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Quorum sensing
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Mechanism used by bacteria to coordinate collective behavior
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[1] http://sites.tufts.edu/quorumsensing/quorumsensing101
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Enables bacteria to act as multicellular organisms! 
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[2] Waters and Bassler (2005)



How does it work?
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Fig. 1. Basic quorum sensing system of a bacterium cell. The cell releases
auto-inducers at a rate � and receive them at a rate �X , where X is the
unknown density of the bacterial colony. Once enough auto-inducers are
received, the cell expresses the gene to the corresponding exofactor.
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Fig. 2. The activation of cells depends on the concentration of auto-inducers
in the environment, which is proportional to the density of cells.

to coordinate behavior. Game theoretic models have also been
used to model quorum sensing and study social interactions
among different colonies [11]. More recently, Michelusi and
Mitra have studied quorum sensing from an estimation theo-
retic point of view [12], [13]. Among the many mathematical
models available in the literature, our work is closest to the
model of Heilmann et al. [14]. However, our work focuses on
a static optimization problem under uncertainty, rather than the
deterministic dynamic model in [14]. This uncertainty in the
population concentration of bacteria has also been explored in
a recent paper by Noel et al. [15], but for a different model
than the one considered here.

Networked decision systems consist of multiple agents, who
make local measurements, communicate over a shared network
and make decisions with the goal of achieving a common or
individual objectives [16]. We argue that this framework is
appropriate for modeling quorum sensing systems similar to
the the approach taken by Einolghozati et al. in [17], where
the goal is to coordinate a global behavior based on local
measurements and under uncertainty on the density population.
We do not emphasize the role of the shared communication
network in this paper because our problem formulation ad-
dresses quorum sensing among a single bacterial colony. In
practice, hundreds of colonies coexist in the same environment
and it is known that molecular signals emitted by different
colonies may interfere with each other either by causing signal
destruction or cross-talk [18]. However, in order to study more
general quorum sensing systems in this framework, we need
to understand the simpler case with a single colony.

II. THE MODEL

In this section we describe the Bayesian decision-making
framework used in this paper. We assume that there is a certain
number of cells per unit of volume in the colony and that each
of these cells act as a decision maker.

A. State-of-the-world

From the perspective of an individual cell, the most fun-
damental unknown quantity in a quorum sensing system is
the concentration of cells in the colony, also known as the
population density. The concentration is defined as the number
of cells per unit volume occupied by the bacterial colony
and corresponds to the state-of-the-world in the Bayesian
decision problem. The population density is represented by
a nonnegative random variable X , with a known continuous
probability density function fX supported on [0,1), i.e.,

X ⇠ fX(x). (1)

In this paper we will assume that the population density is
Gamma distributed with parameters k, ✓ > 0, i.e.,

fX(x) =
x�1 · exp

�
�x

✓

�

✓ · �(k)
, x � 0. (2)

For this distribution, E[X] = ✓ and V[X] = ✓2.
Remark 1: Our choice of modeling the concentration of

bacteria as a Gamma random variable comes from the fact that
this distribution subsumes many other classes of distributions
on the non-negative real line as particular cases, e.g. expo-
nential and chi-squared. Furthermore, it allows for tractable
analysis when paired with the Poisson observation model
that we will introduce next. Finally, this prior distribution
has been previously used for Bayesian estimation of bacterial
concentration in a substance from microbial count data in [19].

B. Measurements

The concentration is unknown to each cell and is not

directly observed by any of the cells in the colony. In quorum
sensing, a cell probes the concentration of bacteria in the
surrounding environment by indirectly measuring the concen-
tration of auto-inducer molecules. Each cell in the colony
secretes auto-inducers in the environment at a basal rate � > 0.
The global concentration of auto-inducers is proportional to
the number of cells in the colony. Auto-inducers are discrete
entities, which are produced by proteins named synthases.
During the signaling process, the auto-inducers in the environ-
ment bind to proteins called receptors to form complexes. We
model that the number of auto-inducers received and bound to
receptors is distributed according to a Poisson probability mass
function, whose arrival rate is proportional to the concentration
of cells in the colony X .

Let the observation of the i-th cell in the colony be
represented by Yi. Therefore, given X = x, we have

Yi ⇠ P(�x), i 2 {1, 2, · · · , bx · volc}, (3)

where vol is the volume occupied by the colony. Therefore,

P(Yi = k | X = x) =
(�x)k

k!
e��x, k = 0, 1, 2, · · · (4)

�5Vibrio Fischeri luminescing[3] Nealson et al. (1970)
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Propose a new optimization-based model for QS 

Cells are decision makers

Calibrate our model from experimental data 
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Local observations, Global actions 

Observations Actions

State

X
<latexit sha1_base64="h2rRH3tZD6jYKgop1LKV5uSQTeg=">AAAB53icbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3gpccWjC20oWy2k3btZhN2N0IJ/QVePKh49S9589+4bXPQ1gcDj/dmmJkXpoJr47rfztr6xubWdmmnvLu3f3BYOTp+0EmmGPosEYnqhFSj4BJ9w43ATqqQxqHAdji+m/ntJ1SaJ/LeTFIMYjqUPOKMGiu1Ov1K1a25c5BV4hWkCgWa/cpXb5CwLEZpmKBadz03NUFOleFM4LTcyzSmlI3pELuWShqjDvL5oVNybpUBiRJlSxoyV39P5DTWehKHtjOmZqSXvZn4n9fNTHQT5FymmUHJFouiTBCTkNnXZMAVMiMmllCmuL2VsBFVlBmbTdmG4C2/vEr8y9ptzW1dVeuNIo0SnMIZXIAH11CHBjTBBwYIz/AKb86j8+K8Ox+L1jWnmDmBP3A+fwAlu4y1</latexit><latexit sha1_base64="h2rRH3tZD6jYKgop1LKV5uSQTeg=">AAAB53icbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3gpccWjC20oWy2k3btZhN2N0IJ/QVePKh49S9589+4bXPQ1gcDj/dmmJkXpoJr47rfztr6xubWdmmnvLu3f3BYOTp+0EmmGPosEYnqhFSj4BJ9w43ATqqQxqHAdji+m/ntJ1SaJ/LeTFIMYjqUPOKMGiu1Ov1K1a25c5BV4hWkCgWa/cpXb5CwLEZpmKBadz03NUFOleFM4LTcyzSmlI3pELuWShqjDvL5oVNybpUBiRJlSxoyV39P5DTWehKHtjOmZqSXvZn4n9fNTHQT5FymmUHJFouiTBCTkNnXZMAVMiMmllCmuL2VsBFVlBmbTdmG4C2/vEr8y9ptzW1dVeuNIo0SnMIZXIAH11CHBjTBBwYIz/AKb86j8+K8Ox+L1jWnmDmBP3A+fwAlu4y1</latexit><latexit sha1_base64="h2rRH3tZD6jYKgop1LKV5uSQTeg=">AAAB53icbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3gpccWjC20oWy2k3btZhN2N0IJ/QVePKh49S9589+4bXPQ1gcDj/dmmJkXpoJr47rfztr6xubWdmmnvLu3f3BYOTp+0EmmGPosEYnqhFSj4BJ9w43ATqqQxqHAdji+m/ntJ1SaJ/LeTFIMYjqUPOKMGiu1Ov1K1a25c5BV4hWkCgWa/cpXb5CwLEZpmKBadz03NUFOleFM4LTcyzSmlI3pELuWShqjDvL5oVNybpUBiRJlSxoyV39P5DTWehKHtjOmZqSXvZn4n9fNTHQT5FymmUHJFouiTBCTkNnXZMAVMiMmllCmuL2VsBFVlBmbTdmG4C2/vEr8y9ptzW1dVeuNIo0SnMIZXIAH11CHBjTBBwYIz/AKb86j8+K8Ox+L1jWnmDmBP3A+fwAlu4y1</latexit>

Y1
<latexit sha1_base64="9Ti9TDScFmThf94Hcu+Tm/vJ+VM=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG8FLz1WNFppQ9lsJ+3SzSbsboQS+hO8eFDx6j/y5r9x2+agrQ8GHu/NMDMvTAXXxnW/ndLK6tr6RnmzsrW9s7tX3T+410mmGPosEYlqh1Sj4BJ9w43AdqqQxqHAh3B0PfUfnlBpnsg7M04xiOlA8ogzaqx0+9jzetWaW3dnIMvEK0gNCrR61a9uP2FZjNIwQbXueG5qgpwqw5nASaWbaUwpG9EBdiyVNEYd5LNTJ+TEKn0SJcqWNGSm/p7Iaaz1OA5tZ0zNUC96U/E/r5OZ6DLIuUwzg5LNF0WZICYh079JnytkRowtoUxxeythQ6ooMzadig3BW3x5mfhn9au6e3NeazSLNMpwBMdwCh5cQAOa0AIfGAzgGV7hzRHOi/PufMxbS04xcwh/4Hz+AEvWjVo=</latexit><latexit sha1_base64="9Ti9TDScFmThf94Hcu+Tm/vJ+VM=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG8FLz1WNFppQ9lsJ+3SzSbsboQS+hO8eFDx6j/y5r9x2+agrQ8GHu/NMDMvTAXXxnW/ndLK6tr6RnmzsrW9s7tX3T+410mmGPosEYlqh1Sj4BJ9w43AdqqQxqHAh3B0PfUfnlBpnsg7M04xiOlA8ogzaqx0+9jzetWaW3dnIMvEK0gNCrR61a9uP2FZjNIwQbXueG5qgpwqw5nASaWbaUwpG9EBdiyVNEYd5LNTJ+TEKn0SJcqWNGSm/p7Iaaz1OA5tZ0zNUC96U/E/r5OZ6DLIuUwzg5LNF0WZICYh079JnytkRowtoUxxeythQ6ooMzadig3BW3x5mfhn9au6e3NeazSLNMpwBMdwCh5cQAOa0AIfGAzgGV7hzRHOi/PufMxbS04xcwh/4Hz+AEvWjVo=</latexit><latexit sha1_base64="9Ti9TDScFmThf94Hcu+Tm/vJ+VM=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG8FLz1WNFppQ9lsJ+3SzSbsboQS+hO8eFDx6j/y5r9x2+agrQ8GHu/NMDMvTAXXxnW/ndLK6tr6RnmzsrW9s7tX3T+410mmGPosEYlqh1Sj4BJ9w43AdqqQxqHAh3B0PfUfnlBpnsg7M04xiOlA8ogzaqx0+9jzetWaW3dnIMvEK0gNCrR61a9uP2FZjNIwQbXueG5qgpwqw5nASaWbaUwpG9EBdiyVNEYd5LNTJ+TEKn0SJcqWNGSm/p7Iaaz1OA5tZ0zNUC96U/E/r5OZ6DLIuUwzg5LNF0WZICYh079JnytkRowtoUxxeythQ6ooMzadig3BW3x5mfhn9au6e3NeazSLNMpwBMdwCh5cQAOa0AIfGAzgGV7hzRHOi/PufMxbS04xcwh/4Hz+AEvWjVo=</latexit>

