_base64="PPJWxC1QJm7xDTo+givScX5uIAE=">AAACEnicbZA9SwNBEIb34leMX6eWNotBEItwFwRjF7CxkgieCSQh7G0myZK9D3fnhBDyH2z8KzYWKrZWdv4bN5crYuILCw/vzDA7rx9LodFxfqzcyura+kZ+s7C1vbO7Z+8f3OsoURw8HslINXymQYoQPBQooRErYIEvoe4Pr6b1+iMoLaLwDkcxtAPWD0VPcIbG6thnLUDWcWmrDw805XLGvBuhnvNvOnbRKTmp6DK4GRRJplrH/m51I54EECKXTOum68TYHjOFgkuYFFqJhpjxIetD02DIAtDtcXrThJ4Yp0t7kTIvRJq68xNjFmg9CnzTGTAc6MXa1Pyv1kywV2mPRRgnCCGfLeolkmJEpwHRrlDAUY4MMK6E+SvlA6YYRxNjwYTgLp68DF65dFlybs+L1UqWRp4ckWNySlxyQarkmtSIRzh5Ii/kjbxbz9ar9WF9zlpzVjZzSP7I+voFOE+crA==</latexit><latexit sha1_base64="PPJWxC1QJm7xDTo+givScX5uIAE=">AAACEnicbZA9SwNBEIb34leMX6eWNotBEItwFwRjF7CxkgieCSQh7G0myZK9D3fnhBDyH2z8KzYWKrZWdv4bN5crYuILCw/vzDA7rx9LodFxfqzcyura+kZ+s7C1vbO7Z+8f3OsoURw8HslINXymQYoQPBQooRErYIEvoe4Pr6b1+iMoLaLwDkcxtAPWD0VPcIbG6thnLUDWcWmrDw805XLGvBuhnvNvOnbRKTmp6DK4GRRJplrH/m51I54EECKXTOum68TYHjOFgkuYFFqJhpjxIetD02DIAtDtcXrThJ4Yp0t7kTIvRJq68xNjFmg9CnzTGTAc6MXa1Pyv1kywV2mPRRgnCCGfLeolkmJEpwHRrlDAUY4MMK6E+SvlA6YYRxNjwYTgLp68DF65dFlybs+L1UqWRp4ckWNySlxyQarkmtSIRzh5Ii/kjbxbz9ar9WF9zlpzVjZzSP7I+voFOE+crA==</latexit><latexit sha1_base64="PPJWxC1QJm7xDTo+givScX5uIAE=">AAACEnicbZA9SwNBEIb34leMX6eWNotBEItwFwRjF7CxkgieCSQh7G0myZK9D3fnhBDyH2z8KzYWKrZWdv4bN5crYuILCw/vzDA7rx9LodFxfqzcyura+kZ+s7C1vbO7Z+8f3OsoURw8HslINXymQYoQPBQooRErYIEvoe4Pr6b1+iMoLaLwDkcxtAPWD0VPcIbG6thnLUDWcWmrDw805XLGvBuhnvNvOnbRKTmp6DK4GRRJplrH/m51I54EECKXTOum68TYHjOFgkuYFFqJhpjxIetD02DIAtDtcXrThJ4Yp0t7kTIvRJq68xNjFmg9CnzTGTAc6MXa1Pyv1kywV2mPRRgnCCGfLeolkmJEpwHRrlDAUY4MMK6E+SvlA6YYRxNjwYTgLp68DF65dFlybs+L1UqWRp4ckWNySlxyQarkmtSIRzh5Ii/kjbxbz9ar9WF9zlpzVjZzSP7I+voFOE+crA==</latexit>

U? = ( V1, · · · ,V1

| {z }
n?
1 tuple

, V2, · · · ,V2

| {z }
n?
2 tuple

, V0, · · · ,V0

| {z }
(N�n?

1�n?
2) tuple

)

<latexit sha1_base64="Nnr2gLO15q80nbsiFUnkxtxx0oE="></latexit><latexit sha1_base64="Nnr2gLO15q80nbsiFUnkxtxx0oE="></latexit><latexit sha1_base64="Nnr2gLO15q80nbsiFUnkxtxx0oE="></latexit>

There exists a globally optimal solution U? where:
<latexit sha1_base64="7oYnJ/TEo0nRdfz1xw4RJ3pZ3AY="></latexit><latexit sha1_base64="7oYnJ/TEo0nRdfz1xw4RJ3pZ3AY="></latexit><latexit sha1_base64="7oYnJ/TEo0nRdfz1xw4RJ3pZ3AY="></latexit>