Y2
<latexit sha1_base64="zrR3Q9ATSoKePE9FqQtt/SiAU2o=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoN4KXnqsaGylDWWznbRLN5uwuxFK6U/w4kHFq//Im//GbZuDtj4YeLw3w8y8MBVcG9f9dgpr6xubW8Xt0s7u3v5B+fDoQSeZYuizRCSqHVKNgkv0DTcC26lCGocCW+HoZua3nlBpnsh7M04xiOlA8ogzaqx099ir9coVt+rOQVaJl5MK5Gj2yl/dfsKyGKVhgmrd8dzUBBOqDGcCp6VupjGlbEQH2LFU0hh1MJmfOiVnVumTKFG2pCFz9ffEhMZaj+PQdsbUDPWyNxP/8zqZia6CCZdpZlCyxaIoE8QkZPY36XOFzIixJZQpbm8lbEgVZcamU7IheMsvrxK/Vr2uurcXlXojT6MIJ3AK5+DBJdShAU3wgcEAnuEV3hzhvDjvzseiteDkM8fwB87nD01ZjVs=</latexit><latexit sha1_base64="zrR3Q9ATSoKePE9FqQtt/SiAU2o=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoN4KXnqsaGylDWWznbRLN5uwuxFK6U/w4kHFq//Im//GbZuDtj4YeLw3w8y8MBVcG9f9dgpr6xubW8Xt0s7u3v5B+fDoQSeZYuizRCSqHVKNgkv0DTcC26lCGocCW+HoZua3nlBpnsh7M04xiOlA8ogzaqx099ir9coVt+rOQVaJl5MK5Gj2yl/dfsKyGKVhgmrd8dzUBBOqDGcCp6VupjGlbEQH2LFU0hh1MJmfOiVnVumTKFG2pCFz9ffEhMZaj+PQdsbUDPWyNxP/8zqZia6CCZdpZlCyxaIoE8QkZPY36XOFzIixJZQpbm8lbEgVZcamU7IheMsvrxK/Vr2uurcXlXojT6MIJ3AK5+DBJdShAU3wgcEAnuEV3hzhvDjvzseiteDkM8fwB87nD01ZjVs=</latexit><latexit sha1_base64="zrR3Q9ATSoKePE9FqQtt/SiAU2o=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoN4KXnqsaGylDWWznbRLN5uwuxFK6U/w4kHFq//Im//GbZuDtj4YeLw3w8y8MBVcG9f9dgpr6xubW8Xt0s7u3v5B+fDoQSeZYuizRCSqHVKNgkv0DTcC26lCGocCW+HoZua3nlBpnsh7M04xiOlA8ogzaqx099ir9coVt+rOQVaJl5MK5Gj2yl/dfsKyGKVhgmrd8dzUBBOqDGcCp6VupjGlbEQH2LFU0hh1MJmfOiVnVumTKFG2pCFz9ffEhMZaj+PQdsbUDPWyNxP/8zqZia6CCZdpZlCyxaIoE8QkZPY36XOFzIixJZQpbm8lbEgVZcamU7IheMsvrxK/Vr2uurcXlXojT6MIJ3AK5+DBJdShAU3wgcEAnuEV3hzhvDjvzseiteDkM8fwB87nD01ZjVs=</latexit>

...
<latexit sha1_base64="PqiZMBbG4ikDxnOvzL8f45ralCY=">AAAB7HicbVBNS8NAEN3Ur1q/qh69LBbBU0lEUG8FLz1WMG2hDWWz2bRrN7thd1Ioof/BiwcVr/4gb/4bt20O2vpg4PHeDDPzwlRwA6777ZQ2Nre2d8q7lb39g8Oj6vFJ26hMU+ZTJZTuhsQwwSXzgYNg3VQzkoSCdcLx/dzvTJg2XMlHmKYsSMhQ8phTAlZq9yeRAjOo1ty6uwBeJ15BaqhAa1D96keKZgmTQAUxpue5KQQ50cCpYLNKPzMsJXRMhqxnqSQJM0G+uHaGL6wS4VhpWxLwQv09kZPEmGkS2s6EwMisenPxP6+XQXwb5FymGTBJl4viTGBQeP46jrhmFMTUEkI1t7diOiKaULABVWwI3urL68S/qt/V3YfrWqNZpFFGZ+gcXSIP3aAGaqIW8hFFT+gZvaI3RzkvzrvzsWwtOcXMKfoD5/MHOTiPGw==</latexit><latexit sha1_base64="PqiZMBbG4ikDxnOvzL8f45ralCY=">AAAB7HicbVBNS8NAEN3Ur1q/qh69LBbBU0lEUG8FLz1WMG2hDWWz2bRrN7thd1Ioof/BiwcVr/4gb/4bt20O2vpg4PHeDDPzwlRwA6777ZQ2Nre2d8q7lb39g8Oj6vFJ26hMU+ZTJZTuhsQwwSXzgYNg3VQzkoSCdcLx/dzvTJg2XMlHmKYsSMhQ8phTAlZq9yeRAjOo1ty6uwBeJ15BaqhAa1D96keKZgmTQAUxpue5KQQ50cCpYLNKPzMsJXRMhqxnqSQJM0G+uHaGL6wS4VhpWxLwQv09kZPEmGkS2s6EwMisenPxP6+XQXwb5FymGTBJl4viTGBQeP46jrhmFMTUEkI1t7diOiKaULABVWwI3urL68S/qt/V3YfrWqNZpFFGZ+gcXSIP3aAGaqIW8hFFT+gZvaI3RzkvzrvzsWwtOcXMKfoD5/MHOTiPGw==</latexit><latexit sha1_base64="PqiZMBbG4ikDxnOvzL8f45ralCY=">AAAB7HicbVBNS8NAEN3Ur1q/qh69LBbBU0lEUG8FLz1WMG2hDWWz2bRrN7thd1Ioof/BiwcVr/4gb/4bt20O2vpg4PHeDDPzwlRwA6777ZQ2Nre2d8q7lb39g8Oj6vFJ26hMU+ZTJZTuhsQwwSXzgYNg3VQzkoSCdcLx/dzvTJg2XMlHmKYsSMhQ8phTAlZq9yeRAjOo1ty6uwBeJ15BaqhAa1D96keKZgmTQAUxpue5KQQ50cCpYLNKPzMsJXRMhqxnqSQJM0G+uHaGL6wS4VhpWxLwQv09kZPEmGkS2s6EwMisenPxP6+XQXwb5FymGTBJl4viTGBQeP46jrhmFMTUEkI1t7diOiKaULABVWwI3urL68S/qt/V3YfrWqNZpFFGZ+gcXSIP3aAGaqIW8hFFT+gZvaI3RzkvzrvzsWwtOcXMKfoD5/MHOTiPGw==</latexit>

Yn
<latexit sha1_base64="01XWwy3D9ERaPAUNVwgTxwajH9Y=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG8FLz1WNFppQ9lsN+3SzSbsToQS+hO8eFDx6j/y5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmlldW19o7xZ2dre2d2r7h/cmyTTjPsskYluh9RwKRT3UaDk7VRzGoeSP4Sj66n/8MS1EYm6w3HKg5gOlIgEo2il28ee6lVrbt2dgSwTryA1KNDqVb+6/YRlMVfIJDWm47kpBjnVKJjkk0o3MzylbEQHvGOpojE3QT47dUJOrNInUaJtKSQz9fdETmNjxnFoO2OKQ7PoTcX/vE6G0WWQC5VmyBWbL4oySTAh079JX2jOUI4toUwLeythQ6opQ5tOxYbgLb68TPyz+lXdvTmvNZpFGmU4gmM4BQ8uoAFNaIEPDAbwDK/w5kjnxXl3PuatJaeYOYQ/cD5/AKgNjZc=</latexit><latexit sha1_base64="01XWwy3D9ERaPAUNVwgTxwajH9Y=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG8FLz1WNFppQ9lsN+3SzSbsToQS+hO8eFDx6j/y5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmlldW19o7xZ2dre2d2r7h/cmyTTjPsskYluh9RwKRT3UaDk7VRzGoeSP4Sj66n/8MS1EYm6w3HKg5gOlIgEo2il28ee6lVrbt2dgSwTryA1KNDqVb+6/YRlMVfIJDWm47kpBjnVKJjkk0o3MzylbEQHvGOpojE3QT47dUJOrNInUaJtKSQz9fdETmNjxnFoO2OKQ7PoTcX/vE6G0WWQC5VmyBWbL4oySTAh079JX2jOUI4toUwLeythQ6opQ5tOxYbgLb68TPyz+lXdvTmvNZpFGmU4gmM4BQ8uoAFNaIEPDAbwDK/w5kjnxXl3PuatJaeYOYQ/cD5/AKgNjZc=</latexit><latexit sha1_base64="01XWwy3D9ERaPAUNVwgTxwajH9Y=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG8FLz1WNFppQ9lsN+3SzSbsToQS+hO8eFDx6j/y5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmlldW19o7xZ2dre2d2r7h/cmyTTjPsskYluh9RwKRT3UaDk7VRzGoeSP4Sj66n/8MS1EYm6w3HKg5gOlIgEo2il28ee6lVrbt2dgSwTryA1KNDqVb+6/YRlMVfIJDWm47kpBjnVKJjkk0o3MzylbEQHvGOpojE3QT47dUJOrNInUaJtKSQz9fdETmNjxnFoO2OKQ7PoTcX/vE6G0WWQC5VmyBWbL4oySTAh079JX2jOUI4toUwLeythQ6opQ5tOxYbgLb68TPyz+lXdvTmvNZpFGmU4gmM4BQ8uoAFNaIEPDAbwDK/w5kjnxXl3PuatJaeYOYQ/cD5/AKgNjZc=</latexit>

A1
<latexit sha1_base64="Q0dRnnFS6Ny4yvhshzXPLQALt0g=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3ipceKxhbaUDbbTbt0swm7E6GE/gQvHlS8+o+8+W/ctjlo64OBx3szzMwLUykMuu63s7K6tr6xWdoqb+/s7u1XDg4fTZJpxn2WyES3Q2q4FIr7KFDydqo5jUPJW+Hoduq3nrg2IlEPOE55ENOBEpFgFK10f9PzepWqW3NnIMvEK0gVCjR7la9uP2FZzBUySY3peG6KQU41Cib5pNzNDE8pG9EB71iqaMxNkM9OnZBTq/RJlGhbCslM/T2R09iYcRzazpji0Cx6U/E/r5NhdBXkQqUZcsXmi6JMEkzI9G/SF5ozlGNLKNPC3krYkGrK0KZTtiF4iy8vE/+8dl1z7y6q9UaRRgmO4QTOwINLqEMDmuADgwE8wyu8OdJ5cd6dj3nrilPMHMEfOJ8/J16NQg==</latexit><latexit sha1_base64="Q0dRnnFS6Ny4yvhshzXPLQALt0g=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3ipceKxhbaUDbbTbt0swm7E6GE/gQvHlS8+o+8+W/ctjlo64OBx3szzMwLUykMuu63s7K6tr6xWdoqb+/s7u1XDg4fTZJpxn2WyES3Q2q4FIr7KFDydqo5jUPJW+Hoduq3nrg2IlEPOE55ENOBEpFgFK10f9PzepWqW3NnIMvEK0gVCjR7la9uP2FZzBUySY3peG6KQU41Cib5pNzNDE8pG9EB71iqaMxNkM9OnZBTq/RJlGhbCslM/T2R09iYcRzazpji0Cx6U/E/r5NhdBXkQqUZcsXmi6JMEkzI9G/SF5ozlGNLKNPC3krYkGrK0KZTtiF4iy8vE/+8dl1z7y6q9UaRRgmO4QTOwINLqEMDmuADgwE8wyu8OdJ5cd6dj3nrilPMHMEfOJ8/J16NQg==</latexit><latexit sha1_base64="Q0dRnnFS6Ny4yvhshzXPLQALt0g=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3ipceKxhbaUDbbTbt0swm7E6GE/gQvHlS8+o+8+W/ctjlo64OBx3szzMwLUykMuu63s7K6tr6xWdoqb+/s7u1XDg4fTZJpxn2WyES3Q2q4FIr7KFDydqo5jUPJW+Hoduq3nrg2IlEPOE55ENOBEpFgFK10f9PzepWqW3NnIMvEK0gVCjR7la9uP2FZzBUySY3peG6KQU41Cib5pNzNDE8pG9EB71iqaMxNkM9OnZBTq/RJlGhbCslM/T2R09iYcRzazpji0Cx6U/E/r5NhdBXkQqUZcsXmi6JMEkzI9G/SF5ozlGNLKNPC3krYkGrK0KZTtiF4iy8vE/+8dl1z7y6q9UaRRgmO4QTOwINLqEMDmuADgwE8wyu8OdJ5cd6dj3nrilPMHMEfOJ8/J16NQg==</latexit>

A2
<latexit sha1_base64="Z13mxtUoRRe7e1vkC6MC/EvMC58=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoN4qXnqsaGyhDWWznbRLN5uwuxFK6U/w4kHFq//Im//GbZuDtj4YeLw3w8y8MBVcG9f9dgpr6xubW8Xt0s7u3v5B+fDoUSeZYuizRCSqHVKNgkv0DTcC26lCGocCW+Hodua3nlBpnsgHM04xiOlA8ogzaqx0f9Or9coVt+rOQVaJl5MK5Gj2yl/dfsKyGKVhgmrd8dzUBBOqDGcCp6VupjGlbEQH2LFU0hh1MJmfOiVnVumTKFG2pCFz9ffEhMZaj+PQdsbUDPWyNxP/8zqZia6CCZdpZlCyxaIoE8QkZPY36XOFzIixJZQpbm8lbEgVZcamU7IheMsvrxK/Vr2uuncXlXojT6MIJ3AK5+DBJdShAU3wgcEAnuEV3hzhvDjvzseiteDkM8fwB87nDyjhjUM=</latexit><latexit sha1_base64="Z13mxtUoRRe7e1vkC6MC/EvMC58=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoN4qXnqsaGyhDWWznbRLN5uwuxFK6U/w4kHFq//Im//GbZuDtj4YeLw3w8y8MBVcG9f9dgpr6xubW8Xt0s7u3v5B+fDoUSeZYuizRCSqHVKNgkv0DTcC26lCGocCW+Hodua3nlBpnsgHM04xiOlA8ogzaqx0f9Or9coVt+rOQVaJl5MK5Gj2yl/dfsKyGKVhgmrd8dzUBBOqDGcCp6VupjGlbEQH2LFU0hh1MJmfOiVnVumTKFG2pCFz9ffEhMZaj+PQdsbUDPWyNxP/8zqZia6CCZdpZlCyxaIoE8QkZPY36XOFzIixJZQpbm8lbEgVZcamU7IheMsvrxK/Vr2uuncXlXojT6MIJ3AK5+DBJdShAU3wgcEAnuEV3hzhvDjvzseiteDkM8fwB87nDyjhjUM=</latexit><latexit sha1_base64="Z13mxtUoRRe7e1vkC6MC/EvMC58=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoN4qXnqsaGyhDWWznbRLN5uwuxFK6U/w4kHFq//Im//GbZuDtj4YeLw3w8y8MBVcG9f9dgpr6xubW8Xt0s7u3v5B+fDoUSeZYuizRCSqHVKNgkv0DTcC26lCGocCW+Hodua3nlBpnsgHM04xiOlA8ogzaqx0f9Or9coVt+rOQVaJl5MK5Gj2yl/dfsKyGKVhgmrd8dzUBBOqDGcCp6VupjGlbEQH2LFU0hh1MJmfOiVnVumTKFG2pCFz9ffEhMZaj+PQdsbUDPWyNxP/8zqZia6CCZdpZlCyxaIoE8QkZPY36XOFzIixJZQpbm8lbEgVZcamU7IheMsvrxK/Vr2uuncXlXojT6MIJ3AK5+DBJdShAU3wgcEAnuEV3hzhvDjvzseiteDkM8fwB87nDyjhjUM=</latexit>

...
<latexit sha1_base64="PqiZMBbG4ikDxnOvzL8f45ralCY=">AAAB7HicbVBNS8NAEN3Ur1q/qh69LBbBU0lEUG8FLz1WMG2hDWWz2bRrN7thd1Ioof/BiwcVr/4gb/4bt20O2vpg4PHeDDPzwlRwA6777ZQ2Nre2d8q7lb39g8Oj6vFJ26hMU+ZTJZTuhsQwwSXzgYNg3VQzkoSCdcLx/dzvTJg2XMlHmKYsSMhQ8phTAlZq9yeRAjOo1ty6uwBeJ15BaqhAa1D96keKZgmTQAUxpue5KQQ50cCpYLNKPzMsJXRMhqxnqSQJM0G+uHaGL6wS4VhpWxLwQv09kZPEmGkS2s6EwMisenPxP6+XQXwb5FymGTBJl4viTGBQeP46jrhmFMTUEkI1t7diOiKaULABVWwI3urL68S/qt/V3YfrWqNZpFFGZ+gcXSIP3aAGaqIW8hFFT+gZvaI3RzkvzrvzsWwtOcXMKfoD5/MHOTiPGw==</latexit><latexit sha1_base64="PqiZMBbG4ikDxnOvzL8f45ralCY=">AAAB7HicbVBNS8NAEN3Ur1q/qh69LBbBU0lEUG8FLz1WMG2hDWWz2bRrN7thd1Ioof/BiwcVr/4gb/4bt20O2vpg4PHeDDPzwlRwA6777ZQ2Nre2d8q7lb39g8Oj6vFJ26hMU+ZTJZTuhsQwwSXzgYNg3VQzkoSCdcLx/dzvTJg2XMlHmKYsSMhQ8phTAlZq9yeRAjOo1ty6uwBeJ15BaqhAa1D96keKZgmTQAUxpue5KQQ50cCpYLNKPzMsJXRMhqxnqSQJM0G+uHaGL6wS4VhpWxLwQv09kZPEmGkS2s6EwMisenPxP6+XQXwb5FymGTBJl4viTGBQeP46jrhmFMTUEkI1t7diOiKaULABVWwI3urL68S/qt/V3YfrWqNZpFFGZ+gcXSIP3aAGaqIW8hFFT+gZvaI3RzkvzrvzsWwtOcXMKfoD5/MHOTiPGw==</latexit><latexit sha1_base64="PqiZMBbG4ikDxnOvzL8f45ralCY=">AAAB7HicbVBNS8NAEN3Ur1q/qh69LBbBU0lEUG8FLz1WMG2hDWWz2bRrN7thd1Ioof/BiwcVr/4gb/4bt20O2vpg4PHeDDPzwlRwA6777ZQ2Nre2d8q7lb39g8Oj6vFJ26hMU+ZTJZTuhsQwwSXzgYNg3VQzkoSCdcLx/dzvTJg2XMlHmKYsSMhQ8phTAlZq9yeRAjOo1ty6uwBeJ15BaqhAa1D96keKZgmTQAUxpue5KQQ50cCpYLNKPzMsJXRMhqxnqSQJM0G+uHaGL6wS4VhpWxLwQv09kZPEmGkS2s6EwMisenPxP6+XQXwb5FymGTBJl4viTGBQeP46jrhmFMTUEkI1t7diOiKaULABVWwI3urL68S/qt/V3YfrWqNZpFFGZ+gcXSIP3aAGaqIW8hFFT+gZvaI3RzkvzrvzsWwtOcXMKfoD5/MHOTiPGw==</latexit>

An
<latexit sha1_base64="2ntJzqlg4/OJQ+Ga+cvaBxY/yeY=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3ipceKxhbaUDbbTbt0swm7E6GE/gQvHlS8+o+8+W/ctjlo64OBx3szzMwLUykMuu63s7K6tr6xWdoqb+/s7u1XDg4fTZJpxn2WyES3Q2q4FIr7KFDydqo5jUPJW+Hoduq3nrg2IlEPOE55ENOBEpFgFK10f9NTvUrVrbkzkGXiFaQKBZq9yle3n7As5gqZpMZ0PDfFIKcaBZN8Uu5mhqeUjeiAdyxVNOYmyGenTsipVfokSrQthWSm/p7IaWzMOA5tZ0xxaBa9qfif18kwugpyodIMuWLzRVEmCSZk+jfpC80ZyrEllGlhbyVsSDVlaNMp2xC8xZeXiX9eu665dxfVeqNIowTHcAJn4MEl1KEBTfCBwQCe4RXeHOm8OO/Ox7x1xSlmjuAPnM8fg5WNfw==</latexit><latexit sha1_base64="2ntJzqlg4/OJQ+Ga+cvaBxY/yeY=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3ipceKxhbaUDbbTbt0swm7E6GE/gQvHlS8+o+8+W/ctjlo64OBx3szzMwLUykMuu63s7K6tr6xWdoqb+/s7u1XDg4fTZJpxn2WyES3Q2q4FIr7KFDydqo5jUPJW+Hoduq3nrg2IlEPOE55ENOBEpFgFK10f9NTvUrVrbkzkGXiFaQKBZq9yle3n7As5gqZpMZ0PDfFIKcaBZN8Uu5mhqeUjeiAdyxVNOYmyGenTsipVfokSrQthWSm/p7IaWzMOA5tZ0xxaBa9qfif18kwugpyodIMuWLzRVEmCSZk+jfpC80ZyrEllGlhbyVsSDVlaNMp2xC8xZeXiX9eu665dxfVeqNIowTHcAJn4MEl1KEBTfCBwQCe4RXeHOm8OO/Ox7x1xSlmjuAPnM8fg5WNfw==</latexit><latexit sha1_base64="2ntJzqlg4/OJQ+Ga+cvaBxY/yeY=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3ipceKxhbaUDbbTbt0swm7E6GE/gQvHlS8+o+8+W/ctjlo64OBx3szzMwLUykMuu63s7K6tr6xWdoqb+/s7u1XDg4fTZJpxn2WyES3Q2q4FIr7KFDydqo5jUPJW+Hoduq3nrg2IlEPOE55ENOBEpFgFK10f9NTvUrVrbkzkGXiFaQKBZq9yle3n7As5gqZpMZ0PDfFIKcaBZN8Uu5mhqeUjeiAdyxVNOYmyGenTsipVfokSrQthWSm/p7IaWzMOA5tZ0xxaBa9qfif18kwugpyodIMuWLzRVEmCSZk+jfpC80ZyrEllGlhbyVsSDVlaNMp2xC8xZeXiX9eu665dxfVeqNIowTHcAJn4MEl1KEBTfCBwQCe4RXeHOm8OO/Ox7x1xSlmjuAPnM8fg5WNfw==</latexit>

C1
<latexit sha1_base64="f3B5qYmutoRMnxAizzFuuzE9918=">AAAB83icbVBNSwMxFHxbv2r9qnr0EiyCp7Irgnor9uKxgmsL7VKyabYNzSZrki2Upb/DiwcVr/4Zb/4bs+0etHUgMMy8x5tMmHCmjet+O6W19Y3NrfJ2ZWd3b/+genj0qGWqCPWJ5FJ1QqwpZ4L6hhlOO4miOA45bYfjZu63J1RpJsWDmSY0iPFQsIgRbKwU9GJsRgTzrDnre/1qza27c6BV4hWkBgVa/epXbyBJGlNhCMdadz03MUGGlWGE01mll2qaYDLGQ9q1VOCY6iCbh56hM6sMUCSVfcKgufp7I8Ox1tM4tJN5SL3s5eJ/Xjc10XWQMZGkhgqyOBSlHBmJ8gbQgClKDJ9agoliNisiI6wwMbanii3BW/7yKvEv6jd19/6y1rgt2ijDCZzCOXhwBQ24gxb4QOAJnuEV3pyJ8+K8Ox+L0ZJT7BzDHzifPwpZkdA=</latexit><latexit sha1_base64="f3B5qYmutoRMnxAizzFuuzE9918=">AAAB83icbVBNSwMxFHxbv2r9qnr0EiyCp7Irgnor9uKxgmsL7VKyabYNzSZrki2Upb/DiwcVr/4Zb/4bs+0etHUgMMy8x5tMmHCmjet+O6W19Y3NrfJ2ZWd3b/+genj0qGWqCPWJ5FJ1QqwpZ4L6hhlOO4miOA45bYfjZu63J1RpJsWDmSY0iPFQsIgRbKwU9GJsRgTzrDnre/1qza27c6BV4hWkBgVa/epXbyBJGlNhCMdadz03MUGGlWGE01mll2qaYDLGQ9q1VOCY6iCbh56hM6sMUCSVfcKgufp7I8Ox1tM4tJN5SL3s5eJ/Xjc10XWQMZGkhgqyOBSlHBmJ8gbQgClKDJ9agoliNisiI6wwMbanii3BW/7yKvEv6jd19/6y1rgt2ijDCZzCOXhwBQ24gxb4QOAJnuEV3pyJ8+K8Ox+L0ZJT7BzDHzifPwpZkdA=</latexit><latexit sha1_base64="f3B5qYmutoRMnxAizzFuuzE9918=">AAAB83icbVBNSwMxFHxbv2r9qnr0EiyCp7Irgnor9uKxgmsL7VKyabYNzSZrki2Upb/DiwcVr/4Zb/4bs+0etHUgMMy8x5tMmHCmjet+O6W19Y3NrfJ2ZWd3b/+genj0qGWqCPWJ5FJ1QqwpZ4L6hhlOO4miOA45bYfjZu63J1RpJsWDmSY0iPFQsIgRbKwU9GJsRgTzrDnre/1qza27c6BV4hWkBgVa/epXbyBJGlNhCMdadz03MUGGlWGE01mll2qaYDLGQ9q1VOCY6iCbh56hM6sMUCSVfcKgufp7I8Ox1tM4tJN5SL3s5eJ/Xjc10XWQMZGkhgqyOBSlHBmJ8gbQgClKDJ9agoliNisiI6wwMbanii3BW/7yKvEv6jd19/6y1rgt2ijDCZzCOXhwBQ24gxb4QOAJnuEV3pyJ8+K8Ox+L0ZJT7BzDHzifPwpZkdA=</latexit>