n?
1, n

?
2 � 0

<latexit sha1_base64="QkE2kHfEjEA497QYIgJE72S7oEc=">AAACBnicbZDNSsNAFIVv/K31L+pSkMEiuJCSFMG6K7hxWcHYQlPDZDpph04mcWYilNCdG1/FjQsVtz6DO9/GpI2grQcGPs69lzv3+DFnSlvWl7GwuLS8slpaK69vbG5tmzu7NypKJKEOiXgk2z5WlDNBHc00p+1YUhz6nLb84UVeb91TqVgkrvUopt0Q9wULGME6szzzQHj2beoqjeX4RHi1H3b79A5ZZc+sWFVrIjQPdgEVKNT0zE+3F5EkpEITjpXq2FasuymWmhFOx2U3UTTGZIj7tJOhwCFV3XRyxxgdZU4PBZHMntBo4v6eSHGo1Cj0s84Q64GareXmf7VOooN6N2UiTjQVZLooSDjSEcpDQT0mKdF8lAEmkmV/RWSAJSY6iy4PwZ49eR6cWvW8al2dVhr1Io0S7MMhHIMNZ9CAS2iCAwQe4Ale4NV4NJ6NN+N92rpgFDN78EfGxzd9P5iU</latexit><latexit sha1_base64="QkE2kHfEjEA497QYIgJE72S7oEc=">AAACBnicbZDNSsNAFIVv/K31L+pSkMEiuJCSFMG6K7hxWcHYQlPDZDpph04mcWYilNCdG1/FjQsVtz6DO9/GpI2grQcGPs69lzv3+DFnSlvWl7GwuLS8slpaK69vbG5tmzu7NypKJKEOiXgk2z5WlDNBHc00p+1YUhz6nLb84UVeb91TqVgkrvUopt0Q9wULGME6szzzQHj2beoqjeX4RHi1H3b79A5ZZc+sWFVrIjQPdgEVKNT0zE+3F5EkpEITjpXq2FasuymWmhFOx2U3UTTGZIj7tJOhwCFV3XRyxxgdZU4PBZHMntBo4v6eSHGo1Cj0s84Q64GareXmf7VOooN6N2UiTjQVZLooSDjSEcpDQT0mKdF8lAEmkmV/RWSAJSY6iy4PwZ49eR6cWvW8al2dVhr1Io0S7MMhHIMNZ9CAS2iCAwQe4Ale4NV4NJ6NN+N92rpgFDN78EfGxzd9P5iU</latexit><latexit sha1_base64="QkE2kHfEjEA497QYIgJE72S7oEc=">AAACBnicbZDNSsNAFIVv/K31L+pSkMEiuJCSFMG6K7hxWcHYQlPDZDpph04mcWYilNCdG1/FjQsVtz6DO9/GpI2grQcGPs69lzv3+DFnSlvWl7GwuLS8slpaK69vbG5tmzu7NypKJKEOiXgk2z5WlDNBHc00p+1YUhz6nLb84UVeb91TqVgkrvUopt0Q9wULGME6szzzQHj2beoqjeX4RHi1H3b79A5ZZc+sWFVrIjQPdgEVKNT0zE+3F5EkpEITjpXq2FasuymWmhFOx2U3UTTGZIj7tJOhwCFV3XRyxxgdZU4PBZHMntBo4v6eSHGo1Cj0s84Q64GareXmf7VOooN6N2UiTjQVZLooSDjSEcpDQT0mKdF8lAEmkmV/RWSAJSY6iy4PwZ49eR6cWvW8al2dVhr1Io0S7MMhHIMNZ9CAS2iCAwQe4Ale4NV4NJ6NN+N92rpgFDN78EfGxzd9P5iU</latexit>

n?
1 + n?

2  N
<latexit sha1_base64="ddMxHJ6FndrdASTltsXF/88yKms=">AAACBnicbZDNSgMxFIXv1L9a/6ouBQkWQRDKTBGsu4IbV1LB2kKnDpk004ZmMmOSEcrQnRtfxY0LFbc+gzvfxrQdQVsPBD7OvZebe/yYM6Vt+8vKLSwuLa/kVwtr6xubW8XtnRsVJZLQBol4JFs+VpQzQRuaaU5bsaQ49Dlt+oPzcb15T6VikbjWw5h2QtwTLGAEa2N5xX3hObepqzSWo2PhVX4YuZzeoUuvWLLL9kRoHpwMSpCp7hU/3W5EkpAKTThWqu3Yse6kWGpGOB0V3ETRGJMB7tG2QYFDqjrp5I4ROjROFwWRNE9oNHF/T6Q4VGoY+qYzxLqvZmtj879aO9FBtZMyESeaCjJdFCQc6QiNQ0FdJinRfGgAE8nMXxHpY4mJNtEVTAjO7Mnz0KiUz8r21UmpVs3SyMMeHMAROHAKNbiAOjSAwAM8wQu8Wo/Ws/VmvU9bc1Y2swt/ZH18A9DAmMw=</latexit><latexit sha1_base64="ddMxHJ6FndrdASTltsXF/88yKms=">AAACBnicbZDNSgMxFIXv1L9a/6ouBQkWQRDKTBGsu4IbV1LB2kKnDpk004ZmMmOSEcrQnRtfxY0LFbc+gzvfxrQdQVsPBD7OvZebe/yYM6Vt+8vKLSwuLa/kVwtr6xubW8XtnRsVJZLQBol4JFs+VpQzQRuaaU5bsaQ49Dlt+oPzcb15T6VikbjWw5h2QtwTLGAEa2N5xX3hObepqzSWo2PhVX4YuZzeoUuvWLLL9kRoHpwMSpCp7hU/3W5EkpAKTThWqu3Yse6kWGpGOB0V3ETRGJMB7tG2QYFDqjrp5I4ROjROFwWRNE9oNHF/T6Q4VGoY+qYzxLqvZmtj879aO9FBtZMyESeaCjJdFCQc6QiNQ0FdJinRfGgAE8nMXxHpY4mJNtEVTAjO7Mnz0KiUz8r21UmpVs3SyMMeHMAROHAKNbiAOjSAwAM8wQu8Wo/Ws/VmvU9bc1Y2swt/ZH18A9DAmMw=</latexit><latexit sha1_base64="ddMxHJ6FndrdASTltsXF/88yKms=">AAACBnicbZDNSgMxFIXv1L9a/6ouBQkWQRDKTBGsu4IbV1LB2kKnDpk004ZmMmOSEcrQnRtfxY0LFbc+gzvfxrQdQVsPBD7OvZebe/yYM6Vt+8vKLSwuLa/kVwtr6xubW8XtnRsVJZLQBol4JFs+VpQzQRuaaU5bsaQ49Dlt+oPzcb15T6VikbjWw5h2QtwTLGAEa2N5xX3hObepqzSWo2PhVX4YuZzeoUuvWLLL9kRoHpwMSpCp7hU/3W5EkpAKTThWqu3Yse6kWGpGOB0V3ETRGJMB7tG2QYFDqjrp5I4ROjROFwWRNE9oNHF/T6Q4VGoY+qYzxLqvZmtj879aO9FBtZMyESeaCjJdFCQc6QiNQ0FdJinRfGgAE8nMXxHpY4mJNtEVTAjO7Mnz0KiUz8r21UmpVs3SyMMeHMAROHAKNbiAOjSAwAM8wQu8Wo/Ws/VmvU9bc1Y2swt/ZH18A9DAmMw=</latexit>

1

2
(N + 1)(N + 2)

<latexit sha1_base64="23eDT6i0gcSeCKIg54uxVVMX9Rk=">AAAB/XicbVBNS8NAEJ34WetXVDx5WSxCi1CSIlhvBS+epIKxhTaUzXbTLt1swu5GKKHgX/HiQcWr/8Ob/8Ztm4O2Ppjh8d4MO/uChDOlHefbWlldW9/YLGwVt3d29/btg8MHFaeSUI/EPJbtACvKmaCeZprTdiIpjgJOW8Hoeuq3HqlULBb3epxQP8IDwUJGsDZSzz7uhhKTzJ1ktUn59tytmFar9OySU3VmQMvEzUkJcjR79le3H5M0okITjpXquE6i/QxLzQink2I3VTTBZIQHtGOowBFVfjY7f4LOjNJHYSxNCY1m6u+NDEdKjaPATEZYD9WiNxX/8zqpDut+xkSSairI/KEw5UjHaJoF6jNJieZjQzCRzNyKyBCbPLRJrGhCcBe/vEy8WvWq6txdlBr1PI0CnMAplMGFS2jADTTBAwIZPMMrvFlP1ov1bn3MR1esfOcI/sD6/AG3XpOI</latexit><latexit sha1_base64="23eDT6i0gcSeCKIg54uxVVMX9Rk=">AAAB/XicbVBNS8NAEJ34WetXVDx5WSxCi1CSIlhvBS+epIKxhTaUzXbTLt1swu5GKKHgX/HiQcWr/8Ob/8Ztm4O2Ppjh8d4MO/uChDOlHefbWlldW9/YLGwVt3d29/btg8MHFaeSUI/EPJbtACvKmaCeZprTdiIpjgJOW8Hoeuq3HqlULBb3epxQP8IDwUJGsDZSzz7uhhKTzJ1ktUn59tytmFar9OySU3VmQMvEzUkJcjR79le3H5M0okITjpXquE6i/QxLzQink2I3VTTBZIQHtGOowBFVfjY7f4LOjNJHYSxNCY1m6u+NDEdKjaPATEZYD9WiNxX/8zqpDut+xkSSairI/KEw5UjHaJoF6jNJieZjQzCRzNyKyBCbPLRJrGhCcBe/vEy8WvWq6txdlBr1PI0CnMAplMGFS2jADTTBAwIZPMMrvFlP1ov1bn3MR1esfOcI/sD6/AG3XpOI</latexit><latexit sha1_base64="23eDT6i0gcSeCKIg54uxVVMX9Rk=">AAAB/XicbVBNS8NAEJ34WetXVDx5WSxCi1CSIlhvBS+epIKxhTaUzXbTLt1swu5GKKHgX/HiQcWr/8Ob/8Ztm4O2Ppjh8d4MO/uChDOlHefbWlldW9/YLGwVt3d29/btg8MHFaeSUI/EPJbtACvKmaCeZprTdiIpjgJOW8Hoeuq3HqlULBb3epxQP8IDwUJGsDZSzz7uhhKTzJ1ktUn59tytmFar9OySU3VmQMvEzUkJcjR79le3H5M0okITjpXquE6i/QxLzQink2I3VTTBZIQHtGOowBFVfjY7f4LOjNJHYSxNCY1m6u+NDEdKjaPATEZYD9WiNxX/8zqpDut+xkSSairI/KEw5UjHaJoF6jNJieZjQzCRzNyKyBCbPLRJrGhCcBe/vEy8WvWq6txdlBr1PI0CnMAplMGFS2jADTTBAwIZPMMrvFlP1ov1bn3MR1esfOcI/sD6/AG3XpOI</latexit>