C2
<latexit sha1_base64="DoJ7hY9rSTK55IXV+tIlrW0UmIA=">AAAB83icbVBNSwMxFHzxs9avqkcvwSJ4KrtFUG/FXjxWcG2hXUo2zbah2eyaZAtl6e/w4kHFq3/Gm//GbLsHbR0IDDPv8SYTJIJr4zjfaG19Y3Nru7RT3t3bPzisHB0/6jhVlHk0FrHqBEQzwSXzDDeCdRLFSBQI1g7GzdxvT5jSPJYPZpowPyJDyUNOibGS34uIGVEisuasX+9Xqk7NmQOvErcgVSjQ6le+eoOYphGThgqiddd1EuNnRBlOBZuVe6lmCaFjMmRdSyWJmPazeegZPrfKAIexsk8aPFd/b2Qk0noaBXYyD6mXvVz8z+umJrz2My6T1DBJF4fCVGAT47wBPOCKUSOmlhCquM2K6YgoQo3tqWxLcJe/vEq8eu2m5txfVhu3RRslOIUzuAAXrqABd9ACDyg8wTO8whuaoBf0jj4Wo2uo2DmBP0CfPwvckdE=</latexit><latexit sha1_base64="DoJ7hY9rSTK55IXV+tIlrW0UmIA=">AAAB83icbVBNSwMxFHzxs9avqkcvwSJ4KrtFUG/FXjxWcG2hXUo2zbah2eyaZAtl6e/w4kHFq3/Gm//GbLsHbR0IDDPv8SYTJIJr4zjfaG19Y3Nru7RT3t3bPzisHB0/6jhVlHk0FrHqBEQzwSXzDDeCdRLFSBQI1g7GzdxvT5jSPJYPZpowPyJDyUNOibGS34uIGVEisuasX+9Xqk7NmQOvErcgVSjQ6le+eoOYphGThgqiddd1EuNnRBlOBZuVe6lmCaFjMmRdSyWJmPazeegZPrfKAIexsk8aPFd/b2Qk0noaBXYyD6mXvVz8z+umJrz2My6T1DBJF4fCVGAT47wBPOCKUSOmlhCquM2K6YgoQo3tqWxLcJe/vEq8eu2m5txfVhu3RRslOIUzuAAXrqABd9ACDyg8wTO8whuaoBf0jj4Wo2uo2DmBP0CfPwvckdE=</latexit><latexit sha1_base64="DoJ7hY9rSTK55IXV+tIlrW0UmIA=">AAAB83icbVBNSwMxFHzxs9avqkcvwSJ4KrtFUG/FXjxWcG2hXUo2zbah2eyaZAtl6e/w4kHFq3/Gm//GbLsHbR0IDDPv8SYTJIJr4zjfaG19Y3Nru7RT3t3bPzisHB0/6jhVlHk0FrHqBEQzwSXzDDeCdRLFSBQI1g7GzdxvT5jSPJYPZpowPyJDyUNOibGS34uIGVEisuasX+9Xqk7NmQOvErcgVSjQ6le+eoOYphGThgqiddd1EuNnRBlOBZuVe6lmCaFjMmRdSyWJmPazeegZPrfKAIexsk8aPFd/b2Qk0noaBXYyD6mXvVz8z+umJrz2My6T1DBJF4fCVGAT47wBPOCKUSOmlhCquM2K6YgoQo3tqWxLcJe/vEq8eu2m5txfVhu3RRslOIUzuAAXrqABd9ACDyg8wTO8whuaoBf0jj4Wo2uo2DmBP0CfPwvckdE=</latexit>

Cn
<latexit sha1_base64="8nct52q/FzFwEZP7SpDiDYJ9n/Y=">AAAB83icbVBNSwMxFHxbv2r9qnr0EiyCp7Irgnor9uKxgmsL7VKyabYNzSZrki2Upb/DiwcVr/4Zb/4bs+0etHUgMMy8x5tMmHCmjet+O6W19Y3NrfJ2ZWd3b/+genj0qGWqCPWJ5FJ1QqwpZ4L6hhlOO4miOA45bYfjZu63J1RpJsWDmSY0iPFQsIgRbKwU9GJsRgTzrDnri3615tbdOdAq8QpSgwKtfvWrN5AkjakwhGOtu56bmCDDyjDC6azSSzVNMBnjIe1aKnBMdZDNQ8/QmVUGKJLKPmHQXP29keFY62kc2sk8pF72cvE/r5ua6DrImEhSQwVZHIpSjoxEeQNowBQlhk8twUQxmxWREVaYGNtTxZbgLX95lfgX9Zu6e39Za9wWbZThBE7hHDy4ggbcQQt8IPAEz/AKb87EeXHenY/FaMkpdo7hD5zPH2aQkg0=</latexit><latexit sha1_base64="8nct52q/FzFwEZP7SpDiDYJ9n/Y=">AAAB83icbVBNSwMxFHxbv2r9qnr0EiyCp7Irgnor9uKxgmsL7VKyabYNzSZrki2Upb/DiwcVr/4Zb/4bs+0etHUgMMy8x5tMmHCmjet+O6W19Y3NrfJ2ZWd3b/+genj0qGWqCPWJ5FJ1QqwpZ4L6hhlOO4miOA45bYfjZu63J1RpJsWDmSY0iPFQsIgRbKwU9GJsRgTzrDnri3615tbdOdAq8QpSgwKtfvWrN5AkjakwhGOtu56bmCDDyjDC6azSSzVNMBnjIe1aKnBMdZDNQ8/QmVUGKJLKPmHQXP29keFY62kc2sk8pF72cvE/r5ua6DrImEhSQwVZHIpSjoxEeQNowBQlhk8twUQxmxWREVaYGNtTxZbgLX95lfgX9Zu6e39Za9wWbZThBE7hHDy4ggbcQQt8IPAEz/AKb87EeXHenY/FaMkpdo7hD5zPH2aQkg0=</latexit><latexit sha1_base64="8nct52q/FzFwEZP7SpDiDYJ9n/Y=">AAAB83icbVBNSwMxFHxbv2r9qnr0EiyCp7Irgnor9uKxgmsL7VKyabYNzSZrki2Upb/DiwcVr/4Zb/4bs+0etHUgMMy8x5tMmHCmjet+O6W19Y3NrfJ2ZWd3b/+genj0qGWqCPWJ5FJ1QqwpZ4L6hhlOO4miOA45bYfjZu63J1RpJsWDmSY0iPFQsIgRbKwU9GJsRgTzrDnri3615tbdOdAq8QpSgwKtfvWrN5AkjakwhGOtu56bmCDDyjDC6azSSzVNMBnjIe1aKnBMdZDNQ8/QmVUGKJLKPmHQXP29keFY62kc2sk8pF72cvE/r5ua6DrImEhSQwVZHIpSjoxEeQNowBQlhk8twUQxmxWREVaYGNtTxZbgLX95lfgX9Zu6e39Za9wWbZThBE7hHDy4ggbcQQt8IPAEz/AKb87EeXHenY/FaMkpdo7hD5zPH2aQkg0=</latexit>

P1
<latexit sha1_base64="9qdX/nxIrSkLzBiAOa5vIej++8Q=">AAAB83icbVBNS8NAFHypX7V+VT16WSyCp5KIoN6KXjxWMFpoQ9lst+3SzSbuvhRK6O/w4kHFq3/Gm//GTZuDtg4sDDPv8WYnTKQw6LrfTmlldW19o7xZ2dre2d2r7h88mDjVjPsslrFuhdRwKRT3UaDkrURzGoWSP4ajm9x/HHNtRKzucZLwIKIDJfqCUbRS0IkoDhmVWXPa9brVmlt3ZyDLxCtIDQo0u9WvTi9macQVMkmNaXtugkFGNQom+bTSSQ1PKBvRAW9bqmjETZDNQk/JiVV6pB9r+xSSmfp7I6ORMZMotJN5SLPo5eJ/XjvF/mWQCZWkyBWbH+qnkmBM8gZIT2jOUE4soUwLm5WwIdWUoe2pYkvwFr+8TPyz+lXdvTuvNa6LNspwBMdwCh5cQANuoQk+MHiCZ3iFN2fsvDjvzsd8tOQUO4fwB87nDx4nkd0=</latexit><latexit sha1_base64="9qdX/nxIrSkLzBiAOa5vIej++8Q=">AAAB83icbVBNS8NAFHypX7V+VT16WSyCp5KIoN6KXjxWMFpoQ9lst+3SzSbuvhRK6O/w4kHFq3/Gm//GTZuDtg4sDDPv8WYnTKQw6LrfTmlldW19o7xZ2dre2d2r7h88mDjVjPsslrFuhdRwKRT3UaDkrURzGoWSP4ajm9x/HHNtRKzucZLwIKIDJfqCUbRS0IkoDhmVWXPa9brVmlt3ZyDLxCtIDQo0u9WvTi9macQVMkmNaXtugkFGNQom+bTSSQ1PKBvRAW9bqmjETZDNQk/JiVV6pB9r+xSSmfp7I6ORMZMotJN5SLPo5eJ/XjvF/mWQCZWkyBWbH+qnkmBM8gZIT2jOUE4soUwLm5WwIdWUoe2pYkvwFr+8TPyz+lXdvTuvNa6LNspwBMdwCh5cQANuoQk+MHiCZ3iFN2fsvDjvzsd8tOQUO4fwB87nDx4nkd0=</latexit><latexit sha1_base64="9qdX/nxIrSkLzBiAOa5vIej++8Q=">AAAB83icbVBNS8NAFHypX7V+VT16WSyCp5KIoN6KXjxWMFpoQ9lst+3SzSbuvhRK6O/w4kHFq3/Gm//GTZuDtg4sDDPv8WYnTKQw6LrfTmlldW19o7xZ2dre2d2r7h88mDjVjPsslrFuhdRwKRT3UaDkrURzGoWSP4ajm9x/HHNtRKzucZLwIKIDJfqCUbRS0IkoDhmVWXPa9brVmlt3ZyDLxCtIDQo0u9WvTi9macQVMkmNaXtugkFGNQom+bTSSQ1PKBvRAW9bqmjETZDNQk/JiVV6pB9r+xSSmfp7I6ORMZMotJN5SLPo5eJ/XjvF/mWQCZWkyBWbH+qnkmBM8gZIT2jOUE4soUwLm5WwIdWUoe2pYkvwFr+8TPyz+lXdvTuvNa6LNspwBMdwCh5cQANuoQk+MHiCZ3iFN2fsvDjvzsd8tOQUO4fwB87nDx4nkd0=</latexit>