complexity is 
quadratic!

Theorem 3
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Xi ⇠ p(x)
<latexit sha1_base64="z3IjcY2s2HPTBBDqxqiQg8nVvKo=">AAAB83icbVBNTwIxEJ3FL8Qv1KOXRmKCF7JrTMQbiRePmLhCAhvSLV1oaLtr2yWSDb/Diwc1Xv0z3vw3FtiDgi+Z5OW9mczMCxPOtHHdb6ewtr6xuVXcLu3s7u0flA+PHnScKkJ9EvNYtUOsKWeS+oYZTtuJoliEnLbC0c3Mb42p0iyW92aS0EDggWQRI9hYKWj3GOpqJlBSfTrvlStuzZ0DrRIvJxXI0eyVv7r9mKSCSkM41rrjuYkJMqwMI5xOS91U0wSTER7QjqUSC6qDbH70FJ1ZpY+iWNmSBs3V3xMZFlpPRGg7BTZDvezNxP+8TmqiepAxmaSGSrJYFKUcmRjNEkB9pigxfGIJJorZWxEZYoWJsTmVbAje8surxL+oXdfcu8tKo56nUYQTOIUqeHAFDbiFJvhA4BGe4RXenLHz4rw7H4vWgpPPHMMfOJ8/29GRAw==</latexit><latexit sha1_base64="z3IjcY2s2HPTBBDqxqiQg8nVvKo=">AAAB83icbVBNTwIxEJ3FL8Qv1KOXRmKCF7JrTMQbiRePmLhCAhvSLV1oaLtr2yWSDb/Diwc1Xv0z3vw3FtiDgi+Z5OW9mczMCxPOtHHdb6ewtr6xuVXcLu3s7u0flA+PHnScKkJ9EvNYtUOsKWeS+oYZTtuJoliEnLbC0c3Mb42p0iyW92aS0EDggWQRI9hYKWj3GOpqJlBSfTrvlStuzZ0DrRIvJxXI0eyVv7r9mKSCSkM41rrjuYkJMqwMI5xOS91U0wSTER7QjqUSC6qDbH70FJ1ZpY+iWNmSBs3V3xMZFlpPRGg7BTZDvezNxP+8TmqiepAxmaSGSrJYFKUcmRjNEkB9pigxfGIJJorZWxEZYoWJsTmVbAje8surxL+oXdfcu8tKo56nUYQTOIUqeHAFDbiFJvhA4BGe4RXenLHz4rw7H4vWgpPPHMMfOJ8/29GRAw==</latexit><latexit sha1_base64="z3IjcY2s2HPTBBDqxqiQg8nVvKo=">AAAB83icbVBNTwIxEJ3FL8Qv1KOXRmKCF7JrTMQbiRePmLhCAhvSLV1oaLtr2yWSDb/Diwc1Xv0z3vw3FtiDgi+Z5OW9mczMCxPOtHHdb6ewtr6xuVXcLu3s7u0flA+PHnScKkJ9EvNYtUOsKWeS+oYZTtuJoliEnLbC0c3Mb42p0iyW92aS0EDggWQRI9hYKWj3GOpqJlBSfTrvlStuzZ0DrRIvJxXI0eyVv7r9mKSCSkM41rrjuYkJMqwMI5xOS91U0wSTER7QjqUSC6qDbH70FJ1ZpY+iWNmSBs3V3xMZFlpPRGg7BTZDvezNxP+8TmqiepAxmaSGSrJYFKUcmRjNEkB9pigxfGIJJorZWxEZYoWJsTmVbAje8surxL+oXdfcu8tKo56nUYQTOIUqeHAFDbiFJvhA4BGe4RXenLHz4rw7H4vWgpPPHMMfOJ8/29GRAw==</latexit>

There exists a globally optimal solution U? where:
<latexit sha1_base64="7oYnJ/TEo0nRdfz1xw4RJ3pZ3AY="></latexit><latexit sha1_base64="7oYnJ/TEo0nRdfz1xw4RJ3pZ3AY="></latexit><latexit sha1_base64="7oYnJ/TEo0nRdfz1xw4RJ3pZ3AY="></latexit>

exact solution!

⌘1 = ⌘2 = · · · = ⌘N
<latexit sha1_base64="c29JWhTvW3QTnFiffnmm27Q7jrA=">AAACCXicbZDNSsNAFIUn9a/Wv6pLN6NFcFWSIlgXQsGNK6lgbKENYTKdtkMnmTBzI5TStRtfxY0LFbe+gTvfxkkaQVsPDHycey937gliwTXY9pdVWFpeWV0rrpc2Nre2d8q7e3daJooyl0ohVTsgmgkeMRc4CNaOFSNhIFgrGF2m9dY9U5rL6BbGMfNCMoh4n1MCxvLLh10GxHfwBc6glgLtSdA/zrVfrthVOxNeBCeHCsrV9Muf3Z6kScgioIJo3XHsGLwJUcCpYNNSN9EsJnREBqxjMCIh094kO2WKj43Tw32pzIsAZ+7viQkJtR6HgekMCQz1fC01/6t1EujXvQmP4gRYRGeL+onAIHGaC+5xxSiIsQFCFTd/xXRIFKFg0iuZEJz5kxfBrVXPq/bNaaVRz9MoogN0hE6Qg85QA12hJnIRRQ/oCb2gV+vRerberPdZa8HKZ/bRH1kf3zyAmD4=</latexit><latexit sha1_base64="c29JWhTvW3QTnFiffnmm27Q7jrA=">AAACCXicbZDNSsNAFIUn9a/Wv6pLN6NFcFWSIlgXQsGNK6lgbKENYTKdtkMnmTBzI5TStRtfxY0LFbe+gTvfxkkaQVsPDHycey937gliwTXY9pdVWFpeWV0rrpc2Nre2d8q7e3daJooyl0ohVTsgmgkeMRc4CNaOFSNhIFgrGF2m9dY9U5rL6BbGMfNCMoh4n1MCxvLLh10GxHfwBc6glgLtSdA/zrVfrthVOxNeBCeHCsrV9Muf3Z6kScgioIJo3XHsGLwJUcCpYNNSN9EsJnREBqxjMCIh094kO2WKj43Tw32pzIsAZ+7viQkJtR6HgekMCQz1fC01/6t1EujXvQmP4gRYRGeL+onAIHGaC+5xxSiIsQFCFTd/xXRIFKFg0iuZEJz5kxfBrVXPq/bNaaVRz9MoogN0hE6Qg85QA12hJnIRRQ/oCb2gV+vRerberPdZa8HKZ/bRH1kf3zyAmD4=</latexit><latexit sha1_base64="c29JWhTvW3QTnFiffnmm27Q7jrA=">AAACCXicbZDNSsNAFIUn9a/Wv6pLN6NFcFWSIlgXQsGNK6lgbKENYTKdtkMnmTBzI5TStRtfxY0LFbe+gTvfxkkaQVsPDHycey937gliwTXY9pdVWFpeWV0rrpc2Nre2d8q7e3daJooyl0ohVTsgmgkeMRc4CNaOFSNhIFgrGF2m9dY9U5rL6BbGMfNCMoh4n1MCxvLLh10GxHfwBc6glgLtSdA/zrVfrthVOxNeBCeHCsrV9Muf3Z6kScgioIJo3XHsGLwJUcCpYNNSN9EsJnREBqxjMCIh094kO2WKj43Tw32pzIsAZ+7viQkJtR6HgekMCQz1fC01/6t1EujXvQmP4gRYRGeL+onAIHGaC+5xxSiIsQFCFTd/xXRIFKFg0iuZEJz5kxfBrVXPq/bNaaVRz9MoogN0hE6Qg85QA12hJnIRRQ/oCb2gV+vRerberPdZa8HKZ/bRH1kf3zyAmD4=</latexit>

U? =
�
V1, · · · ,V1

| {z }
n? tuple

, V2, · · · ,V2

| {z }
(N�n?) tuple

�

<latexit sha1_base64="Wj/WTQXaA2p9i8weL7N+qZ3lhOM="></latexit><latexit sha1_base64="Wj/WTQXaA2p9i8weL7N+qZ3lhOM="></latexit><latexit sha1_base64="Wj/WTQXaA2p9i8weL7N+qZ3lhOM="></latexit>

n? = min

⇢�
p[1]

1� p[1] � p[2]

⌫
+ 1, N

�

<latexit sha1_base64="Y8z+siOr1ukpMgCUqyDJsYcvUPw="></latexit><latexit sha1_base64="Y8z+siOr1ukpMgCUqyDJsYcvUPw="></latexit><latexit sha1_base64="Y8z+siOr1ukpMgCUqyDJsYcvUPw="></latexit>

Theorem 4
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Structural results