P2
<latexit sha1_base64="1FmpmKNj4g6kzOAuYny6jp+MPVM=">AAAB83icbVBNSwMxFHypX7V+VT16CRbBU9ktgnorevFYwbWFdinZNNuGZrNrki2Upb/DiwcVr/4Zb/4bs+0etHUgMMy8x5tMkAiujeN8o9La+sbmVnm7srO7t39QPTx61HGqKPNoLGLVCYhmgkvmGW4E6ySKkSgQrB2Mb3O/PWFK81g+mGnC/IgMJQ85JcZKfi8iZkSJyFqzfqNfrTl1Zw68StyC1KBAq1/96g1imkZMGiqI1l3XSYyfEWU4FWxW6aWaJYSOyZB1LZUkYtrP5qFn+MwqAxzGyj5p8Fz9vZGRSOtpFNjJPKRe9nLxP6+bmvDKz7hMUsMkXRwKU4FNjPMG8IArRo2YWkKo4jYrpiOiCDW2p4otwV3+8irxGvXrunN/UWveFG2U4QRO4RxcuIQm3EELPKDwBM/wCm9ogl7QO/pYjJZQsXMMf4A+fwAfqpHe</latexit><latexit sha1_base64="1FmpmKNj4g6kzOAuYny6jp+MPVM=">AAAB83icbVBNSwMxFHypX7V+VT16CRbBU9ktgnorevFYwbWFdinZNNuGZrNrki2Upb/DiwcVr/4Zb/4bs+0etHUgMMy8x5tMkAiujeN8o9La+sbmVnm7srO7t39QPTx61HGqKPNoLGLVCYhmgkvmGW4E6ySKkSgQrB2Mb3O/PWFK81g+mGnC/IgMJQ85JcZKfi8iZkSJyFqzfqNfrTl1Zw68StyC1KBAq1/96g1imkZMGiqI1l3XSYyfEWU4FWxW6aWaJYSOyZB1LZUkYtrP5qFn+MwqAxzGyj5p8Fz9vZGRSOtpFNjJPKRe9nLxP6+bmvDKz7hMUsMkXRwKU4FNjPMG8IArRo2YWkKo4jYrpiOiCDW2p4otwV3+8irxGvXrunN/UWveFG2U4QRO4RxcuIQm3EELPKDwBM/wCm9ogl7QO/pYjJZQsXMMf4A+fwAfqpHe</latexit><latexit sha1_base64="1FmpmKNj4g6kzOAuYny6jp+MPVM=">AAAB83icbVBNSwMxFHypX7V+VT16CRbBU9ktgnorevFYwbWFdinZNNuGZrNrki2Upb/DiwcVr/4Zb/4bs+0etHUgMMy8x5tMkAiujeN8o9La+sbmVnm7srO7t39QPTx61HGqKPNoLGLVCYhmgkvmGW4E6ySKkSgQrB2Mb3O/PWFK81g+mGnC/IgMJQ85JcZKfi8iZkSJyFqzfqNfrTl1Zw68StyC1KBAq1/96g1imkZMGiqI1l3XSYyfEWU4FWxW6aWaJYSOyZB1LZUkYtrP5qFn+MwqAxzGyj5p8Fz9vZGRSOtpFNjJPKRe9nLxP6+bmvDKz7hMUsMkXRwKU4FNjPMG8IArRo2YWkKo4jYrpiOiCDW2p4otwV3+8irxGvXrunN/UWveFG2U4QRO4RxcuIQm3EELPKDwBM/wCm9ogl7QO/pYjJZQsXMMf4A+fwAfqpHe</latexit>

Pn
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⇥
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Density of the colony X ⇠ Gamma(, ✓)
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Fig. 1. Basic quorum sensing system of a bacterium cell. The cell releases
auto-inducers at a rate � and receive them at a rate �X , where X is the
unknown density of the bacterial colony. Once enough auto-inducers are
received, the cell expresses the gene to the corresponding exofactor.

Fig. 2. The activation of cells depends on the concentration of auto-inducers
in the environment, which is proportional to the density of cells.

to coordinate behavior. Game theoretic models have also been
used to model quorum sensing and study social interactions
among different colonies [11]. More recently, Michelusi and
Mitra have studied quorum sensing from an estimation theo-
retic point of view [12], [13]. Among the many mathematical
models available in the literature, our work is closest to the
model of Heilmann et al. [14]. However, our work focuses on
a static optimization problem under uncertainty, rather than the
deterministic dynamic model in [14]. This uncertainty in the
population concentration of bacteria has also been explored in
a recent paper by Noel et al. [15], but for a different model
than the one considered here.

Networked decision systems consist of multiple agents, who
make local measurements, communicate over a shared network
and make decisions with the goal of achieving a common or
individual objectives [16]. We argue that this framework is
appropriate for modeling quorum sensing systems similar to
the the approach taken by Einolghozati et al. in [17], where
the goal is to coordinate a global behavior based on local
measurements and under uncertainty on the density population.
We do not emphasize the role of the shared communication
network in this paper because our problem formulation ad-
dresses quorum sensing among a single bacterial colony. In
practice, hundreds of colonies coexist in the same environment
and it is known that molecular signals emitted by different
colonies may interfere with each other either by causing signal
destruction or cross-talk [18]. However, in order to study more
general quorum sensing systems in this framework, we need
to understand the simpler case with a single colony.

II. THE MODEL

In this section we describe the Bayesian decision-making
framework used in this paper. We assume that there is a certain
number of cells per unit of volume in the colony and that each
of these cells act as a decision maker.

A. State-of-the-world

From the perspective of an individual cell, the most fun-
damental unknown quantity in a quorum sensing system is
the concentration of cells in the colony, also known as the
population density. The concentration is defined as the number
of cells per unit volume occupied by the bacterial colony
and corresponds to the state-of-the-world in the Bayesian
decision problem. The population density is represented by
a nonnegative random variable X , with a known continuous
probability density function fX supported on [0,1), i.e.,

X ⇠ fX(x). (1)

In this paper we will assume that the population density is
Gamma distributed with parameters k, ✓ > 0, i.e.,

fX(x) =
x�1 · exp

�
�x

✓

�

✓ · �(k)
, x � 0. (2)

For this distribution, E[X] = ✓ and V[X] = ✓2.
Remark 1: Our choice of modeling the concentration of

bacteria as a Gamma random variable comes from the fact that
this distribution subsumes many other classes of distributions
on the non-negative real line as particular cases, e.g. expo-
nential and chi-squared. Furthermore, it allows for tractable
analysis when paired with the Poisson observation model
that we will introduce next. Finally, this prior distribution
has been previously used for Bayesian estimation of bacterial
concentration in a substance from microbial count data in [19].

B. Measurements

The concentration is unknown to each cell and is not

directly observed by any of the cells in the colony. In quorum
sensing, a cell probes the concentration of bacteria in the
surrounding environment by indirectly measuring the concen-
tration of auto-inducer molecules. Each cell in the colony
secretes auto-inducers in the environment at a basal rate � > 0.
The global concentration of auto-inducers is proportional to
the number of cells in the colony. Auto-inducers are discrete
entities, which are produced by proteins named synthases.
During the signaling process, the auto-inducers in the environ-
ment bind to proteins called receptors to form complexes. We
model that the number of auto-inducers received and bound to
receptors is distributed according to a Poisson probability mass
function, whose arrival rate is proportional to the concentration
of cells in the colony X .

Let the observation of the i-th cell in the colony be
represented by Yi. Therefore, given X = x, we have

Yi ⇠ P(�x), i 2 {1, 2, · · · , bx · volc}, (3)

where vol is the volume occupied by the colony. Therefore,

P(Yi = k | X = x) =
(�x)k

k!
e��x, k = 0, 1, 2, · · · (4)



Observations

Given X: Yi ?? Yj , i 6= j
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Fig. 1. Basic quorum sensing system of a bacterium cell. The cell releases
auto-inducers at a rate � and receive them at a rate �X , where X is the
unknown density of the bacterial colony. Once enough auto-inducers are
received, the cell expresses the gene to the corresponding exofactor.

Fig. 2. The activation of cells depends on the concentration of auto-inducers
in the environment, which is proportional to the density of cells.

to coordinate behavior. Game theoretic models have also been
used to model quorum sensing and study social interactions
among different colonies [11]. More recently, Michelusi and
Mitra have studied quorum sensing from an estimation theo-
retic point of view [12], [13]. Among the many mathematical
models available in the literature, our work is closest to the
model of Heilmann et al. [14]. However, our work focuses on
a static optimization problem under uncertainty, rather than the
deterministic dynamic model in [14]. This uncertainty in the
population concentration of bacteria has also been explored in
a recent paper by Noel et al. [15], but for a different model
than the one considered here.

Networked decision systems consist of multiple agents, who
make local measurements, communicate over a shared network
and make decisions with the goal of achieving a common or
individual objectives [16]. We argue that this framework is
appropriate for modeling quorum sensing systems similar to
the the approach taken by Einolghozati et al. in [17], where
the goal is to coordinate a global behavior based on local
measurements and under uncertainty on the density population.
We do not emphasize the role of the shared communication
network in this paper because our problem formulation ad-
dresses quorum sensing among a single bacterial colony. In
practice, hundreds of colonies coexist in the same environment
and it is known that molecular signals emitted by different
colonies may interfere with each other either by causing signal
destruction or cross-talk [18]. However, in order to study more
general quorum sensing systems in this framework, we need
to understand the simpler case with a single colony.

II. THE MODEL

In this section we describe the Bayesian decision-making
framework used in this paper. We assume that there is a certain
number of cells per unit of volume in the colony and that each
of these cells act as a decision maker.

A. State-of-the-world

From the perspective of an individual cell, the most fun-
damental unknown quantity in a quorum sensing system is
the concentration of cells in the colony, also known as the
population density. The concentration is defined as the number
of cells per unit volume occupied by the bacterial colony
and corresponds to the state-of-the-world in the Bayesian
decision problem. The population density is represented by
a nonnegative random variable X , with a known continuous
probability density function fX supported on [0,1), i.e.,

X ⇠ fX(x). (1)

In this paper we will assume that the population density is
Gamma distributed with parameters k, ✓ > 0, i.e.,

fX(x) =
x�1 · exp

�
�x

✓

�

✓ · �(k)
, x � 0. (2)

For this distribution, E[X] = ✓ and V[X] = ✓2.
Remark 1: Our choice of modeling the concentration of

bacteria as a Gamma random variable comes from the fact that
this distribution subsumes many other classes of distributions
on the non-negative real line as particular cases, e.g. expo-
nential and chi-squared. Furthermore, it allows for tractable
analysis when paired with the Poisson observation model
that we will introduce next. Finally, this prior distribution
has been previously used for Bayesian estimation of bacterial
concentration in a substance from microbial count data in [19].

B. Measurements

The concentration is unknown to each cell and is not

directly observed by any of the cells in the colony. In quorum
sensing, a cell probes the concentration of bacteria in the
surrounding environment by indirectly measuring the concen-
tration of auto-inducer molecules. Each cell in the colony
secretes auto-inducers in the environment at a basal rate � > 0.
The global concentration of auto-inducers is proportional to
the number of cells in the colony. Auto-inducers are discrete
entities, which are produced by proteins named synthases.
During the signaling process, the auto-inducers in the environ-
ment bind to proteins called receptors to form complexes. We
model that the number of auto-inducers received and bound to
receptors is distributed according to a Poisson probability mass
function, whose arrival rate is proportional to the concentration
of cells in the colony X .

Let the observation of the i-th cell in the colony be
represented by Yi. Therefore, given X = x, we have

Yi ⇠ P(�x), i 2 {1, 2, · · · , bx · volc}, (3)

where vol is the volume occupied by the colony. Therefore,

P(Yi = k | X = x) =
(�x)k

k!
e��x, k = 0, 1, 2, · · · (4)

Yi
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Queueing analogy[6]

�13[6] Michelusi et al (2015)



Quorum size

Ai =

(
0 i-th cell is inactive

1 i-th cell is active
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Public goods interpretation

Exofactor production is a costly investment

The public benefit is enjoyed by the entire colony

The benefit only kicks in if a quorum is reached (risk) 
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Pay-off

Ui(Ai, A�i, X) = ⌧X · 1
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public benefit

activation cost

public benefit is proportional to the size of the colony

utility = growth rate of the colony



Optimization problem

Ai = 1(Yi � ↵)

Find ↵ that maximizes the function Ji

Ji(↵) , E
h
Ui(Ai, A�i, X)

i
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Quorum sensing

4

independent given X = x and that each decision variable Ai is
only a function of Yi, the random variable L(x) has a Binomial
distribution with parameters bxc and p(x;↵,�). Therefore,

P
�
L(X) = ` | X = x

�

=

✓
bxc
`

◆�
p(x;↵,�)

�`�
1 � p(x;↵,�)

�n�`
.

(15)

Using these two probabilities we can express the objective
function as follows.

Proposition 1: Consider Problem 1. The pay-off function in
Eq. (11) can be explicitly computed according to

J (↵)=

Z 1

0

"
⌧bxc

bxcX

`=d⌧bxce

✓
bxc
`

◆�
p(x;↵,�)

�`�
1 � p(x;↵,�)

�n�`

� c · p(x;↵,�)

#
fX(x)dx.

(16)
Proof: The result follows from iterated expectations first

conditioning on X , and using Eqs. (13) and (15).
Remark 3: Due to the intricate nature of the objective

function, it is unlikely that the optimization can be carried
out exactly in closed form. However, the function p(x;�,↵),
which is nonsmooth in ↵, can be well approximated by a
regularized incomplete Gamma function. This approximation
leads to a differentiable objective function.

A. Pay-off function and optimal thresholds

In order to illustrate the general shape of the pay-off
functions, consider the following set of parameters: Let ✓ = 50
and  = 2, which implies that the average concentration of
cells in the colony is X̄ = 100 cells per unit volume; � = 1,
and activation cost c = 50. For different values of the quorum
ratio ⌧ , Fig. 3 shows the pay-off function. For these choices
of parameters, J (↵) is unimodal and has a unique maximizer,
which are displayed in Table I.

Figure 4 shows the dependency of the pay-off function with
the local activation cost c. Here, we assume that ✓ = 50,  = 2,
� = 1, and ⌧ = 0.75.

B. Probability of not activating while establishing a quorum

of ratio ⌧

In the recent quorum sensing literature, some articles have
identified and studied a phenomenon known as cheating [20].
In the economics literature, a similar phenomenon is known
as free-riding. A cheater or free-rider is defined as a cell that

TABLE I
MAXIMIZERS AND MAXIMA OF THE

PAY-OFF FUNCTIONS IN FIG. 3.

⌧ ↵? J ?

0.90 44 42.6989

0.75 61 30.9052

0.50 101 13.4081

0.25 191 2.0214

TABLE II
MAXIMIZERS AND MAXIMA OF THE

PAY-OFF FUNCTIONS IN FIG. 4.

c ↵? J ?

25 27 50.5373

50 61 30.9052

75 96 17.3499

100 138 9.0366
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Fig. 3. Pay-off function of the local activation threshold ↵ for several values
of the quorum ratio ⌧ .
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Fig. 4. Pay-off function of the local activation threshold ↵ for several values
of the local activation cost c.

decides not to activate locally but enjoys the public benefit
resulting from the global activation. One of the features of
our mathematical model is that it successfully captures the
phenomenon of cheating. Furthermore, this phenomenon can
be observed and quantified in experimental setups where the
activation is visualized by fluorescence.

The probability of the i-th cell not activating given that
quorum of ratio ⌧ was formed is defined as

Pfree(⌧)
def
= P

�
Ai = 0 | L(X) � ⌧bXc

�
. (17)

This probability can be computed in terms of quantities
previously defined in Eqs. (13) and (15).
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Proof: The result follows from iterated expectations first

conditioning on X , and using Eqs. (13) and (15).
Remark 3: Due to the intricate nature of the objective

function, it is unlikely that the optimization can be carried
out exactly in closed form. However, the function p(x;�,↵),
which is nonsmooth in ↵, can be well approximated by a
regularized incomplete Gamma function. This approximation
leads to a differentiable objective function.

A. Pay-off function and optimal thresholds

In order to illustrate the general shape of the pay-off
functions, consider the following set of parameters: Let ✓ = 50
and  = 2, which implies that the average concentration of
cells in the colony is X̄ = 100 cells per unit volume; � = 1,
and activation cost c = 50. For different values of the quorum
ratio ⌧ , Fig. 3 shows the pay-off function. For these choices
of parameters, J (↵) is unimodal and has a unique maximizer,
which are displayed in Table I.

Figure 4 shows the dependency of the pay-off function with
the local activation cost c. Here, we assume that ✓ = 50,  = 2,
� = 1, and ⌧ = 0.75.

B. Probability of not activating while establishing a quorum

of ratio ⌧

In the recent quorum sensing literature, some articles have
identified and studied a phenomenon known as cheating [20].
In the economics literature, a similar phenomenon is known
as free-riding. A cheater or free-rider is defined as a cell that

TABLE I
MAXIMIZERS AND MAXIMA OF THE

PAY-OFF FUNCTIONS IN FIG. 3.

⌧ ↵? J ?

0.90 44 42.6989

0.75 61 30.9052
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0.25 191 2.0214
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Fig. 3. Pay-off function of the local activation threshold ↵ for several values
of the quorum ratio ⌧ .
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Fig. 4. Pay-off function of the local activation threshold ↵ for several values
of the local activation cost c.

decides not to activate locally but enjoys the public benefit
resulting from the global activation. One of the features of
our mathematical model is that it successfully captures the
phenomenon of cheating. Furthermore, this phenomenon can
be observed and quantified in experimental setups where the
activation is visualized by fluorescence.

The probability of the i-th cell not activating given that
quorum of ratio ⌧ was formed is defined as

Pfree(⌧)
def
= P

�
Ai = 0 | L(X) � ⌧bXc

�
. (17)

This probability can be computed in terms of quantities
previously defined in Eqs. (13) and (15).
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Proof: The result follows from iterated expectations first

conditioning on X , and using Eqs. (13) and (15).
Remark 3: Due to the intricate nature of the objective

function, it is unlikely that the optimization can be carried
out exactly in closed form. However, the function p(x;�,↵),
which is nonsmooth in ↵, can be well approximated by a
regularized incomplete Gamma function. This approximation
leads to a differentiable objective function.

A. Pay-off function and optimal thresholds

In order to illustrate the general shape of the pay-off
functions, consider the following set of parameters: Let ✓ = 50
and  = 2, which implies that the average concentration of
cells in the colony is X̄ = 100 cells per unit volume; � = 1,
and activation cost c = 50. For different values of the quorum
ratio ⌧ , Fig. 3 shows the pay-off function. For these choices
of parameters, J (↵) is unimodal and has a unique maximizer,
which are displayed in Table I.

Figure 4 shows the dependency of the pay-off function with
the local activation cost c. Here, we assume that ✓ = 50,  = 2,
� = 1, and ⌧ = 0.75.

B. Probability of not activating while establishing a quorum

of ratio ⌧

In the recent quorum sensing literature, some articles have
identified and studied a phenomenon known as cheating [20].
In the economics literature, a similar phenomenon is known
as free-riding. A cheater or free-rider is defined as a cell that
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Fig. 3. Pay-off function of the local activation threshold ↵ for several values
of the quorum ratio ⌧ .
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Fig. 4. Pay-off function of the local activation threshold ↵ for several values
of the local activation cost c.

decides not to activate locally but enjoys the public benefit
resulting from the global activation. One of the features of
our mathematical model is that it successfully captures the
phenomenon of cheating. Furthermore, this phenomenon can
be observed and quantified in experimental setups where the
activation is visualized by fluorescence.

The probability of the i-th cell not activating given that
quorum of ratio ⌧ was formed is defined as

Pfree(⌧)
def
= P

�
Ai = 0 | L(X) � ⌧bXc

�
. (17)

This probability can be computed in terms of quantities
previously defined in Eqs. (13) and (15).

Quorum sensing

J is unimodal in ↵
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which is nonsmooth in ↵, can be well approximated by a
regularized incomplete Gamma function. This approximation
leads to a differentiable objective function.

A. Pay-off function and optimal thresholds
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functions, consider the following set of parameters: Let ✓ = 50
and  = 2, which implies that the average concentration of
cells in the colony is X̄ = 100 cells per unit volume; � = 1,
and activation cost c = 50. For different values of the quorum
ratio ⌧ , Fig. 3 shows the pay-off function. For these choices
of parameters, J (↵) is unimodal and has a unique maximizer,
which are displayed in Table I.

Figure 4 shows the dependency of the pay-off function with
the local activation cost c. Here, we assume that ✓ = 50,  = 2,
� = 1, and ⌧ = 0.75.

B. Probability of not activating while establishing a quorum

of ratio ⌧

In the recent quorum sensing literature, some articles have
identified and studied a phenomenon known as cheating [20].
In the economics literature, a similar phenomenon is known
as free-riding. A cheater or free-rider is defined as a cell that
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Fig. 4. Pay-off function of the local activation threshold ↵ for several values
of the local activation cost c.

decides not to activate locally but enjoys the public benefit
resulting from the global activation. One of the features of
our mathematical model is that it successfully captures the
phenomenon of cheating. Furthermore, this phenomenon can
be observed and quantified in experimental setups where the
activation is visualized by fluorescence.

The probability of the i-th cell not activating given that
quorum of ratio ⌧ was formed is defined as

Pfree(⌧)
def
= P

�
Ai = 0 | L(X) � ⌧bXc

�
. (17)

This probability can be computed in terms of quantities
previously defined in Eqs. (13) and (15).
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Free riding (cheating) 

“Free-rider” 

Agent that benefits from 

public goods but is inactive
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Pfree(⌧) = P

 
Ai = 0
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X

k 6=i

Ak � ⌧X
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Free riding

5

Proposition 2: Consider the quorum sensing system of
Problem 1. The probability of the i-th cell not activating given
that a quorum of ratio ⌧ is formed, can be computed as follows

Pfree(⌧) =
E
h
P(

P
j 6=i Aj � ⌧bXc | X) ·P(Ai = 0 | X)

i

E
h
P(L(X) � ⌧bXc | X)

i ,

(18)
where the expectations are with respect to X ,

P(Ai = 0 | X = x) = 1 � p(x;↵,�), (19)

and that given X = x,
X

j 6=i

Aj ⇠ Binomial
�
bxc � 1, p(x;↵,�)

�
. (20)

Proof: The proof follows from iterated expectations,
Bayes’ rule and conditional mutual independence of Ai,
i 2 {1, · · · , bXc} given X .
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Fig. 5. Probability of not activating given that a quorum of ratio ⌧ was formed
for several values of the local activation threshold ↵.

The probability of free-riding as a function of ⌧ is shown
in Fig. 5 for a prior distribution with parameters  = 2 and
✓ = 50. We observe that Pfree is a decreasing function of
⌧ and is increasing in ↵. The probability of free-riding is
connected to the activation cost c in the following way: for
larger values of c, the optimal value of the activation threshold
↵? is also larger, yielding a higher probability of cheating. In a
dynamic problem setting where the concentration of cells and
auto-inducers change with time, this probability allows us to
predict the fraction of the population that will activate within
a time-interval. Another benefit of being able to compute the
probability of cheating is that it is useful for estimating the
parameter ⌧ from experimental data, as we will do in the next
section.

Fig. 6. Probability of not activating given that a quorum of ratio ⌧ is formed
for a prior distribution of parameters  = 5.5780 and ✓ = 5.6770, and
activation threshold ↵ = 70.