1. Two sensor case 
2. N sensor case (3N) 

3. Identically distributed (N2) 
4. Identically dist. with identical weights (closed form solution!)

S1

S2

S3

SN
<latexit sha1_base64="Gp1tU/YffcepriCV1TdJcb9CO2w=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsN4KXjxJpcYW2lA22027dLMJuxOhlP4ELx5UvPqPvPlv3LY5aOuDgcd7M8zMC1MpDLrut1NYW9/Y3Cpul3Z29/YPyodHjybJNOM+S2Si2yE1XArFfRQoeTvVnMah5K1wdDPzW09cG5GoBxynPIjpQIlIMIpWajZ7d71yxa26c5BV4uWkAjkavfJXt5+wLOYKmaTGdDw3xWBCNQom+bTUzQxPKRvRAe9YqmjMTTCZnzolZ1bpkyjRthSSufp7YkJjY8ZxaDtjikOz7M3E/7xOhlEtmAiVZsgVWyyKMkkwIbO/SV9ozlCOLaFMC3srYUOqKUObTsmG4C2/vEr8i+p11b2/rNRreRpFOIFTOAcPrqAOt9AAHxgM4Ble4c2Rzovz7nwsWgtOPnMMf+B8/gBpv41h</latexit><latexit sha1_base64="Gp1tU/YffcepriCV1TdJcb9CO2w=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsN4KXjxJpcYW2lA22027dLMJuxOhlP4ELx5UvPqPvPlv3LY5aOuDgcd7M8zMC1MpDLrut1NYW9/Y3Cpul3Z29/YPyodHjybJNOM+S2Si2yE1XArFfRQoeTvVnMah5K1wdDPzW09cG5GoBxynPIjpQIlIMIpWajZ7d71yxa26c5BV4uWkAjkavfJXt5+wLOYKmaTGdDw3xWBCNQom+bTUzQxPKRvRAe9YqmjMTTCZnzolZ1bpkyjRthSSufp7YkJjY8ZxaDtjikOz7M3E/7xOhlEtmAiVZsgVWyyKMkkwIbO/SV9ozlCOLaFMC3srYUOqKUObTsmG4C2/vEr8i+p11b2/rNRreRpFOIFTOAcPrqAOt9AAHxgM4Ble4c2Rzovz7nwsWgtOPnMMf+B8/gBpv41h</latexit><latexit sha1_base64="Gp1tU/YffcepriCV1TdJcb9CO2w=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsN4KXjxJpcYW2lA22027dLMJuxOhlP4ELx5UvPqPvPlv3LY5aOuDgcd7M8zMC1MpDLrut1NYW9/Y3Cpul3Z29/YPyodHjybJNOM+S2Si2yE1XArFfRQoeTvVnMah5K1wdDPzW09cG5GoBxynPIjpQIlIMIpWajZ7d71yxa26c5BV4uWkAjkavfJXt5+wLOYKmaTGdDw3xWBCNQom+bTUzQxPKRvRAe9YqmjMTTCZnzolZ1bpkyjRthSSufp7YkJjY8ZxaDtjikOz7M3E/7xOhlEtmAiVZsgVWyyKMkkwIbO/SV9ozlCOLaFMC3srYUOqKUObTsmG4C2/vEr8i+p11b2/rNRreRpFOIFTOAcPrqAOt9AAHxgM4Ble4c2Rzovz7nwsWgtOPnMMf+B8/gBpv41h</latexit>

collision
channel

...

Y

X1

X2

X3

XN
<latexit sha1_base64="DQH19/JPw1F66rqew9nlbltlac8=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4KokI1lvBiyepaGyhDWWznbRLN5uwuxFK6E/w4kHFq//Im//GbZuDtj4YeLw3w8y8MBVcG9f9dlZW19Y3Nktb5e2d3b39ysHho04yxdBniUhUO6QaBZfoG24EtlOFNA4FtsLR9dRvPaHSPJEPZpxiENOB5BFn1Fjpvt277VWqbs2dgSwTryBVKNDsVb66/YRlMUrDBNW647mpCXKqDGcCJ+VupjGlbEQH2LFU0hh1kM9OnZBTq/RJlChb0pCZ+nsip7HW4zi0nTE1Q73oTcX/vE5monqQc5lmBiWbL4oyQUxCpn+TPlfIjBhbQpni9lbChlRRZmw6ZRuCt/jyMvHPa1c19+6i2qgXaZTgGE7gDDy4hAbcQBN8YDCAZ3iFN0c4L8678zFvXXGKmSP4A+fzB3FYjWY=</latexit><latexit sha1_base64="DQH19/JPw1F66rqew9nlbltlac8=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4KokI1lvBiyepaGyhDWWznbRLN5uwuxFK6E/w4kHFq//Im//GbZuDtj4YeLw3w8y8MBVcG9f9dlZW19Y3Nktb5e2d3b39ysHho04yxdBniUhUO6QaBZfoG24EtlOFNA4FtsLR9dRvPaHSPJEPZpxiENOB5BFn1Fjpvt277VWqbs2dgSwTryBVKNDsVb66/YRlMUrDBNW647mpCXKqDGcCJ+VupjGlbEQH2LFU0hh1kM9OnZBTq/RJlChb0pCZ+nsip7HW4zi0nTE1Q73oTcX/vE5monqQc5lmBiWbL4oyQUxCpn+TPlfIjBhbQpni9lbChlRRZmw6ZRuCt/jyMvHPa1c19+6i2qgXaZTgGE7gDDy4hAbcQBN8YDCAZ3iFN0c4L8678zFvXXGKmSP4A+fzB3FYjWY=</latexit><latexit sha1_base64="DQH19/JPw1F66rqew9nlbltlac8=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4KokI1lvBiyepaGyhDWWznbRLN5uwuxFK6E/w4kHFq//Im//GbZuDtj4YeLw3w8y8MBVcG9f9dlZW19Y3Nktb5e2d3b39ysHho04yxdBniUhUO6QaBZfoG24EtlOFNA4FtsLR9dRvPaHSPJEPZpxiENOB5BFn1Fjpvt277VWqbs2dgSwTryBVKNDsVb66/YRlMUrDBNW647mpCXKqDGcCJ+VupjGlbEQH2LFU0hh1kM9OnZBTq/RJlChb0pCZ+nsip7HW4zi0nTE1Q73oTcX/vE5monqQc5lmBiWbL4oyQUxCpn+TPlfIjBhbQpni9lbChlRRZmw6ZRuCt/jyMvHPa1c19+6i2qgXaZTgGE7gDDy4hAbcQBN8YDCAZ3iFN0c4L8678zFvXXGKmSP4A+fzB3FYjWY=</latexit>