IV. MODEL CALIBRATION

In this section we discuss preliminary experimental results
on the validation of our mathematical model using the bacteria
strain E. coli ptd103 LuxI/R, which produces an fluorescence
exofactor. It has been documented, e.g. [18], that this strain
uses thresholds ↵ = 70nM and its basal production of auto-
inducer molecules per cell is

� = 2.3 ⇥ 10�9nmol. (21)

In our experiments, the total volume occupied by the colony
was fixed to 5ml and the activity in colony can be observed
as in Fig. 8. Typically, the data collected in quorum sens-
ing experiments is a time series. Our one-shot optimization
problem formulation can be used to analyze the transition
from unactivated to activated states of the colony. Table III
shows the average concentration of cells over time. Using our
Poisson measurement equations, and assuming that the cells
use a threshold ↵ = 70, we predict that the state transition
occurs at approximately t = 5h. Fitting a Gamma density to
our collected data, we obtain the parameters  = 5.5780 and
✓ = 5.6770 Billion cells/L. Since �X ⇠ G(,�✓), we have

�X ⇠ G(5.5780, 13.0572). (22)

From our experimental data, we counted the fraction of
cells that have activated at time t = 5h. Its complement gives
us an estimate of the probability of not activating given that
quorum was established, from which the quorum ratio ⌧ can
be estimated, i.e.,

Pfree(⌧) ⇡ 0.14 =) ⌧̂ ⇡ 0.3, (23)

where the value of ⌧̂ was obtained from Fig. 6. Finally, the
last part in our model calibration is to estimate the value of
c. This is done by knowing that for this strain of bacteria the
optimal activation threshold is ↵? = 70. Looking for the value
of c that gives us this value of ↵?, we obtain ĉ ⇡ 20.25.
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Fig. 7. Pay-off function that the bacterial colony studied in our experiments
is optimizing. According to our model, the local activation cost is equal to
c = 20.25.

Fig. 8. Our experimental data was collected from microscopic images such
as the ones above, where the total number of cells and the total number of
activated (fluorescent) cells is estimated.

TABLE III
EXPERIMENTAL DATA

t (h) X̄ (109 cells/L) �X (109 cells/L) �X̄ (nM) p

0 0.0465 0.0140 0.1070 0
1 0.0653 0.0011 0.1503 0
2 0.4267 0.0833 0.9813 0
3 0.6400 0.1637 1.4720 0.0135
4 4.0667 0.5033 9.3533 0.1038
5 31.6667 13.4079 72.8333 0.8538

6 147.3333 93.0017 338.8667 0.9953
7 262.6667 68.8573 604.1333 1

V. CONCLUSION AND FUTURE WORK

This paper proposes a new optimization based framework
for studying quorum sensing as a networked decision system.
Our framework admits a simple description that at the same
time allows for mathematical analysis, captures many features
known to exist in quorum sensing systems and can be extended
to accommodate the interaction between multiple colonies.
Future work on this model will include: noncooperative
game theoretic formulations, where each bacteria use different

thresholds and seek a Nash-equilibrium solution; and sequen-
tial problem formulations, where the signaling population
dynamics and signaling play a major role on how information
is disseminated over the colony. We plan to use the insights
gained from this future analysis to mathematically show how
bacteria have developed quorum sensing mechanisms that
aggregate information in an optimal way.
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RESULTS AND DISCUSSION

Quantifying signal exchange in spatially
distributed microbial networks

An assay was developed to examine the dynamics of signal
exchange in multistrain bacterial communities. The assay is
based on previous reports that used solid agar plates to mea-
sure the response to the diffusive exchange of signaling mol-
ecules (19–22). As shown in Fig. 1 a, our system consists of
a 2.5% LB plate with a receiver strain evenly distributed on
top of the plate. The receiver strain does not produce the
signal (AHL); however, it produces the receptor LuxR and
increases the expression of a fluorescent reporter gene,
mCherry, in response to the AHL signal. A sender strain
containing the synthase gene luxI produces the AHL signal
and is pipetted onto the center of the plate. The sender strain
makes the receptor LuxR, and as in the natural quorum-

sensing system, the synthase is positively regulated by
AHL. The sender strain produces GFP. Control measure-
ments reported in Fig. S4 show that the fluorescence inten-
sity of the receiver strain increases upon coculture with the
sender strain. E. coli strains contained plasmids based on
constructs reported in (27) (see Figs. S1–S3). Similar
sender/receiver systems have been developed and investi-
gated in previous work (19,28–38).

Upon adding the sender strain to the center of the plate,
the sender strain excretes AHL signal, which diffuses into
the lawn of receiver strains to activate expression of a fluo-
rescent reporter gene (mCherry). As shown in Fig. 1 b , the
receiver cells closest to the sender cells are activated first,
and over time, this region of activation expands outward.
Fluorescent images, shown in Fig. 1 b , represent the stitch-
ing together of images from several microscope positions
taken at 20! magnification such that activation can be
observed at the single-cell level over centimeter length
scales. The dynamics of signal exchange in the system can
be quantified by measuring the time at which receiver cells
activate at a specific distance from the center of the sender
cells. We set a threshold pixel intensity to indicate this tran-
sition from the basal to the activated rate of fluorescence
expression (see Fig. S5). Quorum-sensing activation at a
given position is defined as 10% of the pixels belonging to
cells being above this threshold. In Fig. S6, we show that
the activation dynamics are not strongly dependent on the
value of the activation threshold used in the analysis.
Fig. 1 c shows the dynamics of activation at distances of
up to 12 mm from the sender colony, the size of the plate
used in the assay.

AiiA inhibits quorum sensing in a synthetic
microbial community

To extend the signaling assay to the examination of interfer-
ence between strains, we first validated the interference ca-
pabilities of a strain producing the enzyme AiiA, a lactonase
originally isolated from Bacillus thuringiensis (13,15,16). A
plasmid containing aiiA, from (27), was transferred to
E. coli to create the interference strain and added to the
sender-and-receiver community, as depicted in Fig. 2 a.

Fig. 2 b shows the activation of quorum sensing for the
sender strain alone and in coculture with the AiiA interfer-
ence strain. Here, the fluorescence intensity of the sender
strain was measured in a 96-well plate reader under well-
mixed conditions. Coculture with the interference strain
reduced the level of quorum-sensing activation, indicating
that the AiiA producing strain interfered with AHL signal
transduction. We did not observe significant growth
influences that can be caused by the interfering strain on
the senders or receivers (see Fig. S7). Next, we both exper-
imentally and theoretically examine the influence of AiiA-
mediated interference in spatially distributed networks of
cells.

FIGURE 1 (a) The two-strain signaling network consists of a sender
strain (GFP) producing AHL signal and a receiver strain (mCherry) con-
taining an AHL-regulated fluorescent reporter gene. In the plate assay,
the receivers are evenly distributed on an LB-agar plate, and a colony of
sender strains is added to the middle of the plate. (b ) Time-lapse fluorescent
imaging captures the activation of the receiver cells as AHL diffuses out-
ward from the sender colony. The green fluorescence shows the location
of the sender strain. (c) Activation time of the receivers as a function of dis-
tance from the sender colony. The data points have been fitted to an expo-
nential curve. To see this figure in color, go online.
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Fig. 7. Pay-off function that the bacterial colony studied in our experiments
is optimizing. According to our model, the local activation cost is equal to
c = 20.25.

Fig. 8. Our experimental data was collected from microscopic images such
as the ones above, where the total number of cells and the total number of
activated (fluorescent) cells is estimated.

TABLE III
EXPERIMENTAL DATA

t (h) X̄ (109 cells/L) �X (109 cells/L) �X̄ (nM) p

0 0.0465 0.0140 0.1070 0
1 0.0653 0.0011 0.1503 0
2 0.4267 0.0833 0.9813 0
3 0.6400 0.1637 1.4720 0.0135
4 4.0667 0.5033 9.3533 0.1038
5 31.6667 13.4079 72.8333 0.8538

6 147.3333 93.0017 338.8667 0.9953
7 262.6667 68.8573 604.1333 1

V. CONCLUSION AND FUTURE WORK

This paper proposes a new optimization based framework
for studying quorum sensing as a networked decision system.
Our framework admits a simple description that at the same
time allows for mathematical analysis, captures many features
known to exist in quorum sensing systems and can be extended
to accommodate the interaction between multiple colonies.
Future work on this model will include: noncooperative
game theoretic formulations, where each bacteria use different

thresholds and seek a Nash-equilibrium solution; and sequen-
tial problem formulations, where the signaling population
dynamics and signaling play a major role on how information
is disseminated over the colony. We plan to use the insights
gained from this future analysis to mathematically show how
bacteria have developed quorum sensing mechanisms that
aggregate information in an optimal way.
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Calibrating the model
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Estimate the quorum coefficient

X̄ = 31.6667
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Fig. 7. Pay-off function that the bacterial colony studied in our experiments
is optimizing. According to our model, the local activation cost is equal to
c = 20.25.

Fig. 8. Our experimental data was collected from microscopic images such
as the ones above, where the total number of cells and the total number of
activated (fluorescent) cells is estimated.

TABLE III
EXPERIMENTAL DATA

t (h) X̄ (109 cells/L) �X (109 cells/L) �X̄ (nM) p

0 0.0465 0.0140 0.1070 0
1 0.0653 0.0011 0.1503 0
2 0.4267 0.0833 0.9813 0
3 0.6400 0.1637 1.4720 0.0135
4 4.0667 0.5033 9.3533 0.1038
5 31.6667 13.4079 72.8333 0.8538

6 147.3333 93.0017 338.8667 0.9953
7 262.6667 68.8573 604.1333 1

V. CONCLUSION AND FUTURE WORK

This paper proposes a new optimization based framework
for studying quorum sensing as a networked decision system.
Our framework admits a simple description that at the same
time allows for mathematical analysis, captures many features
known to exist in quorum sensing systems and can be extended
to accommodate the interaction between multiple colonies.
Future work on this model will include: noncooperative
game theoretic formulations, where each bacteria use different

thresholds and seek a Nash-equilibrium solution; and sequen-
tial problem formulations, where the signaling population
dynamics and signaling play a major role on how information
is disseminated over the colony. We plan to use the insights
gained from this future analysis to mathematically show how
bacteria have developed quorum sensing mechanisms that
aggregate information in an optimal way.
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Fig. 7. Pay-off function that the bacterial colony studied in our experiments
is optimizing. According to our model, the local activation cost is equal to
c = 20.25.

Fig. 8. Our experimental data was collected from microscopic images such
as the ones above, where the total number of cells and the total number of
activated (fluorescent) cells is estimated.

TABLE III
EXPERIMENTAL DATA

t (h) X̄ (109 cells/L) �X (109 cells/L) �X̄ (nM) p

0 0.0465 0.0140 0.1070 0
1 0.0653 0.0011 0.1503 0
2 0.4267 0.0833 0.9813 0
3 0.6400 0.1637 1.4720 0.0135
4 4.0667 0.5033 9.3533 0.1038
5 31.6667 13.4079 72.8333 0.8538

6 147.3333 93.0017 338.8667 0.9953
7 262.6667 68.8573 604.1333 1

V. CONCLUSION AND FUTURE WORK

This paper proposes a new optimization based framework
for studying quorum sensing as a networked decision system.
Our framework admits a simple description that at the same
time allows for mathematical analysis, captures many features
known to exist in quorum sensing systems and can be extended
to accommodate the interaction between multiple colonies.
Future work on this model will include: noncooperative
game theoretic formulations, where each bacteria use different

thresholds and seek a Nash-equilibrium solution; and sequen-
tial problem formulations, where the signaling population
dynamics and signaling play a major role on how information
is disseminated over the colony. We plan to use the insights
gained from this future analysis to mathematically show how
bacteria have developed quorum sensing mechanisms that
aggregate information in an optimal way.
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unit,” IEEE Life Sciences Letters, vol. 2, no. 3, pp. 27–30, September
2016.

[6] A. Ross-Gillespie, A. Gardner, A. Buckling, S. A. West, and A. S.
Griffin, “Density dependence and cooperation: theory and a test with
bacteria,” International Journal of Organic Evolution, vol. 63, no. 9,
pp. 2315–2325, September 2009.

[7] S. E. Darch, S. A. West, K. Winzer, and S. P. Dingle, “Density-dependent
fitness benefits in quorum-sensing bacterial populations,” PNAS, vol.
109, no. 21, pp. 8259–8263, May 2012.