2

64
X̂1
...

X̂N

3

75

<latexit sha1_base64="/FWVOblC/mymZyWuJKakSB82LfI=">AAACJXicbVBNS8NAEN34bfyqevSyWARPJRHBehAEL56kgtVCU8pmM20XN5uwOymW0F/jxb/ixUMVwZN/xW0Noq0PBh7vzTAzL0ylMOh5H87c/MLi0vLKqru2vrG5VdreuTVJpjnUeSIT3QiZASkU1FGghEaqgcWhhLvw/mLs3/VBG5GoGxyk0IpZV4mO4Ayt1C6dBSF0hcrDmKEWD0M36DHMG8O2HwRu0I8SNHTMCvXKDUBFP93tUtmreBPQWeIXpEwK1NqlURAlPItBIZfMmKbvpdjKmUbBJdjtmYGU8XvWhaalisVgWvnkzSE9sEpEO4m2pZBO1N8TOYuNGcSh7bT39cy0Nxb/85oZdqqtXKg0Q1D8e1EnkxQTOs6MRkIDRzmwhHEt7K2U95hmHG2yrg3Bn355ltSPKqcV7/q4fF4t0lghe2SfHBKfnJBzcklqpE44eSTPZERenSfnxXlz3r9b55xiZpf8gfP5BYHYpfs=</latexit><latexit sha1_base64="/FWVOblC/mymZyWuJKakSB82LfI=">AAACJXicbVBNS8NAEN34bfyqevSyWARPJRHBehAEL56kgtVCU8pmM20XN5uwOymW0F/jxb/ixUMVwZN/xW0Noq0PBh7vzTAzL0ylMOh5H87c/MLi0vLKqru2vrG5VdreuTVJpjnUeSIT3QiZASkU1FGghEaqgcWhhLvw/mLs3/VBG5GoGxyk0IpZV4mO4Ayt1C6dBSF0hcrDmKEWD0M36DHMG8O2HwRu0I8SNHTMCvXKDUBFP93tUtmreBPQWeIXpEwK1NqlURAlPItBIZfMmKbvpdjKmUbBJdjtmYGU8XvWhaalisVgWvnkzSE9sEpEO4m2pZBO1N8TOYuNGcSh7bT39cy0Nxb/85oZdqqtXKg0Q1D8e1EnkxQTOs6MRkIDRzmwhHEt7K2U95hmHG2yrg3Bn355ltSPKqcV7/q4fF4t0lghe2SfHBKfnJBzcklqpE44eSTPZERenSfnxXlz3r9b55xiZpf8gfP5BYHYpfs=</latexit><latexit sha1_base64="/FWVOblC/mymZyWuJKakSB82LfI=">AAACJXicbVBNS8NAEN34bfyqevSyWARPJRHBehAEL56kgtVCU8pmM20XN5uwOymW0F/jxb/ixUMVwZN/xW0Noq0PBh7vzTAzL0ylMOh5H87c/MLi0vLKqru2vrG5VdreuTVJpjnUeSIT3QiZASkU1FGghEaqgcWhhLvw/mLs3/VBG5GoGxyk0IpZV4mO4Ayt1C6dBSF0hcrDmKEWD0M36DHMG8O2HwRu0I8SNHTMCvXKDUBFP93tUtmreBPQWeIXpEwK1NqlURAlPItBIZfMmKbvpdjKmUbBJdjtmYGU8XvWhaalisVgWvnkzSE9sEpEO4m2pZBO1N8TOYuNGcSh7bT39cy0Nxb/85oZdqqtXKg0Q1D8e1EnkxQTOs6MRkIDRzmwhHEt7K2U95hmHG2yrg3Bn355ltSPKqcV7/q4fF4t0lghe2SfHBKfnJBzcklqpE44eSTPZERenSfnxXlz3r9b55xiZpf8gfP5BYHYpfs=</latexit>

U1

U2

U3

UN
<latexit sha1_base64="mcuWMRZ+fxaKCc0tWTP3Ox6rX0A=">AAAB83icbVBNSwMxFHxbv2r9qnr0EiyCp7IrgvVW8OJJKri20C4lm2bb0CS7JtlCWfo7vHhQ8eqf8ea/MdvuQVsHAsPMe7zJhAln2rjut1NaW9/Y3CpvV3Z29/YPqodHjzpOFaE+iXmsOiHWlDNJfcMMp51EUSxCTtvh+Cb32xOqNIvlg5kmNBB4KFnECDZWCnoCmxHBPPNn/bt+tebW3TnQKvEKUoMCrX71qzeISSqoNIRjrbuem5ggw8owwums0ks1TTAZ4yHtWiqxoDrI5qFn6MwqAxTFyj5p0Fz9vZFhofVUhHYyD6mXvVz8z+umJmoEGZNJaqgki0NRypGJUd4AGjBFieFTSzBRzGZFZIQVJsb2VLEleMtfXiX+Rf267t5f1pqNoo0ynMApnIMHV9CEW2iBDwSe4Ble4c2ZOC/Ou/OxGC05xc4x/IHz+QNOmpH1</latexit><latexit sha1_base64="mcuWMRZ+fxaKCc0tWTP3Ox6rX0A=">AAAB83icbVBNSwMxFHxbv2r9qnr0EiyCp7IrgvVW8OJJKri20C4lm2bb0CS7JtlCWfo7vHhQ8eqf8ea/MdvuQVsHAsPMe7zJhAln2rjut1NaW9/Y3CpvV3Z29/YPqodHjzpOFaE+iXmsOiHWlDNJfcMMp51EUSxCTtvh+Cb32xOqNIvlg5kmNBB4KFnECDZWCnoCmxHBPPNn/bt+tebW3TnQKvEKUoMCrX71qzeISSqoNIRjrbuem5ggw8owwums0ks1TTAZ4yHtWiqxoDrI5qFn6MwqAxTFyj5p0Fz9vZFhofVUhHYyD6mXvVz8z+umJmoEGZNJaqgki0NRypGJUd4AGjBFieFTSzBRzGZFZIQVJsb2VLEleMtfXiX+Rf267t5f1pqNoo0ynMApnIMHV9CEW2iBDwSe4Ble4c2ZOC/Ou/OxGC05xc4x/IHz+QNOmpH1</latexit><latexit sha1_base64="mcuWMRZ+fxaKCc0tWTP3Ox6rX0A=">AAAB83icbVBNSwMxFHxbv2r9qnr0EiyCp7IrgvVW8OJJKri20C4lm2bb0CS7JtlCWfo7vHhQ8eqf8ea/MdvuQVsHAsPMe7zJhAln2rjut1NaW9/Y3CpvV3Z29/YPqodHjzpOFaE+iXmsOiHWlDNJfcMMp51EUSxCTtvh+Cb32xOqNIvlg5kmNBB4KFnECDZWCnoCmxHBPPNn/bt+tebW3TnQKvEKUoMCrX71qzeISSqoNIRjrbuem5ggw8owwums0ks1TTAZ4yHtWiqxoDrI5qFn6MwqAxTFyj5p0Fz9vZFhofVUhHYyD6mXvVz8z+umJmoEGZNJaqgki0NRypGJUd4AGjBFieFTSzBRzGZFZIQVJsb2VLEleMtfXiX+Rf267t5f1pqNoo0ynMApnIMHV9CEW2iBDwSe4Ble4c2ZOC/Ou/OxGC05xc4x/IHz+QNOmpH1</latexit>

E

Vasconcelos and Martins, “Estimation over the collision channel: the discrete case,” Submitted to IEEE TAC
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Future work

collision
channel

X1(k)

X2(k)
S2(k)

S1(k)

Y (k)

A(k � 1)

A(k � 1)

U1

U2

EW (k) Ŵ (k)

3. The sequential case

Y = C < (U1, · · · , UN ) available at the estimator
<latexit sha1_base64="rJxz70JTxL35Hb3OfMt2h8yLP8Y="></latexit><latexit sha1_base64="rJxz70JTxL35Hb3OfMt2h8yLP8Y="></latexit><latexit sha1_base64="rJxz70JTxL35Hb3OfMt2h8yLP8Y="></latexit>

2. Lift the “id. of colliding nodes” assumption

1. Correlated observations