[8] K. Nealson, T. Platt, and J. Hastings, “The cellular control of the
synthesis and activity of the bacterial luminescent system,” Journal of

Bacteriology, vol. 1, no. 104, pp. 313–322, 1970.
[9] N. Michelusi, J. Boedicker, M. Y. El-Naggar, and U. Mitra, “Queuing

models for abstracting interactions in bacterial communities,” IEEE

Journal on Selected Areas in Communications, vol. 34, no. 3, pp. 584–
599, March 2016.

[10] R. Popat, D. M. Cornforth, L. McNally, and S. P. Brown, “Collective
sensing and collective responses in quorum-sensing bacteria,” Journal

of the Royal Society Interface, vol. 12, no. 103, February 2015.
[11] K. L. Asfahl and M. Schuster, “Social interactions in bacterial cell-cell

signaling,” FEMS Microbiology Reviews, vol. 41, no. 1, pp. 92–107,
January 2017.

[12] N. Michelusi and U. Mitra, “Model and analysis of population density
estimation via quorum sensing,” in 50th Asilomar Conference on Signals,

Systems and Computers, 2016, pp. 961–965.
[13] N. Michelusi, “On population density estimation via quorum sensing,”

in 15th Canadian Workshop on Information Theory, 2017, pp. 1–5.
[14] S. Heilmann, S. Krishna, and B. Kerr, “Why do bacteria regulate public

goods by quorum sensing? – how the shapes of cost and benefit functions
determine the form of optimal regulation,” Frontiers in Microbiology,
vol. 6, no. 767, pp. 1–11, July 2015.

[15] A. Noel, Y. Fang, N. Yang, D. Makrakis, and A. W. Eckford, “Effect
of local population uncertainty on cooperation in bacteria,” in IEEE

Information Theory Workshop, 2017, p. https://arxiv.org/abs/1708.06305.
[16] M. A. Dahleh and M. Rinehart, “Networked decision systems,” IEEE

Control Systems Magazine, 2009.
[17] A. Einolghozati, M. Sardari, and F. Fekri, “Networks of bacteria

colonies: A new framework for reliable molecular communication
networking,” Nano Communication Networks, vol. 7, pp. 17–26, March
2016.

[18] K. P. Silva, P. Chellamuthu, and J. Boedicker, “Signal destruction
tunes the zone of activation in spatially distributed signaling networks,”
Biophysical Journal, vol. 112, pp. 1037–1044, March 2017.

[19] H. E. Clough, D. Clancy, P. D. O’Neill, S. E. Robinson, and N. P.
French, “Quantifying uncertainty associated with microbial count data:
A bayesian approach,” Biometrics, vol. 61, no. 2, pp. 610–616, 2005.

[20] T. Czárán and R. F. Hoekstra, “Microbial communication, cooperation
and cheating: Quorum sensing drives the evolution of cooperation in
bacteria,” PLOS ONE, vol. 4, no. 8, pp. 1–10, August 2009.

p ⇡ 0.14
<latexit sha1_base64="/Wmq27n3v62HqZdUWQRPQLVYFa4=">AAACA3icbVC7TsMwFHXKq5RXgLGLRYXEFCWoErBVsDAWidBKbVQ5jtNadWLLdhBV1IGFX2FhAMTKT7DxNzhtBmg5kuWjc+7VvfeEglGlXffbqqysrq1vVDdrW9s7u3v2/sGd4pnExMeccdkNkSKMpsTXVDPSFZKgJGSkE46vCr9zT6SiPL3VE0GCBA1TGlOMtJEGdr0fchapSWK+XExhHwkh+QN0Ha85sBuu484Al4lXkgYo0R7YX/2I4ywhqcYMKdXzXKGDHElNMSPTWj9TRCA8RkPSMzRFCVFBPjtiCo+NEsGYS/NSDWfq744cJarY01QmSI/UoleI/3m9TMfnQU5TkWmS4vmgOGNQc1gkAiMqCdZsYgjCkppdIR4hibA2udVMCN7iycvEP3UuHPem2WhdlmlUQR0cgRPggTPQAtegDXyAwSN4Bq/gzXqyXqx362NeWrHKnkPwB9bnD3Qkl4A=</latexit><latexit sha1_base64="/Wmq27n3v62HqZdUWQRPQLVYFa4=">AAACA3icbVC7TsMwFHXKq5RXgLGLRYXEFCWoErBVsDAWidBKbVQ5jtNadWLLdhBV1IGFX2FhAMTKT7DxNzhtBmg5kuWjc+7VvfeEglGlXffbqqysrq1vVDdrW9s7u3v2/sGd4pnExMeccdkNkSKMpsTXVDPSFZKgJGSkE46vCr9zT6SiPL3VE0GCBA1TGlOMtJEGdr0fchapSWK+XExhHwkh+QN0Ha85sBuu484Al4lXkgYo0R7YX/2I4ywhqcYMKdXzXKGDHElNMSPTWj9TRCA8RkPSMzRFCVFBPjtiCo+NEsGYS/NSDWfq744cJarY01QmSI/UoleI/3m9TMfnQU5TkWmS4vmgOGNQc1gkAiMqCdZsYgjCkppdIR4hibA2udVMCN7iycvEP3UuHPem2WhdlmlUQR0cgRPggTPQAtegDXyAwSN4Bq/gzXqyXqx362NeWrHKnkPwB9bnD3Qkl4A=</latexit><latexit sha1_base64="/Wmq27n3v62HqZdUWQRPQLVYFa4=">AAACA3icbVC7TsMwFHXKq5RXgLGLRYXEFCWoErBVsDAWidBKbVQ5jtNadWLLdhBV1IGFX2FhAMTKT7DxNzhtBmg5kuWjc+7VvfeEglGlXffbqqysrq1vVDdrW9s7u3v2/sGd4pnExMeccdkNkSKMpsTXVDPSFZKgJGSkE46vCr9zT6SiPL3VE0GCBA1TGlOMtJEGdr0fchapSWK+XExhHwkh+QN0Ha85sBuu484Al4lXkgYo0R7YX/2I4ywhqcYMKdXzXKGDHElNMSPTWj9TRCA8RkPSMzRFCVFBPjtiCo+NEsGYS/NSDWfq744cJarY01QmSI/UoleI/3m9TMfnQU5TkWmS4vmgOGNQc1gkAiMqCdZsYgjCkppdIR4hibA2udVMCN7iycvEP3UuHPem2WhdlmlUQR0cgRPggTPQAtegDXyAwSN4Bq/gzXqyXqx362NeWrHKnkPwB9bnD3Qkl4A=</latexit>

Frequency of free-riders



Calibrating the model

�31

6

0 50 100 150 200 250 300
0

1

2

3

4

5

6

Fig. 7. Pay-off function that the bacterial colony studied in our experiments
is optimizing. According to our model, the local activation cost is equal to
c = 20.25.

Fig. 8. Our experimental data was collected from microscopic images such
as the ones above, where the total number of cells and the total number of
activated (fluorescent) cells is estimated.

V. CONCLUSION AND FUTURE WORK

This paper proposes a new optimization based framework
for studying quorum sensing as a networked decision system.
Our framework admits a simple description that at the same
time allows for mathematical analysis, captures many features
known to exist in quorum sensing systems and can be extended
to accommodate the interaction between multiple colonies.
Future work on this model will include: noncooperative game
theoretic formulations, where each bacteria uses different

TABLE III
EXPERIMENTAL DATA

t (h) X̄ (109 cells/L) �X (109 cells/L) �X̄ (nM) p

0 0.0465 0.0140 0.1070 0
1 0.0653 0.0011 0.1503 0
2 0.4267 0.0833 0.9813 0
3 0.6400 0.1637 1.4720 0.0135
4 4.0667 0.5033 9.3533 0.1038
5 31.6667 13.4079 72.8333 0.8538

6 147.3333 93.0017 338.8667 0.9953
7 262.6667 68.8573 604.1333 1

thresholds and seek a Nash-equilibrium solution; and sequen-
tial problem formulations, where the signaling population
dynamics and signaling play a major role on how information
is disseminated over the colony. We plan to use the insights
gained from this future analysis to mathematically show how
bacteria have developed quorum sensing mechanisms that
aggregate information in an optimal way.
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unit,” IEEE Life Sciences Letters, vol. 2, no. 3, pp. 27–30, September
2016.

[6] A. Ross-Gillespie, A. Gardner, A. Buckling, S. A. West, and A. S.
Griffin, “Density dependence and cooperation: theory and a test with
bacteria,” International Journal of Organic Evolution, vol. 63, no. 9,
pp. 2315–2325, September 2009.

[7] S. E. Darch, S. A. West, K. Winzer, and S. P. Dingle, “Density-dependent
fitness benefits in quorum-sensing bacterial populations,” PNAS, vol.
109, no. 21, pp. 8259–8263, May 2012.

[8] K. Nealson, T. Platt, and J. Hastings, “The cellular control of the
synthesis and activity of the bacterial luminescent system,” Journal of

Bacteriology, vol. 1, no. 104, pp. 313–322, 1970.
[9] N. Michelusi, J. Boedicker, M. Y. El-Naggar, and U. Mitra, “Queuing

models for abstracting interactions in bacterial communities,” IEEE

Journal on Selected Areas in Communications, vol. 34, no. 3, pp. 584–
599, March 2016.

[10] R. Popat, D. M. Cornforth, L. McNally, and S. P. Brown, “Collective
sensing and collective responses in quorum-sensing bacteria,” Journal

of the Royal Society Interface, vol. 12, no. 103, February 2015.
[11] K. L. Asfahl and M. Schuster, “Social interactions in bacterial cell-cell

signaling,” FEMS Microbiology Reviews, vol. 41, no. 1, pp. 92–107,
January 2017.

[12] N. Michelusi and U. Mitra, “Model and analysis of population density
estimation via quorum sensing,” in 50th Asilomar Conference on Signals,

Systems and Computers, 2016, pp. 961–965.
[13] N. Michelusi, “On population density estimation via quorum sensing,”

in 15th Canadian Workshop on Information Theory, 2017, pp. 1–5.
[14] S. Heilmann, S. Krishna, and B. Kerr, “Why do bacteria regulate public

goods by quorum sensing? – how the shapes of cost and benefit functions
determine the form of optimal regulation,” Frontiers in Microbiology,
vol. 6, no. 767, pp. 1–11, July 2015.

[15] A. Noel, Y. Fang, N. Yang, D. Makrakis, and A. W. Eckford, “Effect
of local population uncertainty on cooperation in bacteria,” in IEEE

Information Theory Workshop, 2017, p. https://arxiv.org/abs/1708.06305.
[16] M. A. Dahleh and M. Rinehart, “Networked decision systems,” IEEE

Control Systems Magazine, 2009.
[17] A. Einolghozati, M. Sardari, and F. Fekri, “Networks of bacteria

colonies: A new framework for reliable molecular communication
networking,” Nano Communication Networks, vol. 7, pp. 17–26, March
2016.

[18] K. P. Silva, P. Chellamuthu, and J. Boedicker, “Signal destruction
tunes the zone of activation in spatially distributed signaling networks,”
Biophysical Journal, vol. 112, pp. 1037–1044, March 2017.

[19] H. E. Clough, D. Clancy, P. D. O’Neill, S. E. Robinson, and N. P.
French, “Quantifying uncertainty associated with microbial count data:
A bayesian approach,” Biometrics, vol. 61, no. 2, pp. 610–616, 2005.

[20] T. Czárán and R. F. Hoekstra, “Microbial communication, cooperation
and cheating: Quorum sensing drives the evolution of cooperation in
bacteria,” PLOS ONE, vol. 4, no. 8, pp. 1–10, August 2009.

Adjust the activation cost
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New decision theoretic model of Quorum Sensing  

Cells are decision makers

Nature is the “system designer” 

Formulate new hypothesis on the trade-offs between: 

1. growth rate vs. activation cost 

2. growth rate vs free-riding (cheating)



Future work
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Our model does not account for dynamics

Sequential model  

1. Signal accumulation/degradation  

2. Population dynamics 

Open questions  

How do cells aggregate information? 

How do bacteria avoid the “Tragedy of the Commons”? 


